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PRSFAOfi. 



This part of the series consists of spherical geometry, taken 
mostly from Brewster's translation of Legendre's work. Ana- 
lytical plane and spherical trigonometry, based on the subject, 
as found in Rutherford's edition of Hutton's Mathematics, being 
originally abridged from the larger works of Cagnoli, and 
others ; but, in this work, much improved and enlarged. To 
which are adtled many practical exercises on the subject, by 
way of application. In this treatise will be found many cu- 
rious and highly useful problems in trigonometrical surveying, 
and topographical operations, not before published. The pro- 
perties of the circle are introduced advantageously into trigo- 
nometrical problems — hence we are enabled, by geometrical 
construction, and trigonometrical analysis, to determine many 
otherwise extremely difficult problems, in a manner at once 
simple, elegant, and satisfactory. The application of alge- 
bra to geometry, is discussed in such manner as to combine 
the principles of the two sciences. The properties of the pa^ 
raboliCf elliptical, and hyperbolic curves, being such as are 
formed by the sections of a cone, and hence are usually de- 
nominated conic sections, are also discussed. This subject is, 
with some alterations and additions, talijen from Rutherford's 
edition of Button's Mathematics. It is the design of the au- 
thor, to preserve an unbroken connection from pure elemen- 
tary to the higher Geometry and mensuration ; and with this 
object in view the present volume, being the third part of the 
series, is prepared. 
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The wen established repotaticn and the high 
of the authors from whom our selections have been made, 
renders it onnecessary fin- ns to discuss their merits in order 
io secore a fiiTorable reception of this. It will only be neces- 
sary for nsy in the foDowing pages, to preserve the same de- 
gn» of accaniey aiid i«npicmty in oar dign»k»s » chai^ 
terise those works, and we shall haye nothing to fear from the 
criticisms of scientific amateurs and mathematicians. 
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SPHERICAL GEOMETRY. 



DEFINITIONS. 



1. The sphere is a solid terminated by a curve surface, all 
the points of which are equally distant from a point within, 
called the centre. 



The sphere may be con- 
ceived to be generated by 
the revolution of a semi- 
circle DAE about its di- 
ameter DE; for the surface 
described in this move- 
menty by the curve DAE, 
will have all its points 
equally distant from its 
centre C. 
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2. The radius of a sphere is a straight line, drawn from the 
centre to any point of the surface ; the diameter^ or axis, is a 
line passing through this centre, and terminated on both sides 
by the surface. 

All the radii of a sphere are equal ; all the diameters are 
equal, and each double of the radius. 

3. It will be shown (Prop. I.) that every section of the 
sphere, made by a plane, is a circle. This granted, a grecU 
circle is a section which passes through the centre ; a small 
circle, one which does not pass through the centre. . 

4. A plane is tangent to a sphere, when their surfaces have 
but one point in common. 
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5. Tbe pok of a circle of a sphere is a point in the surface 
equally distant bom all the points in the circumference of this 
circle. 

6. A spherical triangle is a portion of the surface of a sphere, 
botmded by three arcs of great circles. 

Those arcs, named the sides of the triangle, are always 
supposed to be each less than a semi-circumference. The an- 
gles which their planes form with each other, are the angles 
of the triangle. 

7. A spherical triangle takes the name of right-angled, 
isosceles, equilateral, in the same cases as a rectilineal triangle. 

8. A spherical polygon is a portion of the surface of a 
sphere, terminated by several arcs of great circles. 

9. A luTie is that portion of the surface of a sphere which 
is included between two great semicircles, meeting in a com- 
mon diameter. 

10. A spherical wedge, or ungula, is that portion of the solid 
sphere which is included between the same great semi-circles, 
and has the lune for its base. 

11. A spherical pyramid is a portion of the solid sphere in- 
cluded between the planes of a solid angle, whose vertex is 
the centre. The hose of the pyramid is the spherical polygon 
intercepted by the same planes. 

12. A zone is the portion of the surface of the sphere in- 
cluded between two parallel planes, which form its hases. One 
of those planes may be tangent to the sphere ; in which case, 
the zone nas only a single base. 

13. A spherical segment is the portion of the solid sphere 
included between two parallel planes which form its bases. 

One of these planes may be tangent to the sphere ; in which 
case, the segment has only a single base. 

14. The altitude of a zone or of a segment is the distance 
between the two parallel planes, which form the bases of the 
zone or segment. 

15. Whilst the semicircle DAE (Def. 1.) revolving round 
its diameter DE, describes the sphere, any circular sector, as 
DCF or FCH, describes a solid, which is named a sphericcd 
sector. 

16. The symbal •.• which occurs in this volume, is used to 
denote hecanse ; when applied in algebraic notation. 
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PROPOSITION I. TBEORBM. 

MMrjf^semon of ia sfkei% made by a plans^ is a circle. 

Let .^MB be a section, made by a 

flane, in • the sphere, whose centre is C. 
*rom the point G, draw CO perpendicu- a^ 
lar to the plane' AMB ;, and diiTerent lines 
CM, CJkf , to different points of the curve 
AMB, which terminates the section. 

The oblique lines CM, CM, CA, are 
oqual, being radii of tho sphere ; hence 
(Prop. VI. B. I. El S. Oeom.) they are 
equally distant from the perpendicular CO ; therefore all the 
lines OM, MO, OB, are equal. Consequently, the section 
AMB is a <5ircle, whose centre is O. 

Cor. 1. If the section passes through the centre of the 
sphere, its radius will be the radius of the sphere ; hence, all 
great circles are equal. 

Cor, 2. Two great circles always bisect each other ; for 
their common intersection, passing through the centre, is a 
diameter. 

Cor. 3. Every great circle divides the sphere and its sur- 
face into two equal parts ; for, if the two hemispheres were 
separated, and afterwards placed on the common base, with 
their convexities turned the same way, the two surfaces would 
exactly coincide, no point of the one being nearer the centre 
than any point of the other. 

€for. 4. The centre of a small circle, and that of the 
sphere, are in the same straight line, perpendicular to the plane 
of the small circle. 

Cor. 5. Small circles are the less the further they lie from 
the centre of the sphere ; for, the greater CO is, the less is the 
chord AB, the diameter of the small circle AMB, 

Cor. 6. An arc of a great circle may always be made to 
pass through any two given points of the surface of the 
sphere ; for the two given points, and the centre of the sphere, 
make three points, which determine the position of a plane. 
But if the two given points were at the extremities of a di- 
ameter, these two points and the centre would then lie in one 
straight line, and an infinite number of great circles might be 
made to pass through the two given points, 

2 




10 SPHEAICAL GEOMETRT. 

PROPOSITION n. THEOKBM. 

In every spherical triangle^ any side is less than the sum of the 

other two. 

Let O be the centre of the sphere, 
and ACB the triangle : draw the 
radii OA, OB, OC. Imagine the 
planes AOB, AOC, COB, to be 
drawn ; those planes will form a 
solid angle at the centre O ; and the 
angles AOB, AOC, COB, will be 
measured by AB, AC, BC, the sides 
of the spherical triangle. But each of 
the three plane angles forming a solid 
angle is less than the sum of the other two (Prop. XXL, B. I. 
EL S. Geotn.) : hence any side of the triangle ABC is less 
than the sum of the other two. 

PROPOSITION IIT. THEOREM. 

The shortest distance from one point to another , on th£ surface 
of a sphere, is the arc of the great circle which joins the two 
given points. 

Let ADB be the arc of the great circle 
which joins the points A and B ; and with- 
out this line, if possible, let M be a point of 
the shortest path between A and B. Through 
the point M, draw MA, MB, arcs of great 
circles ; and take BD=MB. 

By the last Proposition, the arc ADB is 
shorter than AM+MB ; take BD=BM re- 
spectively from both ; there will remain 
AD<AM. Now, the distance of B from 
M, whether it be the same with the arc BM, or with any 
other line, is equal to the distance of B from D ; for, by ma- 
king the plane of the great circle BM to revolve about the 
diameter which passes through B, the point M may be brought 
into the position of the point D ; and the shortest line between 
M and B, whatever it may be, will then be identical with thai 
between D and B : hence the two paths from A to B, one 
passing through M, the other through D, have an equal part in 
each, the part from M to B equal to the part from D to B. 
The first part is the shorter by hypothesis ; hence the distance 
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from A to M must be shorter than the distance from A to D, 
\irhich is absurd ; the arc AM being proved greater than AD. 
Hence no point of the shortest line from A to B can lie out of 
the arc ADB ; hence this arc is itself the shortest distance be- 
tween its two extremities. 

PROPOSITION IV. THEOREM. 

The sum of the three sides of a spherical triangle is less than 

the circumference of a great circle. 

Let ABC be any spherical tri- 
angle; produce the sides AB, 
AVf till they meet again in D. 
The arcs ABD, ACD, will be 
semicircumferences, since (Prop. 
L Cor. 2.) two great circles al- 
ways bisect each other. But in 
the triangle BCD, we have (Prop. 
IL) the side BC<BD+CD ; add 
AB+ AC to both ; we shall have 
AB+AC+BC<ABD+ACD :— 
that is to say, less than a circum- 
ference. 

PROPOSITION V. THEOREM. 

The sum of all the sides of any spherical polygon is'Jess than 

the circumference of a great circle. 

Take the pentagon ABCDE, for q « 

example. Produce the sides AB, ^r-"^^ — 'V — 7 

DC, till they meet in F ; then, since ^"^i \/ 

BC is less than BF+CF, the peri- ^^T \ / ® 

meter of the pentagon ABCDE will ^vJ / 

be less than that of the quadrilateral ^^^^'^'^--^..^.y^^ 

AEDF. Again produce the sides ^ 

AE, FD, till they meet in G; we 

shall have ED<EG+DG ; hence the perimeter of the quadri- 
lateral AEDF is less than that of the triangle AFG ; which 
last is itself less than the circumference of a great circle': 
hence, for a still stronger reason, the perimeter oi the polygon 
ABCDE is less than this same circumference. 

Scholium. This proposition is fundamentally the same as 
Prop, XXIL B. L El. S. Geom. ; for O being the centre of the 
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sphere, a solid angle may be conceived as formed at O, by 
the plane angles AOB, BOC, COD, &c. ; and the sum of these 
angles must oe less than four right angles; which is exactly 
the proposition we have been engaged with. The detnon- 
etration here given ia different from that of Prop. XXII. B. 
I. El. S. Geom. ; both, however, suppose that the polygon 
ABCDE is convex, or that no side produced will cut the 
figure. 

PKOPOSITION TI. TBEOEEH. 



The poks of a great citxk of the sphere, are the extremities of 
that diameter of the sphere which is perpendicular to this cir- 
cle ; and these extremities are also the poles of all small circles 
parallel to it. 

Let ED be perpendi- 
cular to the great circle 
AMB ; then will E and 
D be its poles ; as also 
the poles of the parallel 
small circles HPP, FNG. 

For, DC being perpen- 
dicular to the plane AMB, 
is perpendicular to all the 
straight lines C A, CM, Ch, 
&c., drawn through its 
foot in this plane; hence 
all the arcs DA, DM, DB, 
&c., are quarters of the 
circumference. So like- 
wise are all the arcs EA, EM, EB, &c. ; hence the points D 
and E are each equally distant from all the points of the cir- 
cumference AMB ; hence (Def. 5.) they are the poles of that 
circumference- 

Again, the radius DC, perpendicular to the plane AMB, ia 
perpendicular to its parallel FNG ; hence (Prop. L Cor. 4.) it 
passes through O the centre of the circle FNG ; hence, if the 
oblique lines DF, DN, DG be drawn, these oblique lines will 
diverge equally from the perpendicular DO, and will them- 

'"iB be equal. But, the chords being equal, the arcs are 
1 ; hence the point D is the pole of the small circle FNG ; 
for like reasons, the point E is the other pole, 

or. 1. Every arc DM, drawn from a point in the arc of 
jat circle AMB to its pole, is a quarter of the circumfer- 
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ence, which, for the sake of brevity, is usually named a qtuid* 
rans, or quadrant : and this quadrant at the same time makes 
a right angle with the arc AM. For (Prop. XVII. B. I. EL 
S. Seom.) the line DC being perpendicular to the plane AMC, 
every plane DMC passing through the line DC, is perpendicu- 
lar to the plane AMC ; hence the angle of these planes, or 
(Def. 6.) the angle AMD, is a right angle. 

Cor. 2. To find the pole of a given arc AM, draw the in- 
definite arc MD perpendicular to AM ; take MD equal to a 
quadrant ; the point D will be one of the poles of the arc AM : 
or thus, at the two points A and M, draw the arcs AD and MD 
perpendicular to AM ; their point of intersection, D, will be 
the pole required. 

Cor. 3. Conversely, if the distance of the point D from 
each of the points A and M, is equal to a quadrant, the point 
D will be the pole of the arc AM, and also the angles DAM, 
AMD, will be right. 

For, let C be the centre of the sphere, and draw the radii 
CA, CD, CM. Since the angles ACD, MCD are right, the 
line CD is perpendicular to the two straight lines CA, CM ; 
hence it is perpendicular to their plane (Prop. V. B. I. El. & 
Oeom.) ; hencd the point D is the pole of the arc AM ; and 
consequently the angles DAM, AMD are right. 

Scholium. The properties of these poles enable us to de- 
scribe arcs of a circle on^ the surface of a sphere, with the 
same facility as on a plane surface. It is evident, for instance, 
that by turning the arc DF,or any other line extending to the 
same distance, round the • point D, the extremity F will de- 
scribe the small circle FNG ; and, by turning the quadrant 
DFA round the point D, its extremity A will describe the arc 
of the great circle AM. 

If the arc AM were required to be produced, and nothing 
were given but the points A and M through which it was to 
pass, we should first have to determine the pole D, by the in- 
tersection of two arcs described from the points A and M as 
centres, with a distance equal to a ijuadrant. The pole D 
being found, we might describe the arc AM and its prolonga- 
tion, from D as a centre, and with the same distance' as before. 

In fine, if it is required from a given point P to let fall a 
perpendicular on the given arc AM, produce this arc to S, 
till the distance PS be equal to a quadrant ; then, from the 
pole S, and with the same distance, describe ti^ arc PM, which 
will be the perpendicular required. 

2* 
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PROPOSITION VII. THEOBEM. 



Every plane perpendicular to a radius at its extremity is tan* 

gent to the sphere. 

Let FAG (see the next diagram) be a plane perpendicular to 
the radius OA, at its extremity A. Any point M in this plane 
being assumed, and OM, AM being joined, the angle OAM 
will be right, and hence the distance OM will be greater than 
OA. Hence the point M lies without the sphere ; and as the 
same can be shown for every other point of the plane FAG, 
this plane can have no point but A common to it and the sur- 
face of the sphere ; hence (Def. 4.) it is tangent. 

Scholium. In the same way, it may be shown that two 
spheres have but one point in common, and therefore touch 
each other, when the distance between their centres is equal to 
the sum, or the difference of their radii ; in which case, the 
centres and the point of contact lie in the same straight line. 

PKOPOSITION VIII. THEOREM. 

The angle formed by two arcs of great circles^ is equal to the 
angle formed by the tangents of these two arcs at their points 
of intersection^ and is measured by the arc described from 
this point of intersection, as a pole, and limited by the sides, 
produced if necessary. 

Let the angle BAG be formed by the two 
arcs AB, AG ; then it will be equal to the ^t 
angle FAG formed by the tangents AF, AG, 
and be measured by the arc DE, described 
about A as a pole. 

For the tangent AF, drawn in the plane 
of the arc AB, is perpendicular to the ra- q 
dius AO ; and the tangent AG, drawn in 
the plane of the arc AC, is perpendicular to 
the same radius AO. Hence, (Prop. XX» 
B. I. El. S. Geom.) the angle FAG is equal 
to the angle contained by the planes OAB, 
OAC ; which is that of the arcs AB, AC, 
and is named BAG. 

In like manner, if the arcs AD and AE are both quadrants, 
the line OD, OE will be perpendicular to OA, and the angle 
DOE will still be equal to the angle of the planes AOD, AOE i 
hence the arc DE is the measure of the angle contained by 
these planes, or of the angle CAB, 
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Cor. The angles of spherical triangles may be compared 
together, by means of the arcs of great circles described from 
their vertices as poles and included between their sides : hence 
it is easy to make an angle of this kind equal to a given angle. 

Scholium. Vertical angles, such as AGO and BCN (see dia- 
gram to Prop. XXI.) are equal ; for either of them is still the 
anele formed by the two planes ACB, OCN. 

It is further evident, that, in the intersection of two arcs 
ACB, OCN, the two adjacent angles ACO, OCB taken toge. 
ther, are equal to two right angles. 

FROFOSITION IX. THEOREM. 

If from the vertices of the three angles of a spherical triangle, 
as poles, three arcs be described forming a second triangle, 
the vertices of the angles of this second triangle will be re- 
spectively poles of the sides of the first. 

From the vertices A, B, C, 
as poles, let the arcs EF, FD, 
ED be described, forming on 
the surface of the sphere, the 
triangle DFE ; then will the 
points D, E, and F be re- g 
spectively poles of the sides 
EC, AC, AB. 

For, the point A being the 
pole of the arc EF, the dis- 
tance AE is a quadrant ; the 
point C being the pole of the arc DE, the distance CE is like- 
wise a quadrant : hence the point E is removed the length of 
a quadrant from each of the points A and C ; hence (Prop VI. 
Cor. 3.) is the pole of the arc AC. It might be shown, by the 
same method, that D is the pole of the arc BC, and F that of 
the arc AB. 

Cor. Hence the triangle ABC may be described by means of 
DEF, as DEF is described by means of ABC. 




PROPOSITION X. THEOREM. 



The same supposition continuing as in the last proposition, each 
angle in the one of the triangles, will be measured by the 
semicireumference minus the side lying opposite to it in the 
other triafigle. 

Produce the sides (see the preceding diagram) AB, AC, if 
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necefsai^, till they meet EF, in 6 and H. The point A being 
the pole of the arc GH, the angle A will be measured by that 
arc But the arc EH is a quadrant, and likewise GF, E be- 
ing the pole of AH, and F of AG ; hence EH+GF is equal 
to the semicircumference. Now, EH+GF is the same as 
EF+GH ; hence the arc GH, which measures the angle A, 
is equal to a semicircumference minus the side EF. In like 
manner, the angle B will be measured by J circ. — DF : the 
angle C, by J circ. — DE. 

And this property must be reciprocal in the two triangles, 
since each of them is described in a similar manner by means 
of the other. Thus we shall find the angles D, E, F, of the 
triangle DEF to be measured respectively by J circ. — BC, 
I circ. — AC. ^ circ. — AB. Thus the angle D, for example, 
is measured by the arc MI ; but MI+BC=MC+BI=| circ. ; 
hence the arc MI, the measure of D, is equal to | drc. — BC ; 
and so of all the rest. 

Scholium. It must further be observed, that besides the tri- 
angle DEF, three others might be formed by the intersection 
of the three arcs DE, EF, DF. But the 
proposition immediately before us is ap- 
plicable only to the central triangle, 
which is distinguished from the other 
three by the circumstance (see diagram -^^ 
to Prop. IX.) that the two angles A and 
D lie on the same side of BC, the two B 
and E on the same side of AC, and the 
two C and F on the same side of AB. 

Various names have been given to the triangles ABC, DEF ; 
we shall call them polar triangks. 



PROPOSITION XI. THEOREM. 



If around the vertices of the two angks of a given spherical tri- 
angle^ as poles, the circumference of two circles be described 
which shall pass through the third angle of the triangle ; if 
then, through the other point in which those circumferences 
intersect, and the tux) first angles of the triangle^ the arcs of 
great circles be drawn, the triangle thus formed will have all 
its parts eqtial to those of the first triangle. 

Let ABC be the given triangle, CED, DFC the arc de- 
scriki^d about A and B as poles ; then will the triangle ADB 
have all its parts equal to those of ABC. 
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For, by construction, the side AD=AC, 
DB=iBC, and AB is common ; hence 
those two triangles have their sides equal, 
each to each. We are n^w to show, that 
the angles opposite these equal sides are 
i^Iso equal. 

If the centre of the sphere is supposed C 
to be at O, a solid angle may be conceiv- 
ed as formed at O by the three plane an- 
gles AOB, AOC, BOC ; likewise another 
solid an^le may be conceived as formed by the three plane 
angles AOB, AOD, BOD. And because the sides of the tri- 
ongle ABC are equal to those of the triangle ADB, the plane 
angles forming the one of these solid angles, must be equal to- 
the plane angles forming the other, each to each. But in this 
case we have shown ^rop. XXIII. EL 8. Geom.) that the 
planes, in which the equal angles lie, are equally inclined to 
each other ; hence, all the angles of the spherical triangle Q^B 
are respectively equal to those of the triangle CAB, namely, 
DAB=BAC, DBA= ABC, and ADB=ACB ; hence, the sides 
and the angles of the triangle ADB are equal to the sides and 
the angles of the triangle ACB. 

Scholium. The equality of those triangles is not, however, 
an absolute equality, or one of superposition ; for it would be 
impossible to apply them to each other exactly, unless they 
were isosceles. The equality meant here is what we have al- 
ready named an equality by symmetry ; therefore, we shall call 
the triangles ACB, ADB, symmetrical triangles, 

PBOPOSITION XII. THEOREM. 



Two triangles on the same sphere^ or on eqtial spheres^ are equal 
in all their parts, when they have each an equal angle included 
between equal sides. 

Suppose the side AB=EF, the 
side AC=EG,and the angle BAC 
=FEG; the triangle EFG may be 
placed on the triangle ABC, oc on 
ABD symmetrical with ABC, just 
as two rectilineal triangles are 
placed upon each other, when they ^ 
have an equal angle included be-^ 
tween equal sides. Hence all the 
parts of the triangle EFG will be 
equal to all the parts of the trian- 
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gle ABC ; that is, besides the three parts equal by hypothesis, 
we shall have the side BC=FG, the angle ABC=EFG, and 
the angle. ACB = EOF. 

PROPOSITION XUI. THEOREM. 

TuDo triangles on the same sphere, or on equal spheres, are equal 
in all their parts, when two angles and the included side of the 
one are respectively eqtuil to two angles and the included side 
of the other. 

For^ one of those triangles, or the triangle symmetrical with 
it, may be placed on the other, as is done in the corresponding 
case of rectilineal triangles, (Prop. IX. B. II. EL Geom.) 

PROPOSITION XIV. THEOREM. 

If two triangles on the same sphere, or on equal spheres have all 
their sides respectively equal, their angles will likewise he all 
respectively equal, the eqvxil angles lying opposite the equal 
sides. 

This truth is evident from Proposition XI, where it is shown 
that, with three given sides AB, AC, BC, (see the diagram,) 
there can only be two triangles ACB, ABD, differing as to the 
position of their parts, and equal as to the magnitude of tho^e 
parts. Hence, those two triangles, having all their sides re- 
spectively equal in both, must either be absolutely equal, or at 
least symmetrically so; in both of which cases their corres- 
ponding angles must be equal, and lie opposite to equal sides. 

PROPOSITION XV. THEOREM. 

In every isosceles spherical triangle, the angles opposite the equal 
sides are equal ; and conversely, if two angles of a spherical 
triangle are eqvxil, the triangle is isosceles. 

First. Suppose the side AB=AC; we shall 
have the angle C=B. For, if the arc be 
drawn from the vertex A to the middle point 
D of the base, the two triangles ABD, ACD 
will have all the sides of the one respectively 
equal to the corresponding sides of the other, 
namely, AD common, BD=DC, and AB= 
AC : hence, by the last Proposition, their an- 
gler will be equal ; therefore B=C. 

Secondly. Suppose the angle B=C; we 
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shall have the side AC=3: AB. For, if not, let AB be the greater 
of the two ; take B0= AC, and join OC. The two sides BO, 
BC are equal to the two AC, BC ; the angle OBC, contained 
by the first two is equal to ACB contained by the second two. 
Hence (Prop. XII.) the two triangles BOC, ACB have all their 
other parts equal ; hence the angle OCB= ABC : but by hy- 
pothesis, the angle ABC=ACB ; hence we have OCB=ACB, 
which is absurd ; hence it is absurd to suppose AB difierent 
from AC ; hence the sides AB, AC, opposite to the equal an- 
gles B and C, are equal. 

Scholium. The same demonstration proves the angle BAD 
=DAC, and the angle BDA=ADC. Hence the two last are 
right angles ; hence the arc drawn from the vertex of an isos^ 
celes spherical triangle to the middle of the base^ is at right an^ 
gles to the base^ and bisects the vertical angle. 



PROPOSITION XVI. TIU:OREM. 

In any spherical triangle, the greater side is opposite the great- 
er angle ; and conversely , the greater angle is opposite the 
greater side. 

Let the angle A be greater than the angle B, then will BC 
be greater than AC ; and conversely, if BC is greater than 
AC, then will the angle A be greater than B. 

First. Suppose the angle 
A>B ; make the ande BAD= 
B : then (Prop. XV5 we shall 
have AD=DB ; but AD+DC ^ 
is greater than AC ; hence, 
putting DB in place of AD, we 
shall have DB+DC,or BC> AC. 

Secondly. If we suppose BC>AC, the angle BAC will be 

freater than ABC. For, if BAC were equal to ABC, we should 
ave BC=AC ; if BAC were less than ABC, we should then, 
as has just been shown, find BC<AC. Both these conclusions 
are false : hence the angle BAC is greater than ABC. 




* 
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PE0P08ITI0N XVII. THEOESM. 

If two triangles on the same sphere^ or on equal spheres^ are 
mutually equiangular^ they will also be mutually equUate^ 
raL 

Let A and B be the two given triangles ; P and Q their 
polar triangles. Since the angles are equal in the triangles 
A and B, the sides will be equal in their polar triangles P and 
Q, (Prop. X. :) but since the triangles P and Q are mutually 
equilateral, they must also (Prop. XIV.) be mutually equian« 
gular ; and, lastly, the angles being equal in the triangles P 
and Q, it follows (Prop. X.) that the sides are equal in their 
polar triangles A and B. Hence the mutually equiangular 
triangles A and B are at the same time mutually equilateral. 

Scholium. This proposition is not applicable to rectilineal 
triangles ; in which equality among the angles indicates only 

J)roportionality among the sides. Nor is it difficult to account 
or the difference observable, in this respect, between spheri- 
cal and rectilineal triangles. In the propositioli now before 
us, as well as in Propositions XII, XIIl, XIV, wfiich treat of 
the comparison of triangles, it is expressly required that the 
arcs be traced on the same sphere, or on equal spheres. Now 
similar arcs are to each other as their radii ; hence, on equal 
spheres, two triangles cannot be similar without being equal. 
Therefore it is not strange that equality among the angles 
should produce equality among the sides. 

The case would be different, if the triangles were drawn 
upon unequal spheres ; there, the angles being equal, the tri- 
angles would be similar, and the homologous sides would be 
to each other as the radii of their spheres. 

FROPOSI'TtON XVIII. THEOREM. 

The sum of all the angles in any spherical triangle is less than 
six right angles J and greater than two. 

For, in the first place, every angle of a spherical triangle 
is less than two right angles (see the following Scholium) : 
hence the sum of all the three is less than six right angles. 

Secondly, the measure of each angle of a spherical triangle 
(Prop. X.) is equal to the semicircumference minus the corres- 
ponding side of the polar triangle ; hence the sum of all the 
three, is measured by three semicircumferences minus the sum 
of all the sides of the polar triangle. Now (Prop. IV.), this 
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latter sum is less than a. circumference ; therefore, taking it 
away from three semicircumferences, the remainder will be 
greater than one semicircumference, which is the measure of 
two right angles ; hence, in the second place, the sum of all 
the angles in a spherical triangle is greater than two ri^ht 
angles. 

Cor. 1. The sum of all the angles of a spherical triangle 
is not constant, like that of all the angles of a rectilineal tri- 
angle ; it varies between two right angles and six, without 
ever arriving at either of these limits. Two given angles 
therefore do not serve to determine the third. 

Cor. 2. A spherical triangle may have two, or even three 
angles, right, two or three obtuse. 

If the triangle ABC is bi-rectangular, in other 
words, has two right angles B andC, the vertex 
A will (Prop. X.) be the pole of the base BC ; 
and the sides AB, AC will be quadrants. 

If the angle A is also right, the triangle ABC 

will be tri-rectangular; its angles will all be right, rI ^ ^r. 

and its sides quadrants. The tri- rectangular triangle is con- 
tained eight times in the surface of the sphere. 

Scholium. In all the preceding observations, we have sup- 
posed, in conformity with (Def. 6,) that our spherical triangles 
have always each of their sides less than a semicircumfer- 
ence ; from which it follows that any one of their angles is 
always less than two right angles. For (see diagram to Prop. 
IV.) if the side AB is less than a semicircumference, and AC 
is so likewise, both those arcs will require to be produced 
before they can meet in D. Now the two angles ABC, CBD 
taken together, are equal to two right angles ; hence the angle 
ABC itself, is less than two right angles. 

We may observe, however, that some spherical triangles do 
exist, in which certain of the sides are greater than a semi- 
circumference, and certain of the angles greater than two right 
angles. Thus, if the side AC is produced so as to form.a whole 
circumference ACE, the part which remains after substracting 
the triangle ABC from the hemisphere, is a new triangle also 
designated by ABC, and having AB, BC, AEE)C for its sides. 
Here, it is plain, the side AEDC is greater then the semicir- 
cumference AED ; and, at the same time, the angle B oppo- 
site to it exceeds two right angles, by the quantity CBD. 

The triangles whose sides and angles are so large, have been 
excluded from our Definition ; but the only reason was, tbal 

3 
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the solution of them» or the determination of their parts, is al« 
ways reducible to the solution of such triangles as are com- 
prehended by the Definition. Indeed, it is evident enough, that 
if the sides and angles of the triangle ABC are known, it will 
be easy to discover the angles and sides of the triangle which 
bears the same name, and is the difference between a hemis- 
phere and the former triangle. 




PROPOSITION XIX. THEOREM. 

The surface of a lune is to the surface of the sphere^ as the 
angle of this lune, is to four right angles, or as the arc which 
measures that angle, is to the circumference. 

Let AM NB be a lune ; then will its 
surface be to the surface of the sphere 
as the angle NCM to four right an- 
gles, or as the arc NM to the circum- 
ference of a great circle. 

Suppose, in the first place, the arc 
MN to be the circumference MNPQ 
as some one rational number is to ano- 
ther, as 5 to 48, for example. The 
circumference MNPQ being divided 
into 48 equal parts, M N will contain 
6 of them ; and if the pole A were joined with the several 
points of division, by as many quadrants, we should in the hem- 
isphere AMNPQ, have 48 trianfi:les, all equal, because all their 
parts are equal. Hence the whole sphere must contain 96 of 
those partial triangles, the lune AMBNA will contain 10 of 
them ; hence the lune is to the sphere as 10 is to 96, or as 5 to 
48, in other words, as the arc MN is to the circumference. 

If the arc MN is not commensurable with the circumfer- 
ence, we may still show, by a mode of reasoning frequently 
exemplified already, that in this case also, the lune is to the 
sphere as MN is to the circumference. 

Cor. 1. Two lunes are to each other as their respective an- 
gles. 

Cor. 2. It was shown above (Prop. XVIII. Cor. 2.) that the 
whole surface of the sphere is equal to eight tri-rectangular 
triangles ; hence, if the area for one such triangle is taken for 
unity, the surface of the sphere will be represented by 8. This 
granted, the surface of the lune, whose angle is A, will be ex- 
pressed by 2A (the angle A being ailways estimated from the 
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right angle assumed as unity :) since 2A : 8 : : A : 4. Thui 
we have here two different unities ; one for angles, being the 
right angle ; the other for surfaces being the tri-rectangular 
spherical triangle, or the triangle whose angles are all right, 
and whose sides are quadrants. 

Or if the area of one such triangle is represented by T, the 
surface of the whole sphere will be expressed by 8T, and the 
surface of the lune whose angle is A, will be expressed by 
2AxT. for 

4:A::8T:2AxT 
in which expression, A represents such a part of unity, as the 
angle of the lune is of one right angle. 

Scholium. The spherical ungula, bounded by the planes AMB, 
ANB, is to the whole solid sphere, as the angle A is to four 
right angles. For, the lunes being equal, the spherical ungulas 
will also be equal ; hence two spherical ungulas are to each 
other, as the angles formed by the planes which bound them. 

PROPOSITIOK XX. THEOREM. 

Two symmetrical spherical triangles are equal in surface. 

Let ABC, DEP be two symme- 
trical triangles, that is to say, two 
triangles having their sides AB= 
DE, AC=DF,CB=EF, and yet in- 
capable of coinciding with each 
other: we are to show that the sur- 
face ABC is equal to the surface 
DEF. 

Let P be the pole of the small cir- 
cle passing through the three points A, B, C ; from this point 
draw (Prop. VI.) the equal arcs, PA, PB, PC ; at the point F, 
make the angle DFQ= ACP, the arc FQ=CP ; and join DQ, 
EQ. 

The sides DF, FQ are equal to the sides AC, CP ; the an- 
gle DFQ==ACP : hence (Prop. XII.) the two triangles DFQ, 
ACP are equal in all their parts ; hence the side DQ= AP, and 
the angle DQF=APC. 

In the proposed triangles DFE, ABC, the angles DFE, ACB 
OTposite to the equal sides DE, AB, being equal (Prop. XIII.) 
if the angles DFQ, ACP, which are equal by construction, be 
taken away from them, there will remain the angle QPE, 
equal to PCB. Also the sides QF, FE are equal to the sides 
PC, CB ; hence the two triangles FQE, CrB are equal in 
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all their parts ; hence the side QEsPB, and the angle FQE 
=CPB. 

Now, the triangles DFQ, ACP, which have their sides re- 
spectively equaU are at the same time isosceles, and capable of 
coinciding, when applied to each other; for having placed PA 
on its equal QF, the side PC will fall on its equal QD, and 
thus the two triangles will exactly coincide ; hence they aro 
equal ; and the surface DQF=APC. For a like reason, the 
surface FQE=CPB, and the suriace DQE=APB ; hence we 
have DQF+FQE— DQE=APC+CPB— APB, or DFE= 
ABC ; hence the two symmetrical triangles ABC, DEF are 
equal in surface. 

Scholium, The poles P and Q might lie within the triangles 
ABC, DEF : in which case it would be requisite to add the 
three triangles DQF, FQE, DQE together, in order to make 
up the triangle DEF; and in like manner to add the three tri- 
angles APC, CPB, APB together, in order to make up the tri- 
angle ABC : in all other respects, the demonstration and the 
result would still be the same. 

PROPOSITION XXI. THEOREM. 

If the circumferences of two great circles intersect each other 
on the surface of a hemisphere^ the sum of the opposite trian* 
gles thus formed, is equivalent to the surface of a lune whose 
angle is equal to the angle formed by the circles. 

Let the circumferences AOB, COD, 
intersect on the hemisphere OACBD ; 
then will the opposite triangles AOC, 
BOD be equal to the lune whose an- 
gle is BOD. 

For, producing the arcs OB, OD 
on the other hemisphere,; till they 
meet in N, the arc OBN will be a se- 
mi-circumference, and AOB one also ; 
and taking OB from both, we shall 
have BN=AO. For a like reason, we have DN=CO, and 
BD=AC. Hence the two triangles AOC, BDN have their 
three sides respectively equal ; besides, they are so placed as 
to be symmetrical ; hence (Prop. XIX. Sch.) they are equal 
in surface, and the sum of the triangles AOC, BOD is equiva- 
lent to the lune OBNDO, whose angle is BOD. 

Scholium. It is likewise evident tnat the two spherical pyra- 
mids, which have the triangles AOC, BOD for bases, are to- 
gether equivalent to the spherical ungula whose angle is BOD. 
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PROrOSlTION XXII. TBKORUf. 

■ 

The surface of a spherical triangle is measured by the excess 
of the sum of its three angles above two right angles^ muUi' 
plied by the tri-reclangular triangle. 

Let ABC be the proposed triangle : 
produce its sides till they meet the 
great circle DEFG, drawn at plea- 
sure without the^iiangle. 'By the 
last Theorem, the two triangles ADE, 
AGH, are together equivalent to the 
lune whose angle is A, and which is 
measured by 2A.T (Prop. XIX. Cor. 
2.) Hence we have A1)E+AGH= 
2A.T ; and, for a like reason, BGF+ 
BID=2B.T, and CIH+CFE=2C.T. 

But the sum of these six triangles exceeds the hemisphere by 
twice the triangle ABC, and the hemisphere is represented by 
4T ; therefore, twice the triangle ABC is equal to 2A.T+ 
2B.T+2C.T— 4T; and consequently, once ABC=(A+B+C 
— 2).T ; hence every spherical triangle is measured by the sum 
of all its angles minus two right angles, multiplied by the tri- 
rectangular triangle. 

Cor. 1. However many right angles there may be in the 
sum of the three angles minus two right angles, just so many 
tri-rect^Dgujar triangles, or eighths of the sphere, will the pro- 
posed triangle .contain. If the angles, for example, are each 
equal to f of a right angle, the three angles will amount to four 
right angles, and the sum of the angles minus two right angles 
will be represented by 4^-2, or 2 ; therefore the surface of 
the triangle will be equal to two tri-rectangular triangles, or to 
the fourth part of the whole surface of the sphere. 

Scholium, While the spherical triangle ABC is compared 
with the tri-rectangular triangle, the spherical pyramid, which 
has ABC for its base, is compared with the tri-reCtangular 
pyramid, and a similar proportion is found to subsist between 
them. The solid angle at the vertex of the pyramid, is in like 
manner compared with the solid angle at the vertex of the tri- 
rectangular pyramid. These comparisons are founded on the 
coincidence of the corresponding parts. If the bases of the 
pyramids coincide, the pyramids themselves will evidently co- 
incide, and likewise the solid angles at their vertices. From 
this, some consequences are deduced. 

3* 
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First Two triangular spherical pj^ramids are to each other 
|i8 their bases ; and, since a polygonal pyramid may always be 
divided into a certain number of triangular ones, it follows that 
any two spherical pyramids are to each other as the polygCMis 
which form their bases. 

Second, The solid angles at the vertices of these pyramids 
are also as their bases : hence, for comparing any two scriid 
angles, we have merely to place their vertices at the centres 
of two equal spheres, and the solid angles will be to each other 
as the spherical polygons intercepted between their planes 
or faces. 

The vertical angle of the tri-rectangular pyramid is formed 
by three planes, at right angles to each other. This angle, 
which may be called a right solid angle^ will serve as a very 
natural unit of measure for ail other solid angles. If, for ex- 
ample, the area of the triangle is | of the tri-rectangular tri- 
angle, then the corresponding solid angle will also be | of the 
right solid angle; 

rmoposrrioN xxni. theorem. 

The surface of a spherical polygon is measured by the sum of 
all its angles^ minus two right angles multiplied by the num- 
her of sides in the polygon less two, into the tri-rectangular 
triangle. 

From one of the vertices A, let di- 
agonals AC, AD, be drawn to all the 
ouier vertices ; the polygon ABCDE 
will be divided into as many triangles* 
minus two, as it has sides. But the 
surface of each triangle is measured by 
the sum of all its angles minus two 
right angles, into the tri-rectangular tri- 
angle ; and the sum of the angles in all 
the triangles is evidently the same as that of all the angles of 
the polygon : hence, the surface of the polygon is equal to the 
sum of all its angles, diminished by twice as many right angles 
as it has sides, less two, into the tri-rectangular triangle. 

Scholium. Let s be the sum of all the angles in a spherical 
polygon, n the number of its sides, and T the tri-rectangular 
triangle ; the right angle being taken for unity, the surface of 
the polygon will be measured by 

(^s—2 (n— 2,)) T, or (s—2 n+4) T 
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CHAPTER L 

Pi^A^TE Triqonometrt is the science which treats of the re« 
lations of the sides and angles of plane triangles. 

In every triangle there are six part^ : three sides and three 
angles ; which have such relations to each other that the value 
of one depends on the value of the others ; and if a sufficient 
number of these are known the others may thereby be deter- 
mined. 

The sides of triangles consist of absolute magnitude, but the 
angles are only the relations of those sides to each other in 
position or direction, without regard to their magnitudes. 

Angles have no absolute measure in terms of the sides ; but 
are, nevertheless, susceptible of measure ; for if two lines meet 
each other the space included between them within a given 
distance from tneir point of contact is proportional to their 
mutual inclination, and hence (Prop. X V III. Cor. B. III. EL 
Gkom.) the arc of the circumference of a circle intercepted by 
two lines drawn from its centre, may be regarded as the mea- 
sure of the angle or inclination of those lines, and therefore the 
arc of the circumference may be regarded as the measure of 
angular magnitude. 

For this purpose the circumference of the circle is supposed 
to be divided into 360 equal parts, called degrees, and each of 
those degrees is divided into 60 equal parts called minutes, and 
each minute into 60 equal parts called seconds ; and so on, to 
thirds, fourths, <fec. 

These divisions are designated by the following characters, 
• ' " '" &c. Thus the expression 30** 20^ 12" 22'", repre- 
sents an arc or an angle of 30 degrees 20 minutes 12 seconds 
22 thirds. 

The circumference of any circle may in this manner be ap- 
plied as the measure of angles, without regard to its magni- 
tude or the length of its radius ; hence a degree is not a mag- 
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nitude of any definite length, but is a certain portion of thtt 
wfiole circumference of any circle, for it is evident that the 
360th part of the circumference of a large circle is greater 
then the same part of a smaller one, but the number of de- 
grees in the small circumference is the same as in the large one. 
The fourth part of the circumference of a circle is called 
a quadrant and contains 90^degrees : hence 90 degrees is the 
measure of the right angle. 

Thus, if we draw two straight lines 
AD, BE, so as to cross each other at 
right angles, and from their point of inter- 
section, C, we discribe a circle with any 
radius so as to cut those lines in any 
points, as a, b, d, e, the circumference ot' 
the circle will thus be divided into four 
equal arcs, aft, bd, tfe, ea, each of which 
measures or subtends a right angle at 
the centre C, of the circle. 

If a line CP be made to revolve round a fixed point C as 
the centre of a circle, and so as to pass successively through 
every point of the circumference, commencing in the point a, 
then, while it is in the position Ca, or while it coincides with 
the line Ca, those two lines form but one, and intercept no arc 
on the circumference of the circle, and hence form no angle 
with each other ; but when the line CdP 
comes into the position CP, it forms with 
AC an acute angle at C, which is mea- 
sured by the arc aP, and when it comes 
into the position C6P, it then forms a right 
angle ACP with the line AC, which angle 
is measured by the quadrant a6. Now 
let it come into the position CP^, and the 
angle which it forms with CA, will be 
measured by the arc aP^, which is greater than a right angle, 
and hence is an obtuse angle. 

Let it now come into the position CdP ;. it then coincides 
with the right line Cd, which is a portion of the line AC pro- 
duced, since the line CP, in this positioii, coincides with the line 
AD, it can be said to form with it no angle ; yet the space 
passed over by the line CP, from the position CaP, is equal to 
two quadrants, or two right angles equal to 180 degrees, and 
for trigonometrical investigation the lines C6P and CA are 
said to subtend the angle measured by the arc abd. 

After passing the point ^, and coming into the position CP,, 
it forms with AC, and on the 'upper side of it the angle P3CA 
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neasured by the arc aeP,, but having passed over the arjc 
abdP^y is s^id to contain, Mrith the line CA« the angle^ ACP3 on 
the upper side of those lines measured by the arc aMP^, 
greater than two right angles. When it comes in the posi- 
tion CeP it is said to subtend, with the line AC from the same 
side of it, the angle measured by the arc aidCf or three quad- 
rants, equal to three right angles. 

When in the position CP^, it is said to contain with CA*, and 
on the same side of it, an angle greater than three right angles. 

Finally, when the line CP has completed an entire revolu- 
tion, Jiaving returned to its original position, CA, it will have 
formed an angle with it equal to four right angles. 

If the line CP continues to revolve, it is manifest that the 
angle will increase, and may with this view form with CA, 
angles greater than four, than five, or than any given number 
of right angles. 

ab is called the first quadrant of the circle, bd the second, 
de the third, and ea the fourth quadrant. 

It must be borne in mind, that the line CP cannot, geome- 
trically, be said to contain with another line, AC, an angle 
.greater, nor quite equal to, two right angles, but in view of its 
supposed motion Yound one of its extremities, C, as a centre, 
it is said to contain, with the line AC, all the angular space 
through which it has passed in its revolution. 

Thus, let the line CP have performed one complete revolu- 
tion, from the position CaP to the same position again, the 
angle which it forms with the line CA, though absolutely no- 
thing, is in view of its supposed motion measured by the quad- 
rants ab+bd+de+ea, each of which quadrants are readily re- 
cognized as being contained by their several lines of divisiop, 
when by removing those lines of division of the circumference, 
those several angles are all converted into one containing the 
whole circumference ; hence, in view of this motion or rela- 
tion of the two lines, they are said to contain an angle mea- 
sured by the whole circumference. 
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DEFINmONS AND ILLUSTRATIONS. 



B 




The following symbols are sometimes used. 

1. The complement of an arc or of an angle, is what re- 
mains after taking that arc or that angle from 90 degrees. 
Thus, if 6 be any arc or angle, the complement is 90**— d 

2. Supplement of an arc or an angle, is what remains after 
taking that arc or angle from two right angles, or 180 de- 
grees. Thus, if ^ be any arc or angle, the supplement of ^ is 
180^—^. 

If AP be any arc, and ACP be any angle, 
B measured by that arc, then the complement 
of the angle 6 is the angle PCB measured by 
the arc ra, and the supplement of the angle d 
is the angle PCD measured by the arc PBD, 
and if BCP is any angle ^ measured by the 
arc PB, then PCA is the complement of d, and if PCD is any 
angle d, then will PCA be its supplement. 

3. To represent the ratios of the sides and angles of trian- 
gles, right lines are drawn in and about a circle called sines, 
tangents, secants, &c. 

Draw two right lines AD,BE cutting each 
other at right angles in the point C, with the 
centre C and any distance as radius, describe a 
circle cutting the lines in the points A, B, D, E. 

Draw the radius CP forming with CA any 
angle ACP=4. From P draw PS perpendi- 
cular on CA. From A draw AT a tangent 
to the circumference at A. Produce CP to 
meet AT in T. 

4. Then the ratio of PS to the radius C A of the circle, is 
called the sine of the angle PCA. 

Or, -— =sm. d. 

C»A 

5. The ratio of AT to the radius C A of the circle, is called 

the tangent of the angle TC A or PCA. 

AT 
Hence, -;j--=tan. 6. 

CA 

6. And the ratio of CT to the radius is the secant of the 
angle PCA. 

n CT 

Or, j:q-r-=sec. 6. 

OA 
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7. The ratio of AS to the radius of the circle/4s called the^ 
versed sine of the angle PCA. . ^ « 

Or, 7=rr=v. sm. e. 

CA • 

8. The sine of the complement of an angle, is called the sine 
complement, or cosine of that aogle. 

Thus, sin. (00^— ^)=cos. d, hence cos, (90*— «)=sin. 6. 

9. The tangent of the complement of any given angle, is 
called the cotangent of that angle. 

Thus, tan. (90**— tf)=cot. d, hence cot. (90**— «)=tan. B 

10. The secant of the complement of any given angle, is 
called the cosecant of that angle. 

Or, sec. (90® — d)=cosec. ^, hence cosec. (90°— d)=sec. ^. 

11. The versed sine of the complement of any angle, is call- 
ed the co-versed sine of that angle. 

Or, V. sin. (90°— tf)=:co-v. sin. ^, 

and hence co-v. sin. (90 — d)=v. sin. d. 
In order to show that the ratio of OS to the radius of the 
circle in the last figure, is the cosine of the angle PCA ; that 
is» the sine of its complement. 

Or that ;^rr =cos. tf, 

OA 

Draw a circle A'B'D'E' equal to the circle 
ABDE, and from C the centre, draw C'P', 
making with C'A' the angle P'C'A' equal to a 
the angle PCB; that is, to the compliment 
of PCA, or to (90°—^). 



Then, since CP is equal to C'P', and the 
aneles at S and S' are ri^ht angles, the angle 
CPS equal to the angle P'C'S' the two trian- A 

fles PCS, P'C'S' are equal in every respect ; ""^ 
S=C'S', CS=FS'. 



Therefore, 



CS FS' 




CA CA 

=sin. FC'A' by Def. 
=sin. (90° — d) by construct 
=:cos. d by Def. 
We have hitherto considered an angle PCA less than a right 
angle, but the same definitions are applied, whatever may be 
the magnitude of the angle. 
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, Thus, for example, let us take an angle 
P^CA situated in the second quadrant, that t«, 
an angle greater than one right angle, and 
less than two. ^ 

• From P- let fall P^S, perpendicular on 
AD, from D draw DTj, a tangent to the cir- 
cle at D, meeting CP, produced in T, ; then, 
as before, 

^=sin. P.CA 

CS,_ 

CA 
DT 




;COS. P,CA 



CA 

g^=sec. P,CA 



AS,^ 
CA 



V. sin. P,CA. 



Again, let the angle in question be situated in the third quad- 
rant, that is, let it be an angle greater than two, and less than 
three right angles. 

Making a construction analogous to that in the two former 
cases, we shall have 



^^==:sin. P3CA 

CS 

p^=cos. PjCA 

DT 

g^=tan. P3CA 

'=sec. P3AC 



B 




CA 

AS. 



=v. sin. P,CA. 



CA 

Lastly, let the angle be situated in the fourth quadrant; that 
is^ let it be an angle greater than three, and less than four 
r^ht angles, then as before, 

Mt=sin. P,CA " 

^^i=cos. P.CA 



CA 
AT« _ 

CA 



tan. P«CA 
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^=sec P.CA 

r— -l=v, sin. P.CA. 
CA * 

We shall now proceed to establish some important general 

relations, between the trigonometrical quantities which are 

immediately deducible from the above definitions, and from 

the principles of Geometry. 

T 

Resuming the figure of Def. (3) : 
Since CSP is a right-angled triangle, and 
CP the hypothenuse, 

PS«+CS«=CP* aJ 

Dividing by CP, 

PS* CS*^ 

CP+CP* 
that is, sin.'4+cos.'<)=l (1) 

The triangles PSC, TAG, are equiangular and similar; 
hence, 

PS_AT 

CS"~CA 
PS 

Therefore g|=^ 

CA 

that is, — ^,=tan. A (2) 

COS. 6 

In last case, for 6 substitute (90^—^) ; then 

sin. («0°-;) tan. (90«>-«) 
COS. (90°— tf) ^ ' 

^ COS. 6 ^ . .^. 

Or, -: — -=cot. d (3) 

sm. 6 

From (2) and (3) we have 

sin. d , . J COS. 6 ^ . 

Tz^tan. e^ and -: — 7=cot. S. 

COS. 4 sm. 6 

Hence, tan. d= or, tan. 6 cot ^=1- ^ - - -- (4) 

cot. o, 

By similar triangles CTA, CPS. 

Ct_CP 

CA~CS 
l_ 

CP 
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Or, sec. ^= :, or, sec. ^ cos. ^=1 - - (5) 

COS. 6 

By Definition, 

cosec. d=sec. (90** — i) 

=" /imo A\ by the last case, 

cos. (90**—^) ^ 

=-: — ;, or, cosec ^ sin. ^=1 - - (6) 

SID. 

Since CAT is a right angled triangle, and CT the hypothe- 

nuse 

CA*+AT«=CT« 

Dividing by CA*, 

AT'CT* 

^■*"CA*""CA* 

that is, l+tan.'d=sec.*^ (7) 

By (3) we have cos. 6 

^ sin. 6 

, ^ cos.*d 
Therefore, cot.* 6 = ^r^ 

Adding 1 to each side of the equation, 

. . , . cos.*^ 
1+cof d=l+-T-^. 

^sin.* ^+co8.* < 
"~ sin.* 6 

= cosec." t by (6) . - - . (8) 

By Definition, . SA 

^ versin. «=cX 

CA— CS 
"■ CA 

* CA 
= 1 — cos. ^ (9) 

By Definition, 

coversin. 4= versin. (90®-^) 

= 1 — COS. (90** — d,) by the last case. 
= 1— sin. « (10) 

The above results, which are of the highest importance in 
all trigonometrical investigations, are collected and arranged 
in the following table, which ought to be committed to memo- 
ry: — 



ANALYTICAL PLANE TRIGONOMETRY. 



85 



1. 
2. 

3. 



TABLE L 

Sin.*d+cos.'d=l 
sin. 4 



COS. d 
COS. A 



=^tan. 6 



=cot 6 



sin. 6 

4. tan. i cot 6 =£ 1 

5. sec. 4 cos. 4 =1 

6. cosec. ^ sin. d =1 

7. l+tan.*a =sec.** 

8. 1 +cot.* 6 =cosec.* i 

9. V. sin. ^ =1— COS. ^ 
10. coversin. ^ =1— nsrin. d. 

12. The chord of hn arc is the ratio of the straight line join- 
ing the two extremities of the arc to the radius of the circle. 

PROPOSITION. 

The chord of any arc is equal to twice the sine of half the arc. 

Take any arc AQ, subtending at the ^ 

centre of the circle the angle ACQ=d. 

Draw the straight line CP bisecting the 
angle ACQ. 

Join A, Q ; from P let fall PS perpen- 
dicular on CA. 

Since CP bisects ACQ, the vertical an- 
gle of the isosceles triangle ACQ, it bi- 
sects the base AQ at right angles. 

Therefore, AO=OQ, and the angles at O are right angles. 

Again, since the triangles AOC, rSC, have the angles CSP» 
COA, right andes, and the angle PCS common to the two 
triangles, and also the side CP of the one equal the side CA 
of the other, these triangles are in every respect equal. 

.-. PS =AO=OQ 
.-. AQ =2PS 
AQ PS 

•*• CA ""^CA 
or, chord 4 =2 sin. PCA 

6 
=2 sin. 2 

We shall now proceed to explain the principle by which the 
signs of the trigonometrical quantities are regulated — 
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B 


p^^,,,.— — ^>^^ 


/ 


^ 


' \ 


/ 


BM 


A 


V 


i 






All lines measured from the point C along 

CA, that is, to the kft^ are considered pos- 
itive, or have the sine +. 

All lines measured from the point C 
along CD, that is, in the opposite direction a 
to the right are considered negative, or have 
the sign — . 

All lines measured from the point C alrag 

CB, that is, upwards, are considered posi- 
tive or have sign +. 

All lines measured from the point C along CE, that is, in 
the opposite direction downwards, are considered negative, or 
have the sign — . 

Let us determine according to this principle, the signs of the 
sines and cosines of angles in the difierent quadrants. 

PS 
In the first quadrant, sin. ^=pT 

. CS. 

COS. ^=^ 

Here PS=Cc is reckoned from C along ^ 
CB upwards, and is therefore positive. 

CS is reckoned from C along C A, to the 
left and is therefore positive. 

In the first quadrant, therefore the sine 

and cosin are both positive. 

P S 
In the second quadrant, sin. ^=fr~T^ 

cos.fe— «• 
CA 

Here V^^^^^Cc^ is reckoned from C 
along CB upwards^ and is therefore posi- 
tive. 

CS, is reckoned from C along CD to 
the right and is therefore negative. 

In the second quadrant, therefore, the sine 
is positive and trie cosine negative. 

P S 
In the third quadrant, sin. ^= X^ 

A CS3 
COS. ^=—3 

Here P3S3=Cc3 is reckoned from C 
along CE, downwards, and is therefore 
negative. 

CS3 is reckoned from C along CD, to 
the right, and is therefore negative. 




B 




£ 
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In the third quadrant, therefore, the sine 
and cosine are both negative. 

In t?ie fourth quadrant, sin. ^= A/ 



COS. A = 



_ CS, 



CA 




Here P4S^=Cc4 is reckoned from C along 
CE downwards and is therefore negative. 
CS4 is reckoned from C along CA, to the 
left and is therefore positive. 

In the fourth quadrant, therefore, the sine is negative, and 
the cosine positive. 

Hence we conclude, that the sine is positive in the first and 
second quadrants, and negative in the third and fourth ; and the 
cosine is positive in the first and fourth, and negative in the 
second and third, or in other words : 

The sine of an angle less than 180° is positive and the sine 
of an angle greater than 180° a.nd less than 360° is negative. 

The cosine of an angle less than 90° is positive, the cosine of 
an angle greater than 90°, and less than 270°, is negative, and 
the cosine of an angle greater than 270°, and less than 360,° is 
positive. 

The signs of the sine and the cosine being determined, the 

signs of all the other trigonometrical quantities may be at once 

established by referring to the relations in Table 1. 

Thus, for the tangent, . ' 

° sm. 4 

tan. d=^^_ A 

COS. o 

Hence, it appears that when the sine and cosine have the 
same sign the tangent will be positive, and when they have 
different signs it will be negative. 

Therefore, the tangent is positive in the first and third quad* 
-rants and negative in the second and fourth. 
The same holds good for the cotangent ; for 

^ COS. ^ 

cot ^' 



Again, since 



sec. ^= 



sin. ^ 
1 



COS. ^ 



the sign of the secant is always the same with that of the co* 
sine ; and, since 1 



cosec. d= 



sm. 



in like manner, the sign of the cosecant is always the iavutipith 
th<tt of the sine^ 

The versed sine is always positive, being reckoned from A 
always in the same direction. 
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It is sometimes convenient to give differ- 
ent signs to angles themselves. We have 
hitherto supposed angles of different magni- 
tudes to be generated by the revolution of 
the moveable radius CP round C in a direc- 
tion from left to right ; and the angles so 
formed have been considered positive, or af- 
fected with the sign +. If we now suppose the angle /3=d 
to be generated by the revolution of the radius CP' in the op- 
posite direction, we may, upon a principle analogous to the 
former, consider the angle p as negative, and affect it with the 
sign — . 

We shall now determine the variations in the magnitude of 
the sine and cosine for angles of different magnitudes. 

In the first quadrant : 

Let CP, CP,, CP3, be different 

positions of the revolving radius in the 

first quadrant ; and from r, P,, P-, 

draw PS, P3S,, P3S3, perpendiculars on 
CA. 

It is manifest, that as the angle ii^ 
creases the sine increases ; for 

>P-S3 



P.S,^PS 



and ^»^« 




and since, when ^=0, 



CA -"CA CA "^ CA 

When the angle becomes very small* PS becomes very 
small also ; and when the revolving radius coincides with C A, 
that is, when the angle becomes 0, then PS disappears alto- 
gether, and is =0. 

PS 
Hence since, generally, sin. ^=7tx- 

PS=0; C^ 

. ^ 
.•. sin. 0=pT- 

=0 
On the other hand, when the angle becomes equal to 90^, PS 
coincides with CB, and is equal to it 

Hence since, generally, sin. d=— — r 
PS=CB ; ^ CA' 



and since, when t^W*, 



sin. JKy= 



CB 



CA 
= 1: 



CB=CA. 



Again, it is manifest, that as the angle increases the cosine 
* dimbiishes ; for 

CS>C^ and g|i>CS. 



CA'^CA 



CA ^CA 
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When the angle is very small, CS is very nearly equal to 
CA ; and when the revolving radius coincides with CA, that 
is, when the angle is 0, then CS coincides with CA and is 

equal to it 

CS 
Hence since, generally, cos. ^=7tt-, and since, when ^=0, 

CS=CA ; ^^ 

n CA , 

.'. COS. 0=77T- = 1 

^ OA 

On the other hand, as the angle increases, CS diminishes, 
and when the angle becomes equal to 90*^,, CS disappears al- 
together, and is =0. 

CS 
Hence since, generally, cos. ^=?tti and since, when d=90°,CS 

=0 ; ^^ 

.*. COS. 90*'=7TT =0 

CA 

Let us now take difTerent positions of the revolving radius 
in the second quadrant. 

It is manifest, that as the angle in- ^ 

creases the sine diminishes ; for 



> 



> 




CA -^ CA' CA ^ CA 

As the angle goes on increasing, PS 
goes on diminishing ; and when CP coin- 
cides with CD, that is, when the angle 
becomes equal to 180^, PS disappears al- 
together, and is equal 0. 

PS 
Hence since, generally, sin. ^=77x> aiid since, when ^=180®, 
PS=0 ; ^^ 

.-. sin. 180**=0^ 

On the other hand, as the angle increases the cosine increases ; 
' for 

CS^<CS^ and ^<CS^ 
CA "^CA- CA ^CA 

and when the revolving radius coincides with CD and the an- 
gle becomes 180*, CP coincides with CD attd is equal to it. 

CS 
Hence since, generally, COS. d=3TA and since, when ^5=180**. 
CS=CD; CA 

CD 
.•. COS. ^^^=nT = — ^ 5 

.-. CD=CA. 

The negative sign here is crhploye^i because the cosine fs 
reckoned to the right along CD. 
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Reasoning in the same manner for the third and fourth 
quadrants, we shall find, 

sin. 270°=—! 
COS. 270°= 
sin. 360°= 
COS. 360°= 1. 
Thus, it appears, 
That as the angle increases in the first quadrant, from up to 
90°, 
The sine, being positive, increases from up to 1, 
The cosine being positive decreases from 1 down to 0. 
That, as the angle increases in the second quadrant, from 90° 
up to 180°, 
The sine, being positive, decreases from 1 down to 0, 
The cosine, being negative, passes from to — 1. 
That, as the angle increases in the third quadrant, from 180° 
up to 270°, 
The sine, being negative, passes from to — 1, 
The cosine, being negative, passes from — 1 to 0. 
That, as the angle increases in the fourth quadrant from 270° 
up to 360°, 
The sine, being negative, passes from — 1 to 0, 
The cosine, being positive, increases from up to 1. 

The variations in the magnitude of the sines and cosines, 
being those of the other trigonometrical quantities may be de- 
termined by the means of the relatiomi in Table L 

sin. d 
Thus, since, tan. ^= . 

^ sin. 

tan. 0= 71=7=0 

eos. 1 

^^^ sin. 90° 1 .. J. .^ 
tan. 90°= 57^~n ~ ^" infinitum, or oo. 

COS. vU u 

The truth of this last relation may be readily illustrated, by 
referring to the geometrical construction; when it will be 
seen that for the angle of 90° AT becomes parallel to CP ; 
and therefore, thQ point T, in which the two lines meet, is at 
an infinite distance. 
So, also, cot. 0= QD 

cot. 90° =0 
and so for all the rest. 

We shall next proceed to point out some important general 
relations, which exist between the trigonometrical functions of 
angles less than 90° and those of angles greater than 90^ 
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B 



Draw CP, making with CA any angle 
PCA which we may call d ; let fall PS 
perpendicular from P on CA. Draw 
CF, making with BC the angle BCF= 
PCA=^ ; and frort F let fall FS' per- 
pendicular on CD. 

Then the angle FCA=90^+d. ' 

The two triangles PCS, FCS', have 
the side PC of the one equal to the side 
P'C of the other, also the angles Qt S and 
S' right angles, and the angle CPS of the one equal to the an-, 
gle FCS' of- the other ; therefore the two triangles are in 
every respect equal ; and 

PS=CS', CS=FS'. 
FS'^ CS 

CA 




Therefore, 



Or. 

that is, 
Again, 



Or, 

that is 



CA 

sin. FCA=cos. PCA, 
sin. (90''+d)=cos. d. 



CS^ 



PS 
CA 



CA 

— cos. P'CA=sin. PCA, 
cos. (90°+d)==— sin. d. 




As before, draw CP, making any angle 
^ with CA, and draw CP', making with 
CD the angle FCD, equal to d. 

Then the angle FCA=I80°— 4. 

The two triangles PCS, P'CS' are ma- 
nifestly in all respects equal ; and 

PS=FS' cs=cs: 

Therefore, g=^ 

that is, sin. ^=sin. (180^—4) 

an important proposition which enunciated in words, is, tht 
sine of an angle is equal to the sine of its supplement. 

Again, 

cs_cs; 

CA"'CA 

COS. d= — COS. (180** — d), ^ 

that is, the cosine of an angli, and the cosine of its supplement 
are equal in absolute magnitude, but have opposite signs. 
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Kf as in the annexed figure, we draw 
CF, making with CD an angle DCF . 
equal to the angle 6, we shall find in like 
manner, . 

sin. (180°+^)=— sin. A "* 

COS. (180^+^)=cos. (190^—^) 

=— COS. 6, 

If we draw CP', making with CE an 
angle ECFs=^, then 

sin. (270^— ^)=:— COS. B 

COS. (270^— 4)=— sin. « 
as is evident from Def. 8, and the rule for 
signs ; and, in like manner, we may pro- 
ceed for angles in the fourth quadrant 
These relations being established between 
the sines and cosines, the corresponding 
relations between other trigonometrical functions may.be de- 
duced immediately from Table 1. 




Thus, 



tan. (90^ +4)= 



sin. (90**+^) 



tan. (180**— d) 



COS. (90° +d) 
_ COS. 6 

— sin. d 
= — cot ^ 
_sin. (180**— 4) 



COS. (180**— 4) 
sin. 6 

— cos.d 



=•— tan. a 
and so for all the rest 

The student may exercise himself by verifying such of the 
results in the following table as have not been formally de- 
monstrated. 
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TABLE IL 



•sin. 
*cos. 
♦tan. 
♦cot. 

sec. 

cosec. 
♦sin. (90°—^) 
♦cos. (90**—^) 
♦tan. (90°— d) 
♦cot. (90°—^) 

sec. (90°— 4) 

cosec. (90—4) 
♦sin. 90° 
♦cos. 90° 
♦tan. 90° 
♦cot. 90° 

sec. 90° 

cosec. 90° 
♦sin. (90°+^) 
♦cos. (90° +0 
"♦tan. (90° +4) 
♦cot. (90° +d) 

sec. (90° +4) 

cosec. (90° +d) 
♦sin. (180°— d) 
♦cos (180°— d) 
♦tan. (180°— 4) 
♦cot. (180°— d) 

sec. (180°— 4) 



=0 
=1 
=0 

= QD 
= 1 

= QD 

=cos. 4 
=sin. B 
=cot. d 
=tan. d 
= cosec. B 
=sec. B 
=1 
=0 

= QD 

=0 

= QD 
=1 

=cos. B 
= — sin. B 
= — cot. B 
= — tan. B 
= — cosec, d 
=sec. d 
=sin. d 
= — cos. B 
= — tan. 4 
= — cot. 6 
= — sec. B 



♦sin. (180° +4) =— sin.A . 

♦cos. (180°+^) =— COS. ^ 
tan. (180°+/) =tan. 6 
cot. (180°+d) =cot. 6 
sec. (189° +4) =_ sec. B 
cosec. (180° +4) = — cosec. 4 
sin. (270°— 4) =— COS. A 
COS. (270°—^) =— sin. A 
tan. (270^—4) =cot. 6 
cot. (270°— d) =tan. 6 
sec. (270° — d) = — cosec. 6 
cosec. (270°— d) = — sec. 6 



cosec. (180° — d) = cosec. 

•sin. 180° =0 

♦cos. 180° = —1 

♦tan. 180° =0 

♦cot. 180° = — QD 

sec. 180° = —1 

cosec. 180° =0 



sin. 270° 


=—1 


COS. 270° 


=0 


tan. 270° 


= QD 


cot. 270° 


=0 


sec. 270° 


= QD 


cosec. 270° 


- 1 


sin. (270° +4) 
COS. (270° +4) 
tan. (270° +d) 
cot. (270° +4) 
sec. (270° +fl) 


= — COS. 6 
=sin. B 

cot. 6 

= — tan. B 
= cosec. B 



cosec. (270° +4) = — sec B 

sin. (360°— 4) =_ sin. B 

COS. (360° — B) =co8. B. 

tan. (360°—^) =— tan. B 

cot. (360° — 6) =— cot. B 

sec. (360° — 6) =sec. B 

cosec. (360— -4) =— cosec. B 

sin. 360° =0 

COS. 360° =1 

tan. 360° =0 

cot. 360° = QD 

sec. 360° =1 

cosec. 360° = qd 



The results in the above table which are most frequently 
used, are marked with an asterisk, and ought to be committed 
to memory. 

We have in the preceding pages confined ourselves to the 
consideration of angles not greater than 360°, but the student 
can find no difficulty in applying the above principles to an- 
gles of any magnitude whatsoever. 
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We shall conclude this introductory chapter, by demonstrat- 
ing two propositions which are of the highest importaace in 
our subsequent investigations. The first is, 

In any right-angled triangle, the ratio which the side oppo- 
site to one of the acute angles bears to the hypothenuse^ is the 
sine of that angle ; the ratio which the side adjacent to one of 
the acute angles bears to the hypothenuse, is the cosine of that 
angle ; and the ratio which the side opposite to one of the actUe 
angles bears to the side adjacent to that angle, is the tangent of 
that angle. 

Let CSP be a plane triangle right-angled at S. 

PS ^ CS ^ PS ^ 

,=sin. C, T^^=cos. C, ;^^=tan. C, 



Then, 



or 



pp ,^p — »cs 

CS ^ SP T» sc T» 

^=sin. P. ^=cos. P. gp=tan. P. 



From C as a centre with the radius CP, 
describe a circle.* 

Produce CS, to meet the circumference 
in A. 

From A draw AT a tangent to the circle 

at A. 

Produce CP to meet AT in T. 

Then, from Definitions (2) (3) (4), 

PS r% CJS ^ AT g^ 

^^=sm. C, ^=cos. C, ^=tan. C, 

for CP=AC. 
But the triangles TAC, FS!J, are similar; 

Therefore, 




^=P§=tan. C, 
CP CS 



Cor. 



PS=CP sin. C=CP cos. P 
CS=CPcos.C=CPsin. P 
PS=CS tan. C=CS cot. P 



The second proposition is, 

In any plane triangle, the ratio of any two of the sides is 
equal to the ratio of the sines of the angles opposite to them. 

Let ABC be a plane triangle ; it is required 
to prove that 

CB_sin^ A CB sin. A CA sin. B 

CA^sinTB' BA"sin. C BA^sin. C 
From C let fall the perpendicular CD on AB. 

Then, since CDB is a plane triangle right-an- 
gled at D, by last proposition 
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CD=CB sin. B (1) 

; Amin, since CD A is a plane triangle right-angle at A. 

'CD=CA sia. A . - . - . . - . - (2), 
Equating these two values of CD, 
CB sin B=CA sin. A.; 

nil r CB 8ill« A. 

Therefore, ?tt~-^ — 5" 

CA sin. B. 

In like manner! by dropping perpendiculars from B and A 

upon the side AC, CB we can prove, 

CB__sin. A, CA_8in. B, 

B A sin. C, BA sin. C.^ 
In treating of plane triangles, it is convenient to designate 
the three angles by the capital letters A, B, C, and the sides 
'Opposite to these angles by the corresponding small letters 
«, 6, c. According to this notion, the last proposition will be 
a sin. A a sin. A b sin. B 



*;:' 



b sin. B c sin. C c sin, c 



CHAPTER II. 



GENERAL FOBMULiE. 

Given the sines and cosines of two angles, to jiAd the sine of 

their sum, 

tei ABC be a plane tnangle ; from C lei IM CD c 
perpendicular on AB, 
Let anrio CAB==d, 
and angle CBA=^, 

Then, AB = BD+DA 

= BC cos. /? + AC COS. A, A 
because BDC and ADC are right-angled triangle% 

Dividing each member of the equation by AB, 
BC ^ AC ^ 

1 = ]^ COS. P +^ COS. ^ 

sin. 6 sin.^ \ , , ^^ . ^, 

= -^r-js;cos p +-r-7=?coSi ^, by last Ftot. m Chap. L 
sm.C sm.C ^ '^^ * 

.•. sin. C = sin. * cos. ^+ sin. ^ cos. ^. 

But, sinceABC is a plane triangle, ^+^+ C = 180* 
.-. C = 180*— (4+i8) 
sin.C = sin. {180*— (^+/3)| 

= sin (tf +i3,) because 180* — (*+^) is the supplement 
of (S+.8.) 

6 
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Hence« sin. (fi+d) — sin. ^ cos /3+ sin. ^ cos. ^ i. - . - (tf) 

That isy the sirie of the sum of two arcs or angles is equal the 
sine of the first multiplied by the cosine of the second^ plus the 
sine of the second muflipliedby the cosine of the first* 

This expression, from its great importance, is called the 
fundamental formula of Plane Trigonometry, and nearly the 
whole science may be derived from it 

Given the sines and cosines of two angles, to find the sine ^f 

their difference. 

By formula (a). 

sin. (*+/3) = sin. ^cos. /3+ sin. /3 cos. 6. 

For ^ substitute ISO® — d, the above will become 

sin. {180®— (d—,^)] « sin. (180®—^) cos. ^ 
+ sin. /5 cos.(180°— ^) 

Butsin.{180®— (a— ^)}=:sin. (^—jS) •/ 180®— (4— ^) is the 
supplement of (^ — ^.) 

And, sin. (180®—^) = sin. d, 

And, cos.(180® — B) = — cos. d 

Substitute, therefore, thes6 values in the above expression, 
it becomes 

sin. {^ — ^ =? sin. ^ cos. ^ — ^sin. jS cos. ^ (ft) 

That is, the sine of the difference of two arcs or angles^ is equal 
the sine of ^ first X cosine of the seconiy — the sine of the le. 
cond X cosine of thefirsL 

Given the sines and cosines of two angles^ to find the cosine of 

their sum. 

By formula («) 

sin. (d+^)=sin. ^ eo«f. ^+ sin. fi cos. ^. 
For d substitute 90® +d, the above will become 
sin. {90®+(d+i3)}.= sin. (90®+d) cos. i3 

+ sin. p COS. {90®+«) 
But. sin. 1 90® +(4 +i8) I = COS. ((^+/3) by Table IL 
And, sin. (90® +d) =cos. &. 
And, COS. (90® +d) =— sin. ^. 

Substituting, therefore, these values in the above expression, 
it becomes, COS. (^+/5) =cos. d cos. ^ — sin. ^ sin.iS - - (c) 

That is, die cosine of the sum of two arcs or angles^ is equal to 
the cosine of the first multiplied by the cosine of the second^ mt- 
nus the sine of the first multiplied by the sine of the second. 
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Gfioen Me tinBt and cosines of tU)o angles^ to find the cosine of 

their difference. 

By formula (a :) 

sin. (^+^) =sin. ^ cos. /?+ sin. cos. ^, 

For t substitute 90^—^, the above will become 
s:n, \9(f^(i—P)\- sin. (90^—4) cos. fi 

+ sin. fi cos. (90^ — d), 
Fot, sin. {90^— (^— iS)}=co8. (d— /3),By Table IL 

Bin. (90** 1) =:K508. 4 ..^-..^ 

COS. (90** — d) =sin. ^ ,..*••.••• 

Substituting, therefore^ these values in the above expression, 
it becomes 

COB. (^ — ^) ^cos» 4 CCS. /3+sin. ^ sin. ^ - - (rf) 

That isy the cosine of the difference of two arcs or angles^ is 
equal to the cosine of the first multipiied by the cosine of the 
secondfplus sine of the first into the sine of the second. 

Given the tangents of two angles, to find the tangent of their sum. 
By Table L: 

= "'• ; ^' ^+''.°- ^ r- j by id) and (c) 

COS. 6 COS. /Or— sm. 9 sin. p '' ^ ' 
Dividing both numerator aad denominator of fraction by 
cos. ^ cos^ jS ; 

sin. ^ cos. i? . sin. fi cos.JI 

_^cos. ^ cos. ^ COS. /S cos. ^ 
"" I sto» ^ sin. /3 . 

COS. d COS. ^ 

Simplifying, _tan. ^+tan. /8 / 

""1— tan.nan./3 " ---•--(«) 

That is, ^A« tangent of the sian of two arcs or angles^ is equal 
to the sum of the tangents of ike two ares^ divided by 1 minus 
the product of the two tangents. 

Oiven the tangents of two angles, to find the tangent of their 

difference. 

By Table I. : 

sin. ^ COS. ^^Hsiin. cos. h- ^ . , ^ ^ 

» i ^ . . . . — -s- by (M and (d) 

cos. ^ cos. A^+sm. ^ sm. p. ^ ^ ' ^ ' 



48 ANALYTICAL PLANE TRIGONOMETRY. 

Dividing both numerator and denominator by eos. t cos. ^ t 

»in. ^ cos. ^ SIB. P cos. ^ 

cos. d cos. ^ cos. ^ COS. ^ 



, , sin. ^ sin. ^ 
COS. 4 cos, /^ 
Simpfifying, tan. ^ '^— tatn. p 

~1+ tan. ^ tan. /3 "■•--•(/) 

Hence, <Ae iangfint of the diffatnce of two arcs or angks^ is 
equal to tlte difference of the tangents of the two arcs, divided 
by t plus the product ^ the two langenis^ 

The student will have no difficulty in deducing, the following: 

cot. (tf+p)== ^ r. , — n- 
^ cot p+cot. ^ 

^ ^. cot ^ cot ^+1 
cot (^-^)=eoti3-€ot.a • 

ya /iv ^^* ^ sec. ^ cosec; d cosec; jS' 

sec. W+p)= 5 3 1 s 

^ ' ' cosec. a cosec. p — sec. ^ sea p 

sec. a sec, ff cosec. ^ c osec. /9 

• V ^'^^'^ cosec. '^ cosec. ^+sec. ^ sec. /^ 

sec. a sec. ^ cosec. ^ cosec; 

coscp. ( "*"'^/~"gccra cosec, ^+8ec. ^ cosec.4 

^tv __ s^^* ^ s^^' ^ cosec. a coseC. ff 
cosec. (d— /5)=^^^ ^ ^^^^ i8--sec. /3 cosec; fl^ 

To determine the sine of twice a given angle. 

By formula (a) : 

sin. (d+i3)=8rn. ^ cos. ^+sin. fi cos. ft. 
I^t a=i3, then the above becomes 

sin. 2 a=sin. 6 cos. a+sin. ^ cos. A 

=2 sin. a cos. a - (^1) 

That is, the sine of twice a given angle, is equal to twice th&' 
sine of the given angle multiplied by its cosine. 

In the last formula, for 6 substitute -^ ; then, 

6,66 
sin. 2X~=2 sm. — cos. -^ 

i 6 
Or, sin. a= 2 sin. — cos. ^ (g^ 



I 

X 
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To determine the cosine of twice a given angle* 
By formula (c) : 

COS. (^+^)=cos. 4^08. jS — sin. ^ sin. 
Let d=,8 then the above J)ecomes 

COS. 2^=^08." ^ — sin.'tf (41) 

By table I. sin.' 6 ^i_co^.* e ; substituting this for sin.' « : 

COS. 2^=2co8.*d — 1 (42) 

Again, since cos." 4=l_»n/ d, substitute ibis for cos.' 6 : 

COS. 2^=1 — 2 8in."d ....... (43) 

Hence, the cosinse of twice a given arc or angle, is equal to 1 
miniis twice^ the square of the sine of the giten angle* 

To determine (he tangent of twice a given angled 
By formula (e) : 

tan. (^+ff)= r- ;+*7; ^ . 
^ ' 1 — tan. ^ tan. p 

Let ^=^, the above becomes 

^ , 2 tan.'4 
tan.2^== ^_^^.^ - - - (0 

Tht tangent of twice a given arc, is equal to twice the tangent 
of the given arc, divided by 1 minus the square of the tangent. 

The student will easily deduce the folJowing : 

* o A ^^^* ^ — 1 cot. 6 — tan. 6 

cot 2 ^=~r — I— r— = K 

2 cot. 6 , 2 

sec' ^ cosec* ^ 

sec <« o— — _' _ " I A ' _ t A 
cosec.' # — sec^ 

sec* ^ cosec* ^ __sec ^ cosec. ^ 
cosec 2 «~2 gg^^ ^ cosec d= 2" 



' ■ ■» 



. To determine the sin6 of half a given angle* 

By forRMila (A3) : 

cos. 2^=1 — -2 sin.' 4 

6 
For ^ substitute — ; the above becomes, 

cos. 25-=! — 2 sin.' ~ 

6 
Or, cos. ^=1 — 2 sin.' — 

.'. 2 sin.' ~=1 — COS. ^ 

^ 

* ^ /l — COS. 6 /'v 

8m.2 = V ^ 0) 

5* 



M ANALYTlCAli PLANE TRIGONOMETRY. 

That i8» the sine of half a given angle or arc is equal to the 
square root of 1 minus the cosine of tlie arc divided by two. 

To determine the cosine of half a given angle. 

By formal (A2) : 

C03. 2^ = 2 C08.'4 — i 

For ^ substitute -- ; the above becomes, 

A A 

COS. 2 — = 2 COS.* 1 

2 2 

Or^ COS. 6 =z. 2 COS.* 1 

2 

6 
2 COS.!— = 1 +COS. 6 

2 



COS. 



-i = -y/I±^ ----(*) 



To determine the tangent of half a given angle. 



Divide formula (f) by (k) : 

6 



Bin. -TC 



i = v^ 



2 . /I — COS. 4 



^ 1+cos. d 

COS.— ^ 

. 2 

Oa. tan. ^ =. >/^p??^ .... (/I) 

'^ 1+COS. ^ ^ ^ 

Multiply both numerator and denominatorby v^l— -cos. 6 ; the 
above becomes. 

Multiply both numerator and denominator of (/ 1) by 
\^ 1+COS. d; we have, 

tan. -. = -~- — — - (/3) 

2 1+cos. 6 ^ ' 

The student vrill easily deduce the follovtring : 

* ^ — A /l +COS. 6 

__ 1+COS. 4 

sin. 6 
sin. d, 

1 — COS. ^ 
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2 . ^ sfic. «4-l 



■ ■ ■ ■ ■ ^ - ■ " 

sec. ^+1 
^ ^ ^ . / 2 sec. d 
2 . ^ sec d— 1 

To determine the sine of (n+l) d, in terms of n6,{n — 1)4 

aadL 

By formula {a) and (fc) : 

sin. (^+^)= sin. jS cos. 4 + sin. d cos. ^ 
sin. (^— ^)= sin. /? cos. ^ -^sin. 4 cos. i9 

Add th^se two equations, ^ 

sin. (/3+^)+sin. (/? — ^)=2 sin. ^ cos. 4 

Subtract sin. (^ ^ — ^) from each member, , 

sin. (i3+^) =2 sin. /3 cos, d — sin. {^ — h) 

Let ^==:n 4, the above becomes 

sin. (»+ l)^s;=2 sin. n d cos.^ — sin. (n — 1) ^ . , (m) 

In the above formula, let n =1 ; .% n+l=2, n — 1=0 
.'. sin. 2 ^5=2 sin. 4 cos. d — ^ sin. 

=2 sia. d COS. 4^ the same result as in (j^). 

Eet n=2 ; ;•. n+l=3, n-^— 1=1 ; 

.*. sm. ^4 t=i2 sin. 2 ^ cos. 4 — sin. '4 

=2X2 sin. 4 cos, 4 x cos. 4 — sin. ^ 
a=4 sin. I cofl.* < — 9in.> 
=4 sin^^d (1 — sin.* 4) — sin. 4 
=3sin;< — 4 sin.* 4 ----- (n) 

i;et«=3; .% »X1=4. w — 1=2; 
.'. By formula (m) : 

sin. 4 4 =2Xsin. 3 '^Xcos. 4 — sin. 2 4 

=2 (3 sin. d — 4 siri.' d) cos. 4 — 2 sin. ^ cos* i 
=(8 COS.* ^— ^^4 COS; ^)sin. 6 

It is manifest that, by confhaning the same process, we may 
fkid in succession, sin. S 4^ sin. 0^^ ^ • - fee. 

To determine the cosine of (iii+1) 4^dn terms ofn4^ (» — 1^4^ 

and 4. 

By formulh <c) and (rf) : 

cos, (i8+^)= COS. P cos, ^ — sin. /S sin. ^ 
cos. (/S — d)=cos. ^ cos.,tf+sin. sin. ^ 

Add these two equations, 
cosi (/S+3)+c6s. (iS — ^)=2 cos. j8 cos. 4 

Subtract ^os. (jS — H) itmoi each member, 
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COS. (iS+^)=2 COS. /3 COS. ^ — eos. (^ — ^> 

L«t i8=^n ^, the above become* 

eo«. (n+1) d=2 cos; n 6 cos, ^ — cos. (n — 1) ^ - - (o) 

In the above formula, Ietn=l; .". «+l=2, »— 1=0; 
Then, cos. 2 ^=^2 cos. * cos. * — cos 

=2 COS.* 6 — 1, the same result as i^ (A2). 

Letn=2, .•. n+l=3, n — 1 = 1; 

/. COS. 3 ^=2 COS. 2 ^ COS. ^ — cos. ^ 

=2 (2 COS.* d — 1) COS. * — COS. 4 

=4 cos.Vd — 3 cos.^ - • - - (p) 

Letn=3; .vn+l=4, ?t— 1=2 ; 

.-. COS. 4 ^=2 cos* 3 ^ cos. 6 — cos. 2 ^ 

=2 (4 COS.* ^ — 3 cos. ^) cos. ^ — (2 cos.* 6 — 1) 
=8 COS.* d — 8 cos." ^+1 
It is manifest that, by continuing the same process, we may 
find, in succession, cos. 5 d, cos. 6 ^, - - - &c. 

By adding ^nd subtracting (a) and (6), and by addmg and 
subtracting (c) and (rf), we obtain the following formulae, whiek 
are of considerable utility. 

sin. (d+/3)+Bin. (d — ^)= 3 sin. < cos. ^'^ 

Vm. (d+0)— sin. (^ — ^)= 2 sin. ^ cos. 6[ . . 

COS. (^+)3) +COS. (d — /3)=: 2 cos. d cos. ^ [ ^^^ 

cos. (d+/3)— COS. (^ — /3)= — r2 sin. ^ sin. ^ j 

Any angle i may, by a simjde artifice, be put under the form*. 

6+0 » — fi 

And, in lik/e manner, 

«+^ 6 — 

/^ 2 2 

.'. sm. <=8in. I -2~ + ~"2 — 

=gin. 1±1 COS. -^+ «"«• -y^ cog. -^ (1> 

sin. ^=sin. I -g — — g— J 

=sin.-t^cos. L-^^sm. -^cos.-^ (») 



•2 2 

COB 



I, <=cos. I -^H — 2~' J 



^'^^.tlli-^..'-^^'-^ ■ ■ - (3) 



f 
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cos, p=t;os. J X — -- \ 

< 2 2 ) 



=co8.-^cos..:-^ + sm. -— sia.--^ • • - (4) 

Add together (1) and (2) : 

sm. ^+ain. p=3 sm. — - cos. (r) 

2 2 ^ ^ 

Subtract (2) from (1), 

sm. ^ — sm. p=2sm. ^ cos. — ^-^ (i\ 

2 2 ^ ' 

Add together (8) and (4), 

COS. ^+co«. ^=2 x:os. — -cos, ' < • *..... (/)^ 

-* ■ 2 

Subtract (4) from (3), 

cos;d — co»;/3= — 2sin.^Msm.l^ (v) 

2 2 ^ ' 

These formulae, which are of the greatest importance, might 
have beenJmmediialely deduced fiom the group {f), by chang- 
ing 6+p into d, d_|8 into.^,dinto t±i,fii^tll£. 

4t 2 

Divide (r) by (*) : 

2 sm. j^ — ^ coa. ^ 

sin. ^+sin. /8 _^ ^ > ^ . 

tao. — — 
?_ _tan. i («+^ .V 

Miiltiply (a) by (6) ; then, 

sin. (a+jS) sin. {d~/3)=sin.* 4 cos.* — sin.' /3 cos.'4 

=sin.' ^ — sin.' ^ - - - - r (^) 
Multiply (c) by (d) ; then, 
cos, (J-bjS) COS. (f i— i8)«cos.* ^ COS.' /S — sin.' ^ sin.' ^ 

=scos4?^ — sinJ^ -•"*-(») 
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We will now investigate a few properties where more thai» 
two arcs or angles are concerned, and which may be of use 
in the subsequent part of this work. 

Let ^f Pf 7, be any three arcs or angles. 

Then, 

/o t \ sin* ^ wn. r+sin. sin. (*+/8+y) 

sm. {p+r)'^^^ -. — TTT-m ^ : — - 

sm. (tf+p) 

Tor by formula (a) 

sin. (^+^+y)=sin. ^ oos. (^+7)+cos. 6 sin. (fi+y) which 
[putting COS. fi COS. y — sin. fi sin. 7, for cos. (^+7)],is=sini^ 
cm. ^ COS. 7 — sin. I sin. P sin. 7-fcos. ^ sin. (Z^+y) ; and, mul- 
tiplying by sin. ^^ and adding sin. 6 sin 7, there resuFts )sin. I 
sin. 7+sin. fi sin. (4+/3+7)=sin. ^ ck>s. ^ cos. 7 sii». fi+ sin, * 
sin. 7 COS.* /3+cos. ^ sin. ^ sin. (^+y)=sin. d cos. p (sin. ^ 
COS. y+cos. ^ sin. y)+cos* < sin. ^ sin. (^+y)te(sin. 6 cos. ^ 
+COS. d sin. ^) sin. (/3+y)=sin. (6+fi) sin. (/3+y). 

HencCt dividing by sin. (^+^), we have, 

^o i V sin. ^ sin. 7+sin. sin.M+^+7) 

sm. (p+r)= -: — TTTm — ^ ^ 

sm. (d+p) 

In a similar manner it may be shown, that 

. ,^ . sin. ^ sin. 7 — sin. /^ sin. (^ — 0+7) 
em. (^—.7)= L,—^ . ^ i' 

- ' sm.(d — p) 

If ^» /^i 7» ^» represents any four arcs or angles, then writing 
y+i for 7 in the preceding investigation, there will result 
. ./, , ^jt\— sin. ^ sin. (7+?)+sin. ff sin. (^+ff+7+^) 
sm. (/3+7+d; gin. {6+fi) ' 

A like process for five jarcs or angles will give- 
sin. m\^.^^+r)'' ^^^'^'^'^'^y+^'^^^'^'''^^^^^ 

sin. (4+/3) 

And for any number ^, 0, 7, &c. - . • X 

• //o 1 1 ^\ aHn.^sin.(7+<5+...X)+sin.0sin.rt+0+7+...X). 

s»iw(^ +7+..X) = ^i . ,. , ^7 ^^ ^ • 

sm. (^+0) 

Taking again the three ^, 0, 7, we have 

sin. (0 — 7)= sin. /3 cos. 7 — sin. 7 cos* 
sin. (7 — ^) =sin. 7 cos. I — sinv ^ coa: 7^ 
sin. (^ — ^)=shi4 ^ COS. — sin. cos. d 
Multiplying the first of these equations by sin. ^ second by 
sin. P9 third by sin. 7 ; then adding together the eqfiati'osis 
thus transformed $ there will result, 
sin. ^ sin (^ — 7)+sin; sin.(y — > ^)+sin. y sin. (A — '0)=O 
sin. ^ sin. (0 — y)+cos. sin. (y — ^)+co8. y sin. (^ — ^)=0 
These two equations resulting from any three andes what- 
ever may evidently be applied to the three angles of any 
triangles»>. 
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iLet'ihe series of arcs or aaglea^, ^, y, i-----)^ 
l>e contemplated^ then we have formula (x) 

sin, (d+^) sin. (^— ^)=isin.* « — sin.*/» 
sin. (^+7) sin. (^-^7)= sin.*^ — sin.* y. 
sin. (y+^ sin. (7 — 5)=sin.* y-^sin.*^ 

&c. .... = &c. .... 
sin. (X+d) sin. (X — d)-=sin.* X — sin." ^ 

Adding these equations together, we have 

sin. (^+/S) sin. («—- ^)+sin. (^+7) sin. (^ — 7)+sin. (7+^ 

sin.. 0"-^^+ «n. (X+^) sin. (X — d)=0 

Proceeding in a similar manner with the sin. (A — /8), 
COS. (^+^), sin. (^ — 7), COS. (^+7), &c., there will at length 
be obtained cos.(^+^ sin. (4 — i3)+cos.(^+7) sin.(^ — 7)+ . . . 
COS. (X+^) sin. (X— i'^)=0 

If the arcs d, p, 7 - - - - X form an arithmetical progression 
of which the first term is the ratio § and the last term X, any 
number n of circumferences, then will fi — A=a:j^y--*^=f, 6tc., 
f+^=^, ^+7*:3f, <fcc. ; dividing the whole by the sin. f, the 
preceding equations will become 

sin. f+sin. 3f+sin. 5f+&c.5=0 ) ^ x 

cos. f +COS. 3f H-cos, 5f +&c.=^0 I""*""'/ 

If { were ^ual %, these equations would become 
sin. f+sin. (g+|)+sin. (f+2i)+sin, (^+3g)+&c.=0 
COS. f+cds. (f4-£)+®08. (f+2g)+co8. (f+30+&c.=0 

The last equations, however, «nly show the sums of the 
sines and eosities of arcs or angles in arithmetical progression 
when the common difierence is to the first term in the ratio of 
d to 1. To find a general expression for an infinite series of 
this kiad, let 

S+sm. d4-sin. ^+i8)+sin. (d+2iS)4-sin. (^+3i8)+ - - . .&c. 
Then since this series is a recurrine series whose scale of re- 
lations is 2 cos. ^-^1, it will arise trom the development of a 
fraction whose denominator, l-^2x cos. ^+x* making x=I- 
Now this fraction will be, 

_ sin. ^+x(sin.(^4-^) — 2 sin. ^ cos. jS 

' "^ 1— 2XC08./3+X* 

Therefore, when x=^» we have, 

a _ sin. ^+sin. {&+P) — 2 sin. I cos, ff 
^- 2 — 2 COS. /9 r 

And this because, 2 sin. 4 cos. ^=sin. (4+^) +sin. (*-^-^ 

= — TTTi ''^-o{ — ^y formula tq). 

2 (1— COS. ^) ^ ^^' 

Now putting 4' for (^+i3) and ^ for (< — /3) we have from 

formula {s) : 
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sin- ^'— sin. ^'=2 cos.* (d'+i3') ain^ (^'— jS') 
Hence, it follows that, 

sin^ d — sin. (^ — ^ =2 <ios. (4 — J^) sin.J^ 
Besides which we havp, 

1 — COS. ^=2sin.'Ji3 
Consequently the preceding expression becomes, 

S=sin. ^4-sin. (d+i&)+sin- (<J+2/3)^8itt. (A+SjS) &c. ai 
infinitum^ __ cos. (^ — ^ff) 

■^ 2 sin.i/S -.-..- - '(«2) 
To find the sum of n+1 terms of this series, we have simply 
to consider that the sum of the terms past the (n+l)th, 
that is the sum of 

sin. (d+(7i+l)/3) 4-sin. (4+(7i+2)iS) +sin.(i+(n+3)/S) + 
&c ad infinitum^ is by the preceeding theorem, 

_ co». (^4-(n^-0^) 

2sin.ii8 
Deducting this from the former expression, tbere will remaia 
sin-i+sin. (^+iS)+sin. (4+2i8)+sin. (^+a<3)+ .... 
.... sin. .(^+ni8)= cos, (a-|ig)->cos. (^-f (n+j)/^) 

2 sin. \P 

sin. (i5+} niS) sin.i (n+l)/3 

fiy like means it may be found, that the sum of the cosines 
of aVcs or angles in arithmetical progression, is cos. ^+cos. 
(*+/3)+coi. (a+2i3)+cos. (a+3,^)+ <&c. ad infinitum, 

^ sin.(^+iig) . 

2 sin. iiS - - . (i4) 

Also, 

cos, ^+cos. (d+^)+cos. (4+a8)-f-cos. (4+3/8)+.. . . 
. . . (cos.d+n^) . COS. (a+^/8(sin4 (n-^l)^^ 

~ ^ ^m:p • - (*^> 

To find the numerical value of the sine^ cosine^ ^,, of45\ 

In the circle ABD, draw CA, CB, radii at B 

rie:ht angles ; join AB. 
"^Then by Definition (12) 

Chord ABC (90°)==^^ 



Chord' 90^ 



AG 
AB' 

AC 
AC'+BC* 

' AC 




• \ 
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2AC» 
=-^^ ••• BO=AC 

^'8 (1) 

Now, the Chora of an arc is eqftal to twice the sine of half 
4he arc ; therefore, 

2 sin. 45''=cl^rd 90** 
4 sin." 45^= chord* 90* 

=2, by Equation (1) ; 

sin. 45*^= — 

Again, by table L : 

sin." ^+cos.' 4=1 

cos.' 45°= 1 — sin." 45* 



Also, 







= 1 — 


1 

• ^^^ 

2 








_ 1 






cos. 


45° 


._ 1 

y2 


— = 


sin. 


tan. 


45° 


sin. 

COS. 


45^ 
45° 


\ 






=l=cot. 


45^. 



To find the numerical value <j^he sine^ cosine, 4^., of SO^, 



In the circle ABD, draw CP, making with 
CA the angle ACP=60° ; join A, P. 
Now, 

2 sin. 30°=chord 60° 
^AP 

AC 
AC 



Again, 




=-^ •.• AP=AC, •.? the triangle APC 
is equiangular, and therefore 



= 1 

sin. 30°=— 
2 



equilatera 



£ 



cos. 30°= v^i _ gin,t 30P 



VS 1 



8 2 
6 



» 
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• Also, 

o^o sin- 30** 
tan. 30°= —T 

COS. ao** 

_* 1 

cot. 30**= ^r;:s= ^3 

. tan. 30° 

To find the numerical value of the sine, cosine^ 4^., of 60**. 

sin. 60°=cos. (90°— 60°) 
=cos. 30° 



— '-f by last art. 



Again, 



Also, 



[cos. 60°= sin. (90°— 60°) 
=sin. 30° 
_ 1 

2 

tan. 60°= x/3 

cot. 60°= -4 
v^3 



It is required to find the sum of all the natural sines to every 
liiinute in the quadrant, radius =L In this problem, the actual 
addition of all the terms would be a very tiresome labor, but 
tlie solution by means of formula (z3), is rendered very easy. 

Applying that formula we have sin. (^+in/3)=sin. 45°, 
sin. 4(7i+l)/3=sin. 45°, 0', 30" and sin. iiS=sin. 30', 

sin. 45* sin. 45° 0' 30" oAoo^A^nAar, 4U 

: — ■-—; =3438.2467465, the same sum required. 

sm. 39" ^ 

Let it be required to find the sum of the sines to every mi- 
nute of the arc of 60°. 

Here the numerical expression in the equation would become 

rn.30°Xsin.30° 0'30" , .^^,«^ ^^^,....^.« 

: — -— ; =.5X.500126-r. 00014545953 

sm. 30" 

= 1719.123373.25 equal the sum of all 
the patural sines to every minute pf the arc of 60°. 

It may be useful to exhibit the most useful results in thi« 
chapter, in the following table. 
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(23.) COS. (d+jS)— COS. (d— iS)= — 2 sin. 4 sin. ^ 
(24.) sin. (^+^) COS. (^— iS)=sin.'d— sin.'/3=cos.'i3— cod.* # 
(25.) COS. (6+13) cos. («— /3)=cos.' ^— sin.'/3=cos.'d+cos.»/5— 1 
(26.) sin- 4+sin. (S+^+sin. (4+2i8)+sin. (6+3^)+ - . / - . 

. . . sin. (^+n/3)= '^' (^+t^/g) sin, j (n+l)g^ ' 

sin. ^ jB 

(27.) COS. ^+cos. (4+/3)+cos. (4+2i8)+cos. (^+3iS)+ 

. - - COS. (d+n^) cos. (^+i/3) sin, j (n+I) /3 

■~ sin. i ^ . 

(28.) sin. 46^ =cos. 45°i=--5 

(29.) tan. 45^ =cot. 45*^=1 

(80.) sin. 30^ =cos. 60°= ^ 



2 
x/3 



(31.) COS. 30'' -^cos. 60^= 

(32.) lan. 30° =cot. 60°= — 

(33.) cot. 30° =tan. 60°= ^/3 

The formulae of Trigonometry may be multiplied to almost 
any extent, and the same quantity may be expressed in avast 
number of different ways. An intimate acquaintance with 
those given in the above table is essential to the progress of * 
the student. 

The following, although of less frequent occurrence, may 
occasionally be found useful, and can be readily deduced from 
the above. 

.„ . V ( sin. (45°d=d) ) COS. ^±sin. d 
(340 i COS. (45°=F*) ! = -71- 

(35.) tan. (45»±«) = 1±1^ 

^ ' ^ lq:tan. « 

(36.) tan.' ^.,o^-) = ^-^^ 

(87.) tan. /^^o+-^ = ^^^^ =_?2?:_ 
^ '' V45°='=2/ COS. « l+sin.« 

/gg \ sin. (i+^ _ tan. ^+tan. ^_cot. ^qpcoL i 

tin. (t — ^) ~ tan. 4— tan.^~cot. ^— cot.* 



(39.) 
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COS. (^+^) cot. /S^tam ^ cot. ^ —tan. /8 



COS. (d — Id) cot. /34-tan. d cot. ^+lan. /i 

(40.) "'"■ ^+^'" :_g =, tan. li£ 

COS. d+cos. iS 2 

/.- ^ sin. d+sin. /8' .^ — ^ 

(41.) Z. Si: «_ cot - 

cot. fl — cos.p 2 

(42.) ^'"-^-^'"-'^ = ' tan. *-^ 

cos. ^+cos. i^ 2 

(43.) ?!Bilzii!!!ii =_cot. *±;! 

COS. ^ — cos.fd 2 

iAA\ COS. ^+cos. ^ ^ d4-i8 ^ d — iS 

(44.) 11 —-.cot. -ZTcot. 1- 

COS. e— COS, Id 2 2 

(45.) tan. 4 + tan. /3 ' ==' ^'°- (^ + ^> 

COS. 6 COS. ^ 

(46.) cot. 4+ cot. i8 = ^'"- (^ + ^) 

sin. S sin. ^3 

(47.) tan. d — tan. /8 = sin. (^— /g) 

COS. d cos. ^ 

(48.) cot. d _ cat. i3 = sin. (&~fB) 

, sin. d sin. /:^ 

(49.) tan.' 4 — tan.* ^ = sin. (<>+/3) sin. (^— ff) 

COS.* d COS.* i3 

(50.) cot.* 6 — cot.* ^ = _ sjM ^+^)sin. (<^ — /g) 

sin.* ^ sin.* 13 

In order to become familiar with the various combinatioLs, 
and dexterous in the application of these expressions, the stu- 
dent will do well to exercise himself by verifying the foil.iw- 
ing values of Sm. 6, Cos d, Tan. B, which are extracted from 
the large work of Cagnoli. 

6* 
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TABLE OF THE MOST USEFUL ANALYTICAL VALUES C*" 

SIN. d, COS. 6, TAN. d. 



VALUES OF SIN. ^. 



VALUES OF COS. d. 



1. COS. ^ tan. ^ 

COS. 4 



2- 



cot. A 



3. %/i — COS.* d 

Jl 

^- v'l+cot'd 

« tan. < 
a. 



16 



sin. 6 



4aBk tf 
17. sin. ^ cot. ^ 



V'l+tan.'d 
6. 2 sm. n^^^'o 



7. 



8. 



Vl — COS. 2d 



3tan.- 

■ I 

l+tan.«- 

2 



18. >/l— sin.'d 

1 
1^- v^i+tanTl 



20. 



cot. 6 
^T+cotJT 



4 d 

21. COS.' - — sm.' - 



22. 1—2 sin.' 



B 



23. 2 COS.' - — 1 
2 



9. d d! 

cot. - +tan."r' 



10. 



sin. (30^+d>-(sin. 30*^— 4) 

TIT 



24 



V 



1 +COS. 2 a 



6 



25. 



lL2sin.«(45^+-2>~l 

12. 1—2 sin.* (45°— 2 ) 

6 



1— tan.'(45'^— -5) 



26. 



l-tan.'- 
1 +tan.' - 

cot. — — tan. 5- 

4 T 

coL - + tan. — 



27. ■ 



i 



13.- 



« 



1 + tan. i tan. - 



l+tan.'(45'*— -5) 



6 



6 



tan.(45<'+-)— tan.(45»— r) 



2 



14. 



T K 

tan.(45'>+5)+tan.(45°— -) 



2' ^ " 2 

16. sin. (60«+«)— sin. (60°— <) 



taB.(45*+-)+cot. (45»+^) 

29. 2cos.(45°+2)cos.(46*-2) 

30. cos.(60°+«)+cos.(60''— «) 
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VALUE3 OP TAN. 6, 



3L 



32. 



sin. A 

COS. d 

1 

cot d 



33 



34. 



• ^cos.'d ^ 



sin. 6 



-/1-sin.M 



35. : 



V^l — COS.* d 



cos. 6 



36. 



2 tan. - 
1— tan.* 2 



37. 



38. 

39. 
40. 



6 
2COUJ 

■■— - 

cot.' - —1 



cot. - — tan. g 

cot. tf— 2 cot 2 
I— cos. 2d 



4L r 



sin. 2 d 
sin. 2 d 



1+cos. 2 d 



42« 



43. 



V 



1— COS. 2 d 



1 +qos. 2 d 
tan.(45^+-)-tan.(45^-g) 



From certain properties of the circles to be discussed in an- 
other volume, other important trigonometrical formulae, may be 
deduced, furnishing us with ibore expeditious means of deter- 
mining, numerically, the values of some of the trigonometri- 
cal lines, and ratios, all of which will occur in their order. 

To develop sin, x and <^os. x in a series ascending by the 

powers ofx. 

• The series for sin. x must vanish when a:=0, and therefore 
no term in the series can be independent of Xy nor can the 
even powers of x occur in the series ; for if we suppose 

sin. ic= a^x+aj^x*+a^x*+a^x*+a^x*+ , . . . 

then sin. ( — x)= — a^x+Oj^tx^ — a^x*+a^x* — a^a;'+ . , . 

but sin. ( — «)= — sin. x 

= — a^x — a^a^^-a^x^-^-^a^x^'-^a^a^ — . . 

.'. Uq =•— fla> ^4= — o^f • • • 5 hence ^,=0, a^=0...« 

.'. sin. ar= a^x+a^x*+agX*+a^x^+ (1) 
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Again, the series for cos, x must = 1 when « = 0, and there- 
fore the series must contain a term independent of x, and it 
must be 1 ; also the series can contain no odd powers of «, for 
if we suppose 

COS. x=l+aiX+a3x'^+a^x^+a^x*+ 

then cos. ( — x)^l — a^x+a^x^ — a^x*+a^x* — .... 

but cos. ( — a?)=cos. X 

'=l+a^x+a^x^+a^x*+a^x^+ 

/. a,= — ai,fl3= — ^3, . . . .'.a, =0,03=0 . • . 

.\cos.x=l+agX*+a^x*+a^x*+ (2) 

Hence cos. x+sin. x=^l+a^x+a^x*+a^x*+a^x*+a^x* - - (3) 

COS. a; — sin. a?=l — a^x+a^x* — a^x'+a^x* — a,a?*+ - -(4) 

Now in equation (3) write a? + A for a?, and we have 

cos.(«+ A) +sin(a:+/i) = 1+a , (x+h) +a, (x+hy+a^ (x+A)«+ (6) 

but COS. (a:+A)+sin. (r+A)=cos. a; cos. h — sin. x sin. A 

+sin. X COS. A+cos. x sin. h 

=cos. A (cos. a:+sin. a?)+sin. A (cos. x — sin. x) 

= (l+a^h''ha,h'+. . .).(! +a,x+a^x'+a^x*+ ) 

+ (a,A+a3A*+a4A*+...)(l — a^x+a^x* — a^x*+ ..) 
=^l+a^x+a^x*+a^x* + 

+a^h — ai'a;A+a,aaa?'A+ 

+a,A'+a,fl,a:A* + . . . ^ ... (6) 
+a3A' + . . . 
+ . . 
Comparing equations (5) and (6) we have 
l+a^x+a^x" +<i3x* +"^ l+a,a?+a,a?» +a^x' + 
+a^h+2a2xh+Sa^x^h+ +a,A — a^a^xh+a^a^x*h — 

+ a. A* +3a3a?A'+ >= +a2h* +a^aaxh*+ 

+ a^V + + fljA' — 

+J +. 

and equating the coefficients of the terms involving the same 
powers of x and A, we have 

2fla =— fl , tf I ; therefore a, = — = — -j-^ 



... 



86(3= 01^2 • • • • ^3 3 12 3 

4a^= — a,a3 . . . . ^4 4" "*" 1.2.3.4 

5«5= «i«4- . . .«— 5 """^1.2.3.4.6 



r' 
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«,• . . a* a " 



hence sin. x=«,x-j^'+ j^^^ ,.___^__ «.+ 

COS. a:=^l — — ^+ 1 2.3.4 ^"~ L2.3.4.6.6 ^+- * ' ' 

anrf we have only to determine the value of a,.. To effect 
this, we have 

a,' . a,* 

. ' 1.2.3 ^ 1.2.3.4.5 

-^i^V^ — 1.2.3 ^ "^ L2.3;4.6 ^ ~ 

Now the value of x may be assumed so small that the se- 
ries in the parenthesis, and sin. a;, shall differ from 1 and ;& re- 
spectively, by less than any assignable quantities ; hence ulti- 
mately 

x=^a^Xy and therefore a, = l ; whence 



X* X* x! 



• • • 



son. ar-a:— J 2 3 + 1^345 1.2.3.4.5.6.7 "*" 

Q? a:* a;' 

COS. a:=l— — + J 2 34 — 1.2.3.4.5.6 + • • • • 

To develop tan. x and cot x in a series ascending by the 

powers of x. 

The development may be obtained from those of sin. x and 
cosr X, already found. 

a;' X* 

_ sin. X _ ^ ~ ]L2^ "*" L2.3.4.5. ~ ^^ ' 

^*^- ^~cos. x" _ ^ a;* 

■^ L2 "^ 1.2.3.4 ~*^* 

and the series will therefore be of the form 

x+a;ia^+a^x^+a^x''+ .... 



Hence, let ar+a3a:*+flf.a:*+ . . = 



1.2.3 1.2.3.4.5 



1— -T-^ + 



1.2 1.2.3.4 



a:" 



...• 



••••* 



1.2.3 1.2.3.4.5 
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1^ 

1.2 



»x*+ 



«•+ 



+ 



L2 
1 



1.2.3.4 



+ 



Hence, equating the coefficients of the like terms, we have 
11 2 



a 



' 1.2 
a. 



L2.3 



•*• ^' "" 1.2.3 



^' 1.2 "*" 1.2.3.4 1.2.3.4.6 



/. a, = 



^ 2x» , 2V 
••. tan. X = z + TTTi: + , ^ ^ . ^ + 



1.2.3 



1.2.3.4.5 



1 2x 2V 

Sim, cot. X = - _ j^ - :j^^^3^ 



1.2.3.4.5 



&c. 



• • • 



CHAPTER m. 

F0BMULJ3 FOR THE SOLUTION OF TRIANGLES. 

We shall here repeat the enunciations of the two proposi- 
tions established in Chapter L 



PROPOSITION I. 

In any right-angled plane triangle^ 

P. The ratio which the side opposite to one of the acute 

angles has to the hypothenuse, is the sine of that angle^ 

. 2**. The ratio which the side adjacent to one of the acute 
angles has to the hypotheniLse^ is the cosine of that angle, 

3®. The ratio which the side opposite to one of the acute 
angles has to the side adjacent to that angle, is the tangent of 
that angle. 

Thus, in any right-angled triangle ABCt 
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CB . , BA ■ CB 

CA = '"'• ^' AC = *'°'' ^' BA^ 
= COS. C, = sin. C, 

Or, CB = AC sin. A ) ^ 
= ACcos,Ci 

BA = AC cos. A 



tan. A 
cotC 



= AC COS. A ) 
= AC8in. Ci 

CB = B A tan. A 
= BA cot. C 




PROPOSITION n. 



In any plane triangk^ the sides are to each other as the 
sines of the angks opposite to them. 



We shall, frequently in treating of triangles, make use of 
the following notation ; denoting the angles of the triangle 
by the large letters at the angular points, and the sides 
of the triangle opposite to these angles, by the corrcs- 
ponding small letters. 

Thus, in the triangle ABC, we shall 
denote the angles, BAC, CBA, BCA, 
by the letters. A, B, C, respectively, 
and the sides BC, AC, AB, by the 
letters a, ft, c, respectively. 

According to this, we shall have, by 
the proposition, 

sin. A^ 



a 
1 
a 
c 
b 
c 



sin. B 
sin. A 
sin. C 
sin. B 
sin^ C^' 



> 




(^) 
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PEOPOSITION lit. 



In any plane triangle^ the sum of any two sides^ is to their 
diference, as the tangent of half the sum of the angles opposiU 
to them, is to the tangent of half their difference. 

Let ABC be any plane triangle, then, by 
Proposition II 



a 
1 



sin. A 



sin. B 
a+b sin. A+sin. B . ^ 

a — b "" sin. A — sin. B 

But, by Trigonometry, Chap. II. (r) 

. . . . ^ ^ . A+B A— B 

sm. A+sm. B = 2 sm.— ^ cos. — — 

. „ A+B . A— B 

sin. A — sin. B = 2 cos. — - — sin. —^ — 







a+b 
a+b 



. A+B A— B 

2 sin. — g— COS. — — 

A+B . A— B 

COS. — ;— sm. — ^ — 

A+B A— B 

= tan. — -r — cot. ^ 



tan. 



A+B^ 



tan. 



And in like manner, 



a+c 



b+c 
b—c 



tan.- 



A— B 
2 

A+C 



tan. 



tan.- 



A— C 
2 

B+C 



> 



tan.' 



B—C 

2 ; 



(y) 
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rcorosiTioN fV. 



Ho express the cosine of an angk of a plane triangk in 
terms cfihe sides rfike tru^ngle. 



Let ABC be a triangle ; A, B, C, the tfiree 
angles ; a, &» c, the corresponding sides. 

1. Let the proposed (A) be acute. 

From C draw CD perpendicular to ABt the 
base of the triangle. 
Then, ^ 

BC«=AC*+AB'— 2AB. AD (Prop. XXVL 
B. IV. EL Geom.) 
Or, 

a« = ft« +c* —2c . AD 



1 

But, since CDA is a right-angled triangle, 

AD = AC COS. CAD == ft cos. A 
.•. a* s= 6" + c ■ — 26c cos. A 

.-.COS. A= ^ 

wUch is the expression requited. 

I. 

2 Let the proposed angle (A) be abtuse. 

From C, oraw CD perpendicular to AB producea. 




Then, 
Or, 



BC •= AC + AB* + SAB. AD 
a« = y + c* + 2c . AD 



But, since CDA is a right angled trian^^Ie, 
AD = AC COS. CAD 

= AC X — COS. CAB 
*.* CAB is the supplement of CAD. 
=s — b cos^ A 
,-. a" = 6^ + €• — 26c COS. A 
ft» + c' _ a* 

•••«^^ = 2U 




It will be seen that this result is identical with that which 
We deduced in the last case, so that, whether A be acute or 
^ttse, we shall have, 

7 



^ 
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y + «■ — A* 



eof. A = 



2bc 



> W 



Proceeding in the same man- 
ner ibr the other angles, we shall 
find, 

a* + (f — V 
cos.B= ^ 

~^C= ^ 



paoposmoM v. 

To express the sine of an angle of a plane triangk in terms 

of the sides of the triangk. 

Let A be the proposed angle ; then by last prop., 
. V + ^ — a* 

COB. A = ^rr 

2bc 

m 

Adding unity to each member of the equation, 

6* + c* — a» 
1 + COS. A = H r-T 



2bc 

"" 2bc 

dbii-c+a) (b+c—a) 



(1) 



2bc 

Agam, COS. A = — ^j^ — 
Substracting each member of the equation from unity, 

1— COS. A=l 2^^ 

2ftc— 6'— <:*+g' . 

"" 26c . 

g'— (y— 2ftc+c') 

"■ 2bc 

a*—(b—cY 

■" 2bc 
' _ (a+br-<) (g+x>— fr) 

" 2bi - - - - - -(2> 
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Multiplying together equations (1) and (2,) 

But (1+cos. A) (1— COS. A)= 1— COS.* A 

= sin." A (Table L) 

•• sin. A -- ;Tvr-5 



Extracting the root on both sides, 
sm. A = 



2&C %/(a+ft+c)(6+c— a)(a+c— *)(a+fr--c)..(3 

The above expresison, for the sine of an angle of a triangle 
in terms of the sides, is sometimes exhibited under a form 
somewhat different 

Let 5 denote the" semiperlmeter^ that is lo say, half the sum 
of the sides of the triangle ; then 

5 i= — - — ^f and, 2t5 = n+i+c 

J+c — a 
,_a = — ^ — -.2 (5 — a) = h\c—a 

fl+C — & 

* = — 2 .••2(» — 6) = a+c>— & 

a+6 — c , 

« — c = — 2 — ... 2 (« — c) s=s a+6— e 

■ « 

Substituting 2 5, 2 (5— a),...«. for a+*+c, ft+c— a...... in the 

expression for sin.' A, it becomes 

16 5 (^-^) (^-6) (^-<;) 
sm. A - j^^i^ 

f 

And extracting the root on both sides, 

2 



>■ - - (•) 



Proceeding in the same manner for the other 
angles, we shall find 

. „ s . 

sin. « - acVa (,_«) (,_^) (,_« 

■"*• ^ = JftV, (,_a) (,^_j) (,__c)^ 



12 
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Bjr eqaati<ni (1) we have 

_4,(,-«) 



But, by Clukik. II, 

1 +COS. A=£2 COS.* 



2bc 
A 



• • 



•A 4s(s — a) 
2 COS.* -^= — \^ , 

Extracting the root on both sidei^ 

COS. 






And in like manner, 



2 
C 



a« 



C08.-|=>/i5El 



4( J 

By eqaation (2) we hare 

ftbc 
_4(s--b) (s-c) 

But, by Chap. 11,^ 

1— COS. A=2 fan.*— 

... 2«n.^=lfcMr:f^ 

2 26c 

Extracting the root on both sides, 



2 ▼ i.^ 



sin. 

8 be 

And in like manner, 

•in.-? =\/lE5S=i 



2 
C 



ac 






« 



«) 
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Dividing the formute marked (0 by those marked (<r) 
we have 



*(*—«) 

2 V s(s—b) 
a >^ ,(,_c) J 



(i) 



CHAPTER IV. 

ON THE CONSTRUCTION OF TRIGONOMETRICAL TABLES. 

Before proceeding to apply the formuls deduced in the last 
chapter to the solution of triangles, we shall make a few re- 
marxs upon the construction of those tables, by means of which 
we are enabled to reduce our trigonometrical calculations to 
numerical results. 

It is manifest, from definitions P, 2^, 3°, &c. that the various 
trigonometrical quantities^ the sine, the cosine, the tangent, &c. 
are abstract numbers representing the comparative length of 
certain lines.. We have already obtained the numerical value 
of these quantities in a few particular cases, and we shall now 
show how the numbers, corresponding to angles of every de- 
gree of magnitude, may be obtained by the application of the 
most simple principles. 

The niimDers corresponding to the sine, cosine, &c. of all 
angles from 1" up to 90®, when arranged in a table, form what 
is called the Trigonometrical canon. 

The first operation tP be performed is 

To compute the numerical value of the sine and cosine of V, 

We have seen. Chap. II. formula {j ) that 

•;« ^ — A. /l — COS. 6 



= v'i-ix/l — sin.'a 



By which formula the sine of any angle is given in terms of 
the sine of twice that angle. 



7* 
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Now substitute — for i and it becomes 

4& 



Sio. J or sin. ^,= V i — i\/i — sin.* ^ 



In like manner, mu^t— \/^ __ ^ ^^1 — sin." -^ 



«• 2^= V i - i V 1 - sin.' ^, 
4Kc. = &c. 



And generally, sin. -= \/j _ { ^i.^Jq.. * 

Now let issSO' .•.0=16"' 

and applying the above fortnul a^ we hare 

sin. 16°= \/* -Iv/l-sin.* 30« 

But by Chap. IL sm. 30**=±=f /. sin.' 30°= ] 

.-. sin. 15°=%/^_^^jp:|; 

=.2 588190 - - - - 
Similarly, sin. 7°30'= V^ » \/ l — sin.' 15° 



= -/ J - T \/ 1 - (.2588190)' 
=.1305268- . . - - 
&c.=&c. 
It is manifest, that, hy continuing the process, we shall ob- 
tain in succession the smes of 3°45', of 1°52'30'', dec* 

In this way we find 

30° 
Sin. giror sin. V 46" 88'" 7*^ 80^ =.0006113260, dec 

30° 
Sin. -giT or sin. 62" 44"' 3*^ 46^ =.0002656634, dtc. 

From which it appears, that, when the operation above 
mentioned has been repeated so many times, the sine of the 
arc is halved at the ^ame time that the arc itself is bisected : 
that is. 
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The sines of very small arcs are nearly prepertianal to the 

arcs themsehes. 

Hence we shall have 

Sin. 62" 44'" tf^ 46^ : nin. V : : 62^' 44*" 3»^ 45^ : 1' 

60 60 



2" 60 X 60 

3600 : 4006 
. ,, sin. 52" 44"^ *^ 45^ X 4096 
• ' »°- * - 3600 

.0002556634 X 4096 

^ 3600 

=.000290888204 ss^cos. S9* W 

V sin. ^=c o8. (90^— ^) 

Again^ •.' cos. 1= ^ l-^sin. 6) ^^^ 

cos. 1'= ^/ 1 - (.000290888204 •.. )* 
=.999999915384 

The sine and cosine of 1' being thus determinad, we shall 
proceed to show in what manner we shall now be enabled to 
compute the i^ines and Cosines of all superior angles. 

By formula (m) Chap. II. 
Sin. (n+1) &=±2 cos. 6 sin. n ^ — sin. (n — 1) ^ 

If we suppose ^=1' and n to be taken = to the numbers 1, 

2y 3, in succession, we find 

Sin. 2'=2 cos. 1' sin. 1' — sin. 0=.0005817764 ... =C08. 89^ 58' 
Sin. 3'=2 COS. 1' sin. 2'— sin. 1'= .0008726645... =cos. 89° 57' 
Sin. 4'=2 COS. I' sin. 3'— sin.J2'=.0011635526 ... =cos. 89** 56' 

&c.=&c. 
Again, by employing formula (o). Chap. II. 

Cos. (n+1) ^=2 COS. d cos. n6 — cos. (n — 1) 6 

If, as before, we suppose ^=1' and n=l, 2, 3, ..••• in succession, 
Cos. 2'= 2 COS." 1'— COS. 0=.999999830 ...• =sin. 89'' 58' 

Cos. 3'=2 COS. 1' COS. 2'— COS. 1'=.999999619 .... =sin. 89° 57' 
Cos. 4'=2 cos. 1' COS. 3'— cos. 2'=.999999323 ^ =sin. 89° 56' 

It is manifest, that, by continuing the above pirocesses, we 
shall obtain the numerical values of the sines and cosines of all 
angles from 1' up to 90°. These being determined, the tan- 

{ rents, cotangents, &c. may be calculated by means of the re- 
asons established in table L 

The above operations are exceedingly laborious, but require 
a knowledge or the fundamental rules of arithmetic alone. It 
18 manifest that, in employing this method, an error committed 
in the sine or cosine ot an ii&rior arc, will entail errors on the 
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Bines or cosines of all succeeding arcs. Rence is created the 
necessity of some check on the computist, and of some inde- 
pendent mode of examining the accuracy of the computation. 
For this purpose^ formulas, derived immediately from esta- 
blished propertiesr are employed ; if the numerical results from 
these {ortaufdef agree v^ith the results obtained by a regular 
process of computation, then it is almost a certain conclusion 
that the latter process has been rightly conducted. 

Formulae employed for this purpose are called formidcB of 
verification^ and of these any number may be obtained ; it will 
be sufficient for our present purpose to give one. 

Sin.* d-f-cos.* ^=1 - *-**•--.- tab. I. 
And 2 sin. ^ cos. d=<tsin. 2 4 

Hence sin. ^=|v 1+sin. 2 ^ ± Jv 1 — sin. 2 ^ 

COS. ^=jv^l+sin. 2^ qp jv^l— sin. 2d 
Now if we suppose ^=12® 30' 

sin. 12^ 30'=jyi+sin, 25^ ifciV'l- sin.25° 



cos. 12^ 30'=i\/l+sin. 25*' =F i\/l- sin. 25^ 

Hence, if the values of the sine and cosine of 12^ 30', and 
of the sine of 25^ obtained by the method already explained, 
when substituted in these equations, render the two members 
^entical, we conclude that our operations are correct. 

The values of the sine and cosine of 30*, 45**, 60®, Sac. 
which were obtained in Chap. II., may be employed as for- 
mulas of verification. 

We can obtain finite expressions, although under an incom- 
mensurable form, for the sines of arcs of 3*^, and all the mul- 
tiples of 3®, I. c. for 

3°, 6^ 9% 12°, 15^,18°, 21°, 24°, 27°, 30°, 83°, 36°, 39°, 42*, 
45°, 48°, 51°, 54°, 57°, 60°, 63°, 66°, 69°, 72°, 75°, 78°, 81°, 
84°, 87°, 90°. 

We first obtain the values of the sines 30°, 45°, 60°, 18°, and 
from these we obtain all the others, by means of the formulae, 
for 

Sin. {6 +iS), sin. (4 - ^), &c. 

The numerical value of the trigonometrical functions have 
been calculated by some to ten places of , figures, by others as 
far as twelve. We must have tables calculated to ten places 
to have the seconds and tenths of a second with precision, 
when we make use of the sines of angles which dififer but 
little from 90°, or of the cosines of angles of a few seconds 
only. Tables in general, however, are calculated as far as 
seven places only, and these give results sufficiently accurate 
^or all ordinary purposes. 
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Such- is the ibraiatioA of the trigonometrical canon. The 
labor of the appKcation of this canon^ may be much facilita- 
ted by the application of a system of artificial numbers callei 
logarithoMv a description of which, forims the subject of the 
next chapter* 



CHAPTER V* 

LOGARITHMS. 

I^BnitlTIOllS AND IIXUSTKATIONS. 

I. Logarithms are certain functions of natural numbers, by 
the use of which the tedious operations of multiplication and 
divinon are performed by the aadition and subtraction of those 
functions; which consist of artificial numbers having such 
relations to certain natural numbers, that the sum of any two 
of those artificial numbers will be a similar function of the 
product of the natural numbers to which they have such rela-* 
tion ; and the difference of any two will be a similar fimo- 
tion of the quotient arising firom the division of such natmad 
numbers. 

Or more definitely, logarithms are the numerical exponents 
of ratios, being a series of numbers in arithmetical progresnon 
corresponding to another series in geometrical proffression. 
Thufi. t Of ly ^ ^ ^* ^t 6, Indices or logarithms, 

inus, I 1^ ^ 4^ 8^ 10^ 32^ ^ Geometrical proffressu 



( 1, :is, 4, o, ID, 3!2, 04, ueomeincai progression. 
2, 8, 4, 5, 6, Logarithms, 
9, 37, 81, 248, 729, Geometric progression. 



1^ ( 0, 1, 2, 8, 4, 5, 6, Logarithms, 
"^' I 1, 8, 9, 27, 81, 248, 729, Geometric pr 
^^ ( 0, 1, 2, 8, 4, 5 Logarithms, 

^' ( 1, 10, 100, 1000, 10000, 100000 Geom. proffress. 
Where it is evident that the same indices answer tor any 
geometric series, and therefore there may be an endless variety 
of systems of logarithms to the same natural numbers by 
changing the second term 2, 8 or 10, dca« of geometrtcat se- 
riA of whole numbers ; and by interpolation the whole system 
of numbers may be made to enter the geometric series and re- 
ceive their proportional logarithms, whether inlregers or 
decimals. ^ 

It also appears firom the constmetion of these series, that if 
any two indices be added together, their ^um will be the in- 
dex of that number which is equal to the product of the two 
terms in the geometric series to which those indices belong. 
Thus, the indices 2 and 8 beins; added together, make 6^ and 
the product of 4 and 8, being the terms corresponding to those 
indices is 82, which is the number corresponding to the index 6. 
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In like maimer, if any index be subtracted from another, the 
diBerenee will* be the index of that number which is equal to 
the quotient bf the two terms to which those indices belong. 
Thus the index 6 — the index 4 is=2j and the terms con^s- 
ponding to those indices are 64 and 16, whose quotient 18=4, 
which is the number answering to the indole 2. 

For the same reason, if the logarithm of any number be 
multiplied by the index of its power, the product will be equal 
to the logarithm of that power. Thus, the index or logarithm 
of 4, in the above series is 2 ; and if this number be multiplied 
by 3, the product will be=6> which is the logiarithm of 64, or 
the third jpower of 4. 

And,, it the logarithms of any number be divided by the in- 
dex of its root, the qtiotient will be equal to the logarithm of 
that root. Thus, the index or logarithm of 64 is 6» and if this 
number be divided by 2, the quotient will be 3, which is the 
logarithm of 8, pp the equal root of 64. 

The Iggarithms most convenient for practice, are such as 
are adapted to a series increasing in a tenfold ratio, as in the 
last of the above forms, and are those which.are usually found 
in most of the common tables on the subject. 

2. In a system of logarithms all numbers are considered as ike 
powers of some one number, arbitrarily chosen, which is called 
the base of the system, and the esywnent of that power of the 
base which is equal to any gveen number, is called, the loga- 
ritbM of that number. 

Thus, if a be the base of a system of logarithms, N any 
number, and x such that 

N=.a« 

then X is called the logarithm of N in the system whose base 
is a. 

The base of the common system of logarithms, (called from 
their Inventor '* Briggs's Logarithms'*), is the number Id. 
Hence since 

,(1Q)»=. « I » i» the logarithm of 1 in this system, 

(10)'= 10 , 1 : 10 

(10)*==: 100 ,2 ^ 100 » 

(10)3= 1000 , 3 1000 — - 

(10)*= 10000 , 4 10000 — ^ 

&c. = &c. &c 

From this it appears, that in the common system the loga* 
rithms of every number between 1 and 10, is some number be- 
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tweenO^d l,t. e. is 1 plus a fraction. Thelogitfithm of evety 
number between 10 and 100, is some number bftween 1 and 
% f. e; is 1 plus .a fraction. The logarithm 'of^ every number 
between 100 and 1000, is some number between 2 and B^i. e., 
18 2 plus a fraction, and so cm. - . 

In the common tables the fractional. part ak>ne of the Idga* 
rithm is registered, and from what has been said above, the 
rule i»ually given for finding the characieristict or, indexj i. e. 
the integral part of the logarithm will be readily underst^od^ 
viz. The index of the logarithm of any number greater than 
uniiy is equal to one less than the number of integral figure* in 
the given number. Thus, in searching for the logarithm of 
such a number as .2070, we find in the tableis opposite to 2970 
the number 4727564; but since 2079 js a number between 
1000 and 10000, its logarithm must be« some number between 
3 and 4, i. e. must be 3 plus a fraction ; the fractional part is: 
thf^ number 4727564, which we have found in the tables, aflix* 
ing to this the index 3, and interposing a d^imal p|oint, we 
have 3,4727564, the logarithm of 2970. . / * 

We must not, however, suppose that the numbeV 3.4727564 
is the exact logarithm of 2970, or that 

2970=(10) ••*"'•* 

accurately. The above is only an approximate value, of the 
logarithm of 2970; we can obtain the exact logarithm of very 
few numbers, but taking a sufficient number of decimals, we 
can approach as nearly as we please toihe true logarithm, as 
will be seen wh^i we come^ to treat of the construction of 
tables. 

It has been shown that in Briggs' system the logarithm of 
1 is 0, consequently, if we wish to extend the application of 
logarithms of fractions, we must establish a convention. by 
which the logarithms of numbers less than 1 may be repre- 
sented by numbers less than zero, i. e. by negative numbers. 

Eztendingiihereforef the abnovd principles to negative ex- 
ponents, since " 

— or (10)- =0.1, — 1 is the logarithm of .1 in this system 
^ or(10K=0.01, —2 '• .01 



100 
^ or(10>-*=0.001.— 3 .001 



1000 

j^or(10K=0.0001,— 4 .. V .0001. 

&c. &c. 
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It appean, then, from the comveniumf that the logarithm of 
erery nombor between 1 and .1, is tome nomber between 
and — 1 ; the logarithm of erery number between .1 and 
•01, is some number between — 1 and — 3 ; the logarithm of 
erery number between .01 and .001, is some number between 
—3 and — 9; and soon. 

From this will be understood the rule giren in books, of ta- 
bles, for finding the ckaracUristic or index of the logarithm of 
a decimal fraction, riz. J%e index of any decimal fracHan is a 
m^pttive numbetf e^ual to unityf added to the number of zeros 
immediatefy fottomng tke decwud point Thus, in searching 
for a logarithm of the number such as .00462, we find in the 
tables opposite to 462 the number 6646420 ; but since .00462 
is a number between .001 and .0001. its logarithm must be 
some number between -—3 and *-4, t. e. must be — 3 plus a 
fraction, the fractional part is the number 6646420, which we 
hare found in the tables, affixing to this the index — 8, andjn- 
terposinff a dermal point, we hare — 8.6646420, the loga* 
rithm of .00462. 

Qeneral Properties of Logarithms. 

Let N and N^ be any two numbers, x and a/ their reqpec- 
ilre logarithms, a the base of the system. Then, by de£ (2), 

N«a» (1) 

N'*=«*' (2) 

L Multiply equations (I) and (2) together, 

.*. by def. 2, x+x^ is the logarithm of N N^ that is to say, 

Tie logarithm if the product of the two or more factors is 
equaltotheksumof the logarithms of these factors. 

II. Diride equation (1) by (2), 

^' i^ 



N 
•*. def. (2), X— a:' is the logarithm of «^ that is to say. 
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7%^ logarithm of<i fraction^ or of the quotient of two ntun- 
berSf is equal to the logarithm of the numerator minus the loga* 
rUhm of the denominator. 

JXL Raise both members of equation (1) ta the power of n. 
. .\ by de£ (S), n dp is the logarithm of N \ that is to say, 

The logarithm of any power of a given number is equal to 
the logarithm of the number muttipli^ by the exponent of the 
power* 

IV. Extract the n^ root of both members of equation (1). 

NT=«ir 

X JL 

•% by def. (S). — is the Ic^arithm of N • that is to say, 

J%e logarithm of any root of a given number is equal to the 
logarithm of the number divided by ^the index of the root 

Combining the two last cases, we shall find, 

m mx 

wbencOt •— is the logarithm of N » • 

It is of the highest importance to the student to make him- 
self familiar with the application of the above principles to al- 
gebraic calculations. The following examples will afford a 
useful exercise : 

if 

Ex. 1. log. (a. b. c. d. . . .)=log. a+log. 6+log. c+log. rf+ . . . 
Ex. 2. log. ("T^ =log. a+log. ft+log. c--rlog. d^Xog e. 

Ex. 3. log. (a"ft" cP . . • .)=»! log. a+niog. b+p log. c . . , 

Ex. 4. log. y-^) =»» Jog- «+^ log- *— J? log. c . . . 
Ex. 5. \og.{<if'-a^=log.(a+x).{a—z)=\og.{a+x)+\og.(a—x) 
Ex. 6. log. Vo*-** =-^ log. (a+*)+-^ («— «) 



8 
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Ex. 7. log. (aVfl')=Iog. a'+ J-log. a«=3 log. a+Alog. a 

4 4 

15 , 

= — log.a 



m, . . m 



Ex.8, log. V(a'— x^"= —log- («--«)+ -^ log. (o»+ax+a:0 

where 2*=<w^ 

Ex. 9. log. v^a*+a:*.= — {Iog.-(a+a:+z)+log. (a+a>— z)J, 

where 2'=2«r 



Let us resume the equatioD, 

N = a« 

1^ If a>l, making a:=Q, we have N=l; the hypothesis 
a;=l giyes N=a. As a; passes from up to 1, and from 1 up 
infinity, N will increase from 1 up to a, and from n up to in- 
finity ; so that x being supposed to pass through all interme- 
diate values, according to the law of continuity, N increases 
also, but with much greater rapidity. If we aiti-ibute negative 

values to x. we have N=a * , or N= — Here, as z increas- 

es, N^diminishes, so that x being" supposed to increase nega- 
tively, N will decrease from 1 towards 0, the hypothesis 
:c±=Qo gives N=0. 

2**. If «<1, put a= T-? where 6>1, and we sliall then have 

1 

N= ^ or N^6" , according as we attribute positive or nega- 
tive values to x. We here arrive at the same conclusion as 
in the former case, with this difference, that when x is po- 
sitive N<1, and when x is negative N>1. 

3°. If «=1, then N=I. whatever may b^the value x. 

From this it appears, that, 

1. In every system of logarithms the logarithm of 1 is 0, and 
the logarithm of the base is 1. 
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II. If the base &e >!, the logarithms of numbers >1 arepo^ 
sitivef and the logarithms of numbers ^l are negative. The 
contrary takes place if the base be<,l. 

IIL The base being fixed^ any number has only one real log- 
arithm ; but the same number has manifestly a different logo- 
rithmfor each value of the base, so that every number has an infir 
nite number of reallogarithms. Thus, since 9'=81,an(} 3^=81, 
2 and 4 are the iogarilhms of the same number 81, according 
as the base is 9 or 3. 

IV. Negative numbers have no real logarithms, for attribute 
ing to X all values from — qd up to+ qd, toe find that the corres* 
ponding values of N are positive numbers only, from up 

to + (3D. 

The formation of a table of logarithms consists in deter- 
mining and registering the values of x wluch correspond to 
N=^ly 3, 3, • ... in the equation, 

N=a« 
If we suppose m^a^ , making 

x=0, a, 2a, 3ay 4ay 5ay - - - - - logarithms. 
y=il, m, in*', m\ m\ m\ • - - - - numbers. 
the logarithms increase in arithmetical progression, while the 
numbers increase in geometrical progression ; and 1 being 
the first terms of the corresponding series, and the arbitrary 
numbers a and m the common difference and the common ratio. 
We may, therefore, consider the systems of values of x and 
y, which satisfy the (equation N^a^ , as. ranged in these two 
progressions. 
In order to solve the equation 

c=^a* 
where c and a are given, and where x is unknown, we equate 
tfie logarithms of the tyro members, which gives us 

• 
log. c=x log. a t 

Whence, 

log. c 

log. a 
To determine the value of x in the equation 

Aa* + Ba»-* + Ca«-« + ....... « P 

Ve have . * 

-'(A+^4+^ + P 
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proportioa as -^ decreaseii thattis, as N increases. Hence it 
appears, that 

The difference rf -Hie logdHtkms^vf two consecutive numbers 
is less in proportion as the numbers themseltes are greater. . 

Wbei^ we have cttldulated a table of lofaritbrns fiir 
any base a, we can easily change the system, and calculate 
another table for a new base b. 

Let c=b^ , z is the log of c in the system whose base is &<; 
Takbg the logs, m th0 known system, whose base is a, we haVie 

•^^^'^ff-' (toT^) (A) hence 

r 

The log. of c in the system whosebme is b, is the quotient 
arising from dividing the logl ofcby the log. of the new base b, 
both these tost logs, being tuken in the system whose base is a. 

In order .% to have x the log. of c in the new system^ we 

i ' 1 

must multiply log. c by , r ; this last factor j r is tan* 

stant for all numbers, aiid is called the Modulm ; that is to say, 
if we divide the logs, of the same numfber c taken in two sys- 
tems, the quotient will be invariable for these systems, what- 
ever may be the value of c, and will be the modulus, the con- 
stant multiplier which reduces the first system of logs, to the 
second. 

If we find it inicKmyeatent lo make use of a log. calculated to 
the base 10, we can in this manner, by aid of a set of tables 
calculated to the base 10^ discover the logarithm of the given 
number in any required system. 

For example, let it be requhred, by aid of Brigg/ tables, to 

9 6 

find the log. of -^ in a system whose base is -=- 

Let X be the log. sought, then by (A) 

log- r 

log. 2— log. 8 
log. 5 — log. 7 



8* 
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leaking these logs, in Briggs' system, and reducing, we find. 

>-->0.17609125 

=^_ 0.14612804 

2 5 

sa 1.2050476 ^ log. Y ^ ^^^ y* 

2 3 

Similarly, the log« of -r-, in the system whose base is ^, is 

_ log. 2 — log. 8 
"* log. 3 — log. 2 

which is manifestly the true result ; for in this case the gene* 

ral equation N=a* becomes — ~("o'/=*("37 , ^^^ * ^ ®^*" 

dently = — 1. 

In a system whose base is <r, we have 

log. n 

for, by the definition of a log. in the equation n=:aF , x is the 

log. n. ^ 

In like manner, 

h _ log. (n^*) _ *log. n. 
It — u — u 

Examples for Exbscisb. > 

Ex. 1. Given 2'* +2* =12 to find the value of a?. 

Ans. 3;=:1.5849a2» or x=?:log. (— 4)-rlog. 2. 

Ex, 2. Given x+y=a, and m^^~'^^=n to find x and y. 

Ans. a:==i{a+log. nH-lc^.»i} and y=J{a — ^log.ji-7-log. m\. 

Ex. 3. Given J7I' n^ =a, and hx=.ky to find x and y. 

( a:=log. a-T (log. m+log. n) 

Ans < ^ A 

) and y=:_log. a-^(log. m+log. n). 

To find the logarithm of any given number. 

Let N be any given number whose logarithm is cr, in a sys- 
tem whose base is a ; then . 

a* =N and a»=N« ; 

hence, by the exponential theorem, we have firom the last 
equation 

1+Aa«+A«^+ . . . =1+A,z+A,«il + . . . 
1*2 1,2 
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and equating the coefficients of z, we get Ax=Ai; hence 
- y^ A, _ (N-1)— i(N-l)'+i(N^iy^ . , , ■ 

A (a— l)-4(a— .l)*+i(a —I)'— . . . 

because At=(a— 1)— i(a— l>»+i(a— !)•— . . • . in the 
expansion of a". 

and - Ai=ta^— 1)— i(N— l)«+i(N— )•— ... in the 
expansion of In'. 

To find the logarithm ofn number in a converging series. 

We have seen thai if a* =N" , theft 
^^ (^'— ^)— i(N'-7-l)^+i(N'— ly— }(N'-1)*+ . , . 

jl!^^- I I l-«l I I J^. ' I .1 ■ I II II II I I !■ — » II I I 1 * ^4— ^^J>M^i^— ^»— I— <M 

(a- l)-i(fl - !)«+*(« - iy-i(a- iy+ . . . 

Now the reciprocal of Jhe denominator is the modulus of 
the system ; and, representing the modulus by M, we have 
x==log.N»=M|(N*— 1)--4(N>— 1)*+KN*--1)"--1(N!— 1)*+| 

Put N*=l+n ; then N'— l=w, and we have 

log, (1 +n) =M(+n-Hr»'+t«*— *«*+i»*~ - • • ^ 
Similarly log* (l— n)=M(— w^in?— i?t*— t»*-r-iif-. . .) 

.-. lpg.(l+»)-log. (l-n)=2M(n+in*+J?i*+|n^+...) 

or log- J^=2M(n+in*+K+|n^+. . .) 

putn=--l—; then l+n=?J±i l-w 
2P+1 2P-M' 

^ 2P_^^H:n__P+l 

consequently 
log.(P+l)-log.P-2M [^- + 3^^ j 

.•.log(P+lMogP+2M j 2^7+3^+iy.+5(^^^ 

Hence, if log. P be known, the log of the next greater num- 
ber can be found by this rapidly converging series. 

To find the Napierian logarithms of numbers^ 

. . , ■ , . . ^ . - . 

la the preceding series, which we have deduced for log. 
(P+1), we find a number M, called the modulus of the sys- 
tem ; and we must assign some value to this number before 
we can compute the value of the series. Now, as the value 
of M is arbitrary, we may follow the steps of the celebrated 
Lord Napier, the inventor of logarithms, and assign to M the 
simplest possible value. This value will therefore be unity ; 
and we have 
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log.(P+l)=log.P+8J.gpLj+5^^+^|^.+;" j 
Expounding P successively by IMAf &c*, we find 

2-log. l+2( J-+8i+g^.+7¥"^->- ••*^"'« 

log. 8*log. 2+a(l+^.+jL+_^,+ _)^ 1.0886123 
log. 4=:2 log. 2 - - • , - - sl.a60M44 

log. 6-log. 4+2(l+^.+^+^+.-.)-1.6«»4879 

log. 6«:log. 24-Iog.8 .... s 1.7917595 

log. 7=.log. 6-t-2 (^+3-^+g^+........)=1.9«9101 

log. S^Iog. ^+log. 4» or 8 log4 2 « -- ^840794415 
log. 9*>2 log. 3 - * - - - ::s.fi.ld7ii346 
log. la=log. 2+log. 5 - - - - 3d2;a025851 

In this manner theNapierian logarithns of all numbers may 
be computed. 

9 

To find the commw logarithms of numbers. 

Let a* » N and b^ ^ N ; then we have 

X = log. N to the base a, or a?=log. Ji 
y = log. N to the base ft, or y ^log. ^N 
hence, log. aN=Iog. J>j »loff. Jb (G«n. properties logarithms.) 

/. «= JF log. J> ; 

and y=j \,x 

and by means of this equation We can pass from one system of 
logs, to another, by multiplying x^ the log. of any HOmber in 
the system whose base is a, by the reciprocal of log. h in the 
saooe system ; and thu^ we snail obtain tbe log. of the same 
number in the system whose base is i« 

Let the two systems be tbe Napierian md the common, in 
which the base of the former is 63^2.718381828 . . * and tfa^ 
base of the iatter is 6^101, the base of the oomttion system cf 
antbmelic ; then we have ^aelO, and aw^^2J^l829i9^ * . < 



r 
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and consequently if N denote any number, we shall have 

log. ioN= j ^lo '^^g *^ 5 thsiXiB, 

and the modulus of the common systemi isp therefore, 

**-=2:80^ -.43420448 ... 8M=.86858896 
Hence, to construct a table of common logarithms, we have 

Expounding F sucoessively by IfijS, dec. We get 

leg. a=a.8«868896(|-+^+|^+...) 

:t=.8e8fi8896X.69S1473 . . • xi.SOI0O0O 
log. 8=log.3+.8d86980d/i+^+^.+. . . ) =.4771818 

log. 4=2 log. 2 - • . - - - =.6020600 

log. 5=log. V=J<>g- 10— ^og2=l— l<^g*2 - =.6989700 
log. 6=log. 2+log. 3 - r . - - =.7781513 

log. 7==log.6+-86868896/^+^,+g~^+..)=.8460980 

log. 8=log.2'J=3!og.2 - . - . =.9030900 

log. 9=log.3« =2 log. 3 - - • . =.9542426 

log.lO= - =1.0000600 

&c. d&c 

1 j.» 

Since log.T-^=2M (n+in* + f n» +{n' +. . .) 
let|i^=P ; then 1+«=P (1— n) or ««=^jXi 
... log.P*.»M i ppj+-.(p;;pjj +y{|qrj +... i 

m » 

and Aw we imre a seri^ for computing the logt» of all nam* 
bers, without knowing the log. of tne previoos number. 
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Examples in Looarithms. 

(1.) Giv^en the log. of 2=0.3010900, to find the logs, of 25 
and .0125. 

therefore log. 25=2 log. 10—2 log. 2=1.3979406 
A . 125 1 1 

Agam .0125 =10000=" 80~l0X2"« 

.-. log. .0125=log. 1 — log. 10 — 3 log. 2= — 1—3 log. 2 

=2.0969100 

(2.) Calculate the common logarithm of 17. 

Ans. 1.2304489. 

(3.) Given the logs, .of 2 and 3 to find the logarithm of 12.5. 

Ans. 1 +2 log. 3 — 2 log. 2. 

(4.) Having given the logs* of 3 and .219 to find the loga- 
rithm of 83349. 

Ans. 6+2 log. 3+3 log. .21. 



On EzponeittiaIa EauATioKs. 



An exponential equation is an equation in which the un* 
known quantity appears in the form of an exponent or index ; 
thus, the following are exponential equations : 

a* 3= J, «* = a, a^ = c, «» = a, &c. 

When the equation is of the form a* = >, or a^ = c, the 
value of X is readily obtained by logarithms^ as we have al- 
ready seen above. But if the equation be of the form 
a^ = a^ the value of x may be obtained by a rule of approx^ 
imation^ as in the following example : 

Ex, Given «* = 100» to find an approximate value of iv. 

The value of x is evidently between 3 and 4, since ^ *= 27 
and 4^ = 256 ; hence, taking the logs, of both sides of the 
equation, we have 
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X log. «=s log. 1 00=s3. ' • ' 



M 



First, let xi = 3.3^ ; then 
3.5 log. 3.5= 1.9048380 
true no. ^ 3.0000000. 



error =—.0957620 



Second, let x% = 3.6; tben 
3,6 log. 3.6= 2.0026890 
true no. = 2.0000000 



erFor = +.0026800 



Then, as the difference of the results is to the differenteepf 
the assumed numbers, so is the least eri^or to a correction of 
the assumed number corresponding to the least error ; that is, 

.098451 : .1 : : .002689 : .00273 ; 

hence a?=B»6 — .00273=3.59727, nearly 

Again, by forming the value of «* fora;=3'6972,we find the 
error to be — .0000841, and for x=3.5973, the error is + 
.00001^; 

hence, as ^000099 : .0001 : : .0001 : .0000151 ; 

therefore«=i3.5973— .0000151=3.5972849, the value nearly. 

♦- " * . ' . . ' 

Examples for P&actice. 

(1.) Find X from the (equation «* = 5 Ans. 2.129372. 

(2.) Solve the equation^ = 123456789 Ans. 8.6400268. 
(3-) Find x from the equation «» = 2000. Ans. 4.8278226. 

Since the properties of logarithms afford great facilities; in 
performing complicated arithmetical operations upon large 
numbers, it becomes desirable to have the logiarithms of sines, 
cosines, tangents, &c. computed and arranged in tables ; but 
most of these numbers being less than unity, their logarithms 
.would, of course, be negative. To avoid this inconvenience* 
all the trigonometrical functions calculated in the manner 
explained in Chap. IV, are multiplied bva large number, and, the 
operation being performed upon all, their relative value is not 
altered. This number may, of course, be anv whatever, pro- 
vided it be so large, that, when the numerical values of trigo- 
nometrical quantities are multiplied by it, their logarithms may 
be positive numbers. 

The number employed for this purpose in the common tabk3 
is lOOOOOOOOQO or 10'', which is usually repiTesented by the 
symbol R. 

The sine of T, as computed above, is 

Sin* 1'=.0002908882 .... 
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M numb«r 'much smaller th^ unit;» and whose logarithm 
would consequently be negative. • " . 

Wta^ multiplied by 10"* it becomea 

= 2908882 .... 
a number whose logarithm is 6.4687261, and consequently we 
'ted in our tables, * log. sin. 1^=6.4687261. 

A table constituted upon this principle is called a Tabk of 
Logarithmic SUnes^ Cosines^ TangmU^ &c. and by this nearly 
all the practical operations of triigonometry are usually per- 
formed. 

It IS manifest, from these remarks, that before we can apply 
formulae deduced in the preceding chapters to pnctical pur* 
poses, we must transform them in such a manner as to render 
the several trigonometrical quantities identical with those re- 
gistered in our tables. The sines, cosines, &c. we have hith- 
erto employed, are called Trigonometrical qnantities calculated 
to a radius unity ; those registered in the tables, TAgonome- 
trical quantities cakulated to radius R. 

The problem to be solved therefore is 
To transform an expression calculated to a radius uniijff to 
another calculated to a r€uHusR 

Let us represent sin. B to radius unity by m. 

R by ft. 
Then the relation between them is 

n ss Rm 
n 

•" = K 

and so for all the other trigonometrical quantities. 

Heuce, in order to transform an expression calculated to rm- 
dius unity f to another calculated to rc^dius R| u)e must ditdde 
each of the trigonometrical quantities by R. 
. If any of the trigonometrical quantities enter in the squaret 
cube, &o. these must of course be divided by }l' B,\ d&c. ...«.• 

As observed above, R may be any given number whatever, 
the number usually employed in the ordinary tables being W% 
imd therefore 

log, R = 10 

Take as an example sudi an expression as 

a sin. 6 =z b tan.* 9 . 

ia order to reduce this to an expression which we can com* 
pute by our tables we must, according to the above rule, di- 
vide each of the trigonometrical quantities by the proper 
power of R : the expression then becomes* 

sin. ^ tan.* 9 



•• .. • 
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Or, clearing df &actioQ9» * 

« R sin. d =t: 6 tan.' ^ * • 

Or, 

log. a +Jog..R + log.jin. d = log. 6 + 2 log. tan..^ 
an expression which may be calculated bj the tables. • ' 

If the expression calculated to radius unity be of the form 

sin. 6 
rn = —. — ■— , , • 

suu (p * ^ 

U requires no modification, for if we divide both terms of the 

fraction . by R, we shall not alter its value, 
sm.-cp "^ ' 

We need not prosecute this subject farther, as numerous ex- 

aipples of these transformations will occur at every step in thfe 

succeeding chapters. 



CHAPTER VI. 

ON THE SOLUTION OF BIQHT-ANGLBD TRIANt»LB8. 

Every plane triangle being considered to consist of 6 parts, 
the three sides, and me three angles, if any of these three parts 
be given, we can, in general, determine the remaining parts 
by trigonometry. 

In right-angled- triangles, the right angle is always known, 
and therefore any two other parts being given, we can, in ge- 
neral, determine the rest. We shall thus have five different 
cases. 

1. Whea one of the acute angles and the bypothenuse is 
given. 

2. When one of the -acute angles and a side is givcn^ 

3. When the hypothenuse and one side is given. 

4. When the two sides are given. 

5. When the two acute angles are given. 
Let ABC be a right-angled triangle, C the right ngle. 

Let the sides opposite to the anglear A and B 
be denoted respectively by a, 6, and let. the hy- 
pothenuse be Called c. 

' . -. A- 

Case .1, Given A, c, required B, a. b. 
' Since C is a right angle 

A+B=90^ 

B=90^ — ^A whence B is known — (i) 
By Chap. III. prop. 1, 

tf 3=c sin. A 
9 




• 
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Adapting this expression to computation by the tables. 

, Sin. A ♦ 

• Jog. a=c — ^— 

.•: log. a=:log. c+log. sin.A — log.R, whence a is known - (2) 

♦ In like manner, * 

, COS. A 
b=c — - — 

R 
.'. fog. fc=log. c+log. COS. A — log. R, whence b is known (3) 
If B, c are given, and A, a, b required, we shall have pre- 
cisely in the same manner, 

A=90°— B (4) 

log. a=log. c+log. cos. B — log. R (5) 

log. 6=log. c+log. sin. B — log. R -.--.-- (6) 

Case 2. Given A, a, required B, i, c. 

B=90°— A, whence B is known (7) 

b=a cot. A 

Adapting the^ expression to computation by the tables. 

, cot. A 
b=a — =- — 

R 

log. 6=log. a+log. cot. A— log. R, whence b is known (8) 
Again, 

a=c sin. A 

a 

sm. A 
Adapting it to computation, 

sm. A 

.'. log. c=log. R+log. a— log. sin. A, whence c is known (9) 
If A, fe, be given, B, a, c, we shall have in like manner, 

B=90°— A (10) 

log. fl=log. 6+log. tan. A — log. R . - . - . (H) 

log. c=log. R+log. J — log. COS. A (12) 

If B, b be given, and A, a, c required, 

A=90° — B - (13) 

log. a=Iog. 6+log. cot. B — log. R (14) 

log. c=log. R+log. b — log. sin. B - - . - . (15) 

If B, a be given, and A, b, c, required. 

A=90°-B (16) 

log. 6=log. a+log. tan. B — log. R (17) 

log. c=log. R+log. a — log. cos. B (18) 
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Cote 3. Let a, c be given, required b, A, B. 
4'=c" — a' 
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Then by (2). 

log. a=log. c+log. sin. A*— log. R 
By the ftibles log. c= 3.8156618 

log. 3in. A= 0.6523286 

1 III II 

13.4678904 
log. R= 10. 



log. a= 3.4678904 

The number in the tables corresponding to the logarithm 
3.4678904 is found to be 2936.91. 

a=2936.91 yards. 
In like manner, the side b may be doinrmined, if required. 

Example 2. Given c= 6539.76 yards, a=2936.91 yards, re- 
quired 6, A, B. 
By (19). 

2 log. 6=.log. (e+a)+log. (c^a) ZlZtUlil 

By the tables, 

log. (c+a)= 3.9766557 
log. (c— «)= 3.556646^ 

2 log. 6= 7.5333019 
log. 6:^ a7666509 
The number in the tables corresponding to the jogarithm 
3.7666509 is 5843.2 

ft =5843.2 yards. 

To determine A we have (20). 

log. sin. A=log. R+log. a — log. c 
By the tables, log. a= 3.4678904 

log. R= 10. 

13.4678904 
log. c= 3.8155618 



. log. sin. A^ 9.6523286 ^ 

Off n^fenrinff to oar tables^ vre shall find that the angles 
whose logarithmic sine k dg65d3!^5 is 26^ 41' 6'', which is 
consequently the value of A. 

A beins^ known, B is determined at once by subtracting the 
value of A from 90°, or B may be determined independently 
of A by (21). 

' log. cos. B=log. R+Iog. d — log. c. 
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m 

Example 3. Let a» fr, in the last [number bye given, and *c 
r^uired. 

Then by (27). , 

c= \/a»+6^ or c*=€f +6* 
The calculation in this case is not so simple, for the quan- 
tity under the radical cannot be easily adapted to logarithmic 
calculation. 
' We have, log. a'= 6.9357808 .-. a'= 8625400 

log. 6'=:7.5333019 .\ V^ 34148000 . 

.-. c«= 42768400 
log. c'=:7.631 1230 
log. c =3.8155615 
C =6539.76 

Example 4. Given c=6512.4 yards, ft=6510.6, to find A. 
By (23). 

log. COS. A=log. R+log. h — log. c 
Now, log. R= 10. 

log. 6 = 3.8136210 

13.8136210 
log. c= 3.8137411 

log. COS. A= 9.9998799 
A= 1^ 20' 50" 

Upon inspecting the tables that are calculated to seven 

E laces of decimals only, it will be seen that, when the an^es 
ecomes very small, the cosines differ very little from each 
otber. The same remark applies, of course, to the sines of an- 
gles nearly 90°. In cases, therefore, where great accuracy 
is required, we may commit an important error by calculating 
a small angle from its cosine, or a large one from its sine. We 
must consequently endeavor to avoid this, by tnin^foxming 
our expression by help of the relations established in chaptqr 
first and second. 

In the example before us, A is a small angle which has been 
calculated from its cosine ; we must therefore, if possible, cal- 
culate this angle by means of its sine, or some other trigono- 
metrical function* 

Now, by formula (J ), chap. I I. we have g enerally 



to.4-=v/izz 



9* 
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In the present case, cos. A= — ; substituting this in the 

abote equation, ' 

-:« "^ — A. /^ — ^ 

log. sin.-^= J log. {c — a) — ^ log. 2 a+log. R. 

From which we find, 

A 

--=40' 24" 

And .-. A =1° 20' 48" 

Instead of 1^ 20' 50", as obtained by .the former process. 

No angle yirhich is nearly 90^ ought to be calculated from 
its* tangent, for the tangents of all large angles increase with so 
much rapidity, that the results derived from the column of 
proportional parts found in the tables cannot be depended on 
as accurate. 



CHAPTER VIL 

ON THE SOLUTION OF OBLiaUE ANGLED TRIANGLES. 

Six different cases present themselves. 

1. When two angles and the side between them are given. 

2. When two angles and the side opposite to one of them are 

given. 

3. When two sides and the included angle are given. 

4. When two sides and the angle opposite to one of them are 

given. 

5. When the three sides are given. 

6. When the three angles are given. 

Let A, B, C be a plane triangle. 

Let the angles be denoted by the large letters 
A, B, C, and the sides opposite to these angles by 
the corresponding small letters a, ft, c. 

Ca&e 1.' Given A, B, c, required C, a, A. 
Since A+B+C= 180° 

C=180°-(A+B,) whence C is known. 
C being thus determined, we have, by chap. III. prop. 2, 




J 
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a Bin. A 
c "sin. C 

sin. A. 



•l • 
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Now, A+B+C=180° 

A+B , ^ C 

G 

=cot. — 
2 

A+B. 

Substituting this value of tan. — — in (1.) 

C 

cot. — I r 

2 a+6 



A-B"a-& 
tap. -^Y-" 

A~B a-h C 

tan. — ^r— =— rrcot. — 

2 a+^ 2 

^ g Q 

log. tan. -"Y— =log. (a— J)+lQg.cot g'^'^fr («+*) 

A— B 

And we can thus calculate the value of the angle — ^ — from 

our tables ; let the angle thus found be called (p .*. A-'B=2 9, 

Now A+B=:180^— C 

And A — B=2q> 



C 
.•. adding and subtracting A=90°+(p — ~ 

B=90°-(9+^) 

The angles A and B ^11 thus become known, and, these 
being determined, we can find the side c from the relation, 

c sin. C 

a sin. A 

sin. C 

sm. A 
log. c=log. a+log. sin. C-r-Iog. sin. A 

If a, c, B, or 3, c, A be given, the remaining; andes and side 
may be determined in a similar manner by aid of the formula 
( j) in chap. III. 
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Cas9 4# Givm a, h, A. to determine B, C, c. 

sin. B h 
sin. A a 

nn. Bixasin. A. - 

a 

.'. log. sin« Bs^Iog; SID. A+log. h -^ log. a,,whea2ce. c is known, 

B being known, C =5b 180® — (A+B,) wheupe.C is known, 

c sin. C 

C being known, -=^Fl^ 

° a Bin. A 

sin.G 

Sin. A 
.'. log: a = log. sin. C — log. sin^ A, whenoe b is kopwn. 

If any two other sides and the angle opposite tp one of them 
be given, the remaining angles and side may be determined 
in a manner precisely similar. 

It must be remarked, that, in the above case, we determine 
the angle B from the logarithm pf its sine ; but since the sine 
of any angle, and the sine of its supplement are equal JLo one 
another, and since it is not always possibli^ for us to ascertain 
a priori whether the angle B is acute or obtuse, the solution 
will be sometimes ambiguous. 

In fact, two different and unequal tiriangles 
may be constructed, having two sides and 
the angle opposite to one of those sides in 
one triangle, equal to the corresponding sides 
an4 angle of the other ; one ^i these trian- 
gles will be obtuse-angled, and the other 
acute-angled, and the angles opposite the re- 
maining given sides in each will be supple- 
mental. 

Thus let Ape, be a plane triangle. 

With centre C and radius equal to CB describe a circle cut- 
ting AB in D. 

Join CD. 

Then it is manifest that the two unequal triangles CBA» 
CD A, have the two sides CB, CA of the one, equal to the two 
sides CD, CA of the other, and the angle A, opposite the equal 
sides CB, CD, in each, comtnon. 

It is manifest from ttus, that it is impossible to determine m^ 
neraHy, from -the data of this case, which of the two triangles 
is the solution of the problem. There are certain considera** 
tions, however, by which the ambiguity may sometimes be re- 
moved. 
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L If the angle be obtuse, then lioth of the remaining angles 
must be acute, and the species of B will be determined. 

2. If the given angle be acute, but the side opposite the 
given angle greater than the given side opposite the required 
angle, then the required angle is acute. For since in every 
triangle the greater side has the greater angle opposite to it, 
and since the side opposite to the given angle, which is acute, 
is greater than the side opposite to the required angle, it fol- 
lows, a fortiori, that the required angle is acute. 

But if the given angle be acute, and the side opposite to the 
given an£;le less than the side opposite to the required angle, 
then we have no means of ascertaining the species of the re- 
quired angle, and the solution in this case is ambiguous. 

Case 5. Given the three sides, a, b^ c, required the three 
angles A, B, C. 
By formula (s) chap. III. 

. ._2 

^^' ^ "" bc'^s {s—a) (s—b) (s—c) 

^^' ^ -* ac'^s {s—a) {s—b) s—c) 

"" ab'^s {s — a) {s — b) {s — c) 

Adapting these expressions to computation by the tables, and 
taking the logs. 

log. sin. A 

=log.R+log. 24- i |log.«+log.(«— «)+log. («— 6)+Iog. (♦— c) I — .logfr— log. € 

log. sin. B 

=log. R+log. 2+j{log. »-f-log. (•— «)+log. (•— 6)4- log. (t-^)|— log. 0— log. c 

log. sin. C 

=log. R+log. 2+1 {log. «+log. (*— a)+log. (*— fc)+log. (•—«){— log. a— log. b 

Whence the three angles are known. 

The three angles may also be obtained from any of the 
groups of formulae {(f), (^, («]), in chap. III. 

It is manifest, from the remarks made at the conclusion of 
the last chapter, that, when one or more of the required angles 
is very small, the group {(f) may be used with the greatest ad- 
vantage, and when one or more of the angles is nearly 90®, 
we ought to employ the group (^.) ' The group {ri) may be 
made use of in any case. 
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Case 6. Given the three angles A, 6, C, required tl}b three 
sides a^bjC. . 

It is manifest that this case does not admit of solution, for 
any number of unequal similar triangles may be constructed, 
having th^ir angles equal to the angles A, B, C. 

We shall conclude this chapter by giving some numeri- 
cal examples. 

Example 1. Given A = 68° 2' 24", B = 57° 53' r6".8, 
a = 3754 feet, required C, 5, c. 
Then by case 2. 

C = 180° — (A+B) 

= 180°— 125° 55'40".8 
= 54° 4' 19".2 
sin. B 

sm. A 

log. h = log. a + log. sin. B — log. sin. A 
Now log. a = 3.5744943 

log. sin. B = 9.9278888 

13.5023831 
log. sin. A =; 9.9672882 . • 

log. b = 3.5350949 = log. 3428.43 
h = 3428.43 
Similarly, 

log. c = log. a + log. sin. C — log. sin. A 
log. a = 3.5744943 
log. sin. C = 9.9083536 

13.4828479 % 
log. sin. A = 9.9672882 

log. c = 3.5155597 = log. 8277.628 
c = 3277.628 feet 

Example 2. Given a = 145, h = 178.3, A = 41° 10', re- 
quired B, C 

This example belongs to case 4, and since the given angle 
A is acute, and the side h opposite to the required angle B 
greater than the side a, the solution will be ambiguous. 
We have log. sin. B = log. sin. A + log. h — log. a 
log. sin. A = 9.8183919 
log. 6 = 2.2511513 

12.0695432 
log. a = 2.1613680 

log. sin. B = 9.9081752 
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f 

The angle in the tables corresponding to this logarithm, is 
54° 2' 22" but we cannot determine a priori whether the- aii' 
sla sought' be this angle, or its supplement 125° 57' 38". 
:•. B = 54° 2' 22" 

Or B = 126° 57' 38" 

If we take the 1st value, 
C=84° 47' 38" and the triangle required is ABC ) 

If we take the second value, > see last fig. 

.C-_I2° 62' 22" and the triangle required is ADC ) 

Examples. Given a =178.3, b == 145, A = 41° 10', re- 

quired B. i . ^i • 

This example also belongs to case 4, but smce the given 

ancle A is acute, and the side b opposite the required angle B 

less than the side a, it follows that the angle B must be an 

acute angle, and the solution will not be^ambiguous. 

We have log. sin. B = log. sin. A + log. b — log. a 

But log. sin. A = 9.8183919 

log. &= 2.1613680 

11.9797599 
log. a = 2.2511513 
log. sin. B = 9.7286086 
The angle in the tables corresponding to this logarithm is 
32° 21' 64", and since, in the present instance, the supplement 
of 32° 21' 54" cannot belong to the case proposed, the solution 

is not ambiguous. ,,.,., 

Example 4. Given a=374, *=« 3277.628,.and the mcluded 

angle 57° 53' 16".8 : required A, C, 6. 

By case 3 we have 

k B C 

log. tan. — 2~ = ^^^- (« — *)+l^«- cot. -—log. {a+b) 

a — 6= 476.372, .'. log. (a — ft) t= 2.6779444 

C 
log. cot 2 =10.2572497 

12.9351841 
a+J = 7031.628, log. (a+&) = 3.8470548 

.-. Ipg. tan. "^=5 = 9.0881398 

Whence ^i^ = 6°59'2".4 

And since A+B = 122''6'43".2 

And A— B= 13''58'4".8 

2 A = 136" 4' 48" 
2 B = 108° 8' 38".4 
A = 68° 2' 24", B = 54° 4' 19".2 



r» 
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The angles A and B being determined, the side c may be 
readily found from the equation. 

c sin. C 

tf "~ sin. A 
log.v c = log. a + log. sin. C — log., sin. A 

Example 5. Given a=d3, 6=42.6, c=53.6, required A, B, C. 
Taking the formula marked (s) in chap. III. we have 
log. sin. A 

=log. R+log. 2+ J \ log. «+l©g. (*-a)+log.(#-6) +Iog.(«-c) ] — \ \og.h+\og.€ \ 

log. sin. B 

sslog. R+Iog. 2+1 { log. «+log. (»— a)+log.(#— i)+log.(«— c) }— f \ogM+\ogx \ 

log. sin. C 

=log. R+log. 2+J \ log. «+log. (•-.<0+log.(»-*)+log.(t--c) \ — { Iog.d+log.6 \ 



Now log.R=s:10. 

log.2=0.30I03Q0 
«=33 .-.log.a =1.5185139 )» log.6+log.c= 3.3585744 
6=42.6 .-. log.6 =1.6294096 [ .-. log.a+log.c= 3.2476787 
c=53.6 .-. log.c =1.7291648 ) log.a+log.6=3.14792S5 
*=64.6 .-. log.5 =1.8102325 

»-a=31.6 .-. Iog.5 — «= 1.4996871 

«-6=22 .-.log.*— 6=1.3424227 

5-^—11 .-.log.*— 0=1.0413927 

.-. rog.s+log..(5 — a)+log.(s — 6)+log.(5 — c)=5.6937350 
And 
i {log.s+\6g.{s—a)+los.{s—b)+\og.(s—c)] = 2.8468675 

.*. log.R+log.2H-i{log.5+rog.(5 — a)+\og.(s—b) 

+log.(s—c)\ . - - - -=13.1478975 

c 

Subtracting from this number the values log. 6+log. c ; 
log. fl+log. c ; log. a+log. 6 ; in succession we find, 

log. sin. A = 9.7893231 .-. A = 37^ 59' 53' 
log. sin. B = 9.9002188 .-. B = 52° 37' 46" A 
log. sin. C = 9.9999740 .-. C = 89^ 22' 20"A 

Having determined A and B by the above method, We find 
the above accurate value of C, by subtracting the sum of A 
and Bfrom 180°. If, however, it had been required to deter- 
mine C alone (being aa angle nearly equal to 90°) we could 
not have found its value with sufficient accuracy from the com- 
mon tables, for it will be seen, upon referring to them, that 
the number 9;9999740 may be the logarithm of the sine of any 
angle from 89° 22" 20" up to 89° 22' 25" consequently the 
above method cannot be applied with propriety to determine 
the exact value of C, unless we previously determine A and B. 

10 
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The angle C may however be determined directly, and withr 

S'eat accuracy, from any of the three formulae ((f), (^), (n)^ in 
hap. in. 
Let U9 take diese in succession, (i). 

C 

log. COS. -= log. R+i J log. «+log. (9—c)l — Klog. a+ log. 6) 



log. 5=1.8102326 ) .-.i yog.«+log.(^--c)i I =1.4268126 
log.(«—c)= 1.0413927 ] log.R=10 

2.8616262 11.4268126 

log.a+log.J=3.1479236 .-. i (log. a + log. b) = 1.6739617 

, C 

log. cos.-= 9.8618609 

C 

-=44^ 41' 10" VV 

C=89^ 22' 20" H 

By(0. 

c 

log.sin.j=log.R+iJlog.(c— «)+log.(5— J)|— J. Jlog.a+rog.6| 

log.(«-a)= 1.4996871 ^•.i{log.(j^)+log.(i-i)]= 1.4210649 
log.(«-a)=1.3424227 J log. R=10. 



2,8421098 11.4210640 

log.a+log.5=3J479235 .-. i flog-a+Iog. 6| = 1.6739617 

log. wn.^ = 9*8470938 

C 

j=44^ 41' 10"jV 

C=89^ 22' 20"Jf 

ByW.^ 

log.tan.^=Iog,R+i { log.(*-«)+log.(s— J) }-J Jlog.*+log.(*-c) ] 

log.(«-a)=l-4996871 ) , v , . . 

log.(c-a)=1.8424227 L- 1 jlog.(*-a)+log.(*-a)) = 1.4210649 
^ 2.8421098) " I log.R^=10. 

log.«=1.8102326 ) 11.4210549 

log.5-c= 1.0413927 i .-. i |log.+log. (s—c) =1.4268126 



2.8616262 , , ^^^^«^^^ 

log. tan.^=9.9962433 

C 



• • 



5-=44° 41' 10" A^ 
0=89° 28' lOH 
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CHAPTER VIH. 

ON THE USB OF SUBSIDIARY ANGLES. 

Subsidiary Angles are angles which, although not immediately 
connected with a given problemi are introouced by the com- 
putist in order to simplify his calculations. Their use, and the 
method in which they are emi^oyed, will be understood from 
what follows. 

When the two sides of a triangle, and the included angle, 
are given, according to the method pursued in the last chap- 
ter, we must determine the two remaining angles before we 
can compute the third side. It frequently happens, however, 
in practice, that the side only is i*equired, and it therefore be- 
comes desirable to have some direct method of computing the 
side independently of the two angles. 

Suppose that a, 5, C are given, and c is required. By chap. 
III. prop. 4, 

c«=a«+ J*— 2a5 COS. C. 
the side c is determined theoretically at once by this expression, 
but the formula is not adapted to logarithmic computation, and 
would, if employed practically, . lead, to a very tedious and 
complicated calculation. We can, however, put this expres- 
sion under a form adapted to logarithmic calculation, by hav- 
ing recourse to an algebraical artifice, and introducing a sub- 
sidiary angle. 

c«=a'+5*— 2 ah cos. C 

Adding and substracting 2 ah on the right hand side. 

c«=a«+3«— 2 ah+2 db--^ ah cos. C 
= (a_M»+2 ah (1— COS. C) 

C 

= {a—hY+2 a5+2 sin.*- 



=(a-J)'j 1 + 



4a&4iin.*— 



(«-*)• 



- 4 ah sin." o 
Assume ^ =t= tan.* 9 • 

c« =(a-i)« (l+tan.» 

=(a— 5)>sec,"9 
c = {a — h) sec. 9 

'•'; lof ^ =Iog. (a— i&)+log. sec 9— log. R 
The angle 9 ia taowu from the equation. 
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— C 

2 y/ah . sin. — 

tan. (p = 2 

(a — *) 
. Whence, 

log.tan.9=log. 2+ | (log.a+log.6) + log. sin-r — log.(«— ft) 

q> being thus determined, log. sec. 9 can be found from the 
tables, and the value of c becomes known. 

The angle (p, which is introduced into the above calculation, 
in order to render the expression convenient for logarithmic 
computation, is called a subsidiary angle. 

The above transformation may be efected in a manner 
somewhat different, as before. 

c»=a'+5«_2aJcos. C 
=a'+h'+2ah-^2ah^2ab COS. C 
= {a+hy—2 ah (I +cos. C) 

Q 

= (a+J)'— 2 aftX2 cos.' 5 

4 ab COS.* ^\ 
= (a— by (1— 2 / 

(a+by 

4 aft COS.* ^ 
Assume 2 =sin. * 9 

{a+by 
c'={a+by (1 — sin.* <p) 

= (a+6)*cos.* 9 
c = {a+b) COS. 9 
log. c={s+b)+log. COS. 9 — ^log. R 
As before the angle 9 must be determined from the equation. 

2y/ab . COS.- 
sin.9= ^ 

(a + b) 
In order to prove that we can always assume 

— C 

2y/ab . COS.- 

— c 

2^ ah cos._ 

we must show that ^ is always less than "Unity, or, 

{a+c) 

in other words, that 2^ ah is always less than (a+ft), this is 
easily done. 
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« 

The angle 9 is known from the equation. 

b 
tan. 9= — 
a 

Whence log. tan. (p=log. R+log. h — log. a 

j^ g 

The angle — - — thus becomes known from the logs, of a 

and b, without calculating a and b. In the same way we have 

cot. =tan. (45'*+(p) tan. — 

2 2 

" A g Q 

And .% log. cot — — -=log.tan.(45^+9)+log.tan.^~log.R. 



CHAPTER IX. 

ON THE SOLUTION OF GEOMETRICAL PBOBLEMS BY TEIGONOMETBT. 

A great variety of geometrical problems may be solved 
with much elegance by the introduction of geometrical for- 
mulae. We shall give a few examples. 



PROBLEM I. 



To express the area of a plane triangle in terms of the 

sides of the triangle 

c 
Let CD be a perpendicular from C upon AB 

Area of a triangle ABC= ^ 

=— . AC sin. A 

= -^. sm. A 




bc^ ^Vs{s^a)is^b){s^c)..Ch.Ill 



2'bc 



— Vs («— a) («— 6) (*— c) 
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FftOBLEH IV, 



Given the three angles of a plane triangle^ and. ike radius of 
the inscribed triangle^ to find the sides of the triangle. 



Let A, B, C, be the three given aagtes, r the 


radius, 


- 


ABorc=APi+PiB 


• 


=r (cot g +cot. ^ ) 








-'*• . A . B 




sin. — sin. — - 




.3 2 


So, 


AC or b=r , i-r ^ 




A . C 




sin. — sm. -— 
2 2 




^ /B ^ C\ 




B . C 




sm. sin. 2 




PROBLEM V. 



Given the three angles of a plane triangle, and the radius of 
the circumscribing circle, to find the sides of the triangle. 



As in Problem III. 

CQ . CD=AC . CB 
CQ • CB sin. B=AC . CB 
AC==2 R sin. B 
So, BC=2 R sin. A 

AB=2 R sin. C 
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PROBLEM n. 

To determine the height of an inaccesiibk object^ vJiich has no 

'level ground before iL 

Let AB be the object, and C, D, two 
stations in a vertical plane passing through 
AB ; measure the distance CD, and at C 
take the angles of elevation or depression 
of the station D, and the top and bottom 
of the object Also at D take the eleva- 
of the top of AB. 

PutCD=A, DCH=a, BCK=ft, ACK=c, ADG=rf; then 
ACB=ic—b, ADC=a+rf, and CAD=c— rf. 

^ AB _ sin. ACB ^ sin, (c— ^) sin. (c — b) \ 

^^^' AC^sin. ABC""8in. ABK "" cos. b 

AC sin. ADC sin. la+d\ , , . i .1 

rrn=-^ — 7^tt^=""^^ — 7 — i\f hence, .multiply these 
CD szn.CAD sm. (c— rf)' ' ^^ 

e^ations, 

AB -sin. (c — M«n. (flH-rf) , , - 
we hare ^= co8.> sb.(c-(!) ' and, therefore, 

AB=A sin. (c — b) sin. (a+d) sec. b cosec. (c — d) 
.'. log. AB=log. A+log. sin. (c — *)+log. sin.(a+d)+log. 
sec. 5+log. cosec (c — d) — io (1) 

Cor. When a=90^ and >=0^ thenwe have 
log.AB=log.A+log.sin.c+log.cos.d+log.cosec.(c--d) — 30 (2) 

Ex 1. Let A=18 feet; c=40°;d=37°30',a=90^ and 6=0°; 
to find AB. 

log, A . . . =log. 16 . . .'■= 1.2552725 
log. sin. c. . =log.sm.40° . = 9.8080675 
log. cos. d. . =log. COS. 37° 30'= 9.8994667 
log. cosec.(c-£f)=Iog. cosec.2° 30'= 11.3603204 

)Iog. AB . . =log. 210.4394 = 2.3231271 

.\AB=210.4394. 
Ex. 2. The angle of elevation of the top of a^ower, stand- 
ing on a hill, was 33° 45', and measuring on level ground 300 
yards directly towards the tower, the angles of elevation of 
the top and bottom of-the tower were 51° and 40° respectively. 
What is the height of the tower? Ans. 140 yds. 

Remark. — ^When the station D is higher than A, the top of 
the tower, then the angle d must be considered negative, and 
.therefore we should have 

.AB= A sin. (c— 6)sin;.(a— d) sec. 6 C06ec.j[<?:)-(f) 
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sin. a sin. c sin. (Jb+c+d) (tan. *+tan. a;)'=sin. h sin.virf si». 
{a+h+c) (tan. 8 — tan. x), , , 

sin.ft sin, df sin.(fl+ft+c)-sin.fl 8in.c sin.(&+c+rf) 
•'' *^- ^"^sin.* 8in.d sin.(a-h6+c) 4-sin.a sin.c sin.(6+c-»-i^)^^'** 

Dividing numerator and denominator by sin. a sin. c sin. 

,, . . ^ , . sin. h sin. rf sin. (a+6+c) ^ 

(o+c+df), and puttmg -: -: : — 77-; — rj\ = tan. p and 

1 = tan. 45* ; then 

_ tan, ff — tan. 45^ _ sin, (jg — 45°) 

tan. X -^^^^ ^ ^ ^^^^ ^^^ tan. s - ^^ ^^ ^ ^^^^ tan. s v 

hence x^ 5+^9 s — <c are all known, and thence CD is known. 
.„ CD sin. d . BD sin. h , ^ 

For 5ri= "^ — f i'\ ^^d Td == '•^^ — TTT — TTK 5 therefore, 
BD sm. {s+x) Afi sm. (o+c+(^) 

CD=AB sin. b sin. rf cosec. ($+x) cosec. (6+c+rf). 

Cor. When CD is given, and the same angles, to find AB, we 
have 
AB=CD sin. (h+c+d) sin. (s+x) tiosec. h cosec. d. 

EXAMPLE. 

Given AB=600 yards, a=37% i=:58^ 20', ^=53^ 30', d= 
45° 15', to find CD. 
Here, tan. /3=cosec. a sin. ft cosec. c sin. d sin. (a+ft+c) 

eosectf {b+c+d)f 
log. cosec. a 

= log. cosec. 37° = 10.2205370 

log. sin. h 

= log. sin. 58° 20' ... = 9.929989L 9.9299891 
log. cosec. c 

= log. cosec. 53 30 ... = 10.0948213 
log. sin. d 

= log. sin. 45 15 ... = 9.8513717 9.8513717 
log. sin. (a+b+c) 

= log. sin. 148 50 ... = 9.7139849 
log. cosec. (b+c+d) 

= log, cosec. 157 5 . . . = 10.4096131 10.4096131 

log. tan. P 

= log. tan. 58° 56' 39" = 10.5202671 

log. sin. (^ — 45°) 

= log. sin. 13 56 39 = 9.8819743 

log. cosec. 0+45°) 

= log. cosec. 103 56 39 = 10.0129906 
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« 

log. tan. s ■^ 

=» log. tan. 56 55 ... =. 10.1696508 
log. tan. X ~ ~ 

= log. tan. 20 9 3 =s 9.564 6156 
log. cosec. {$+x) . 

= log. cosec. 76 4 3 =...... . 10.0129687 

log.AB. 

= '<>«• 100 = a.7781513 

.-. CD . . . = 959.608. .. = ....,.. 2.9820939 



PKOBLBM IV. 





The distance of two oMects at B being known, I find, by ob- 
«^tion, the angles ACTD ADD BDC, and BOA, teitoi at the 
««a<iOTM p, C, required the distances DC, AD, BD> BC, and 
t/A, botk by conUruction and calculation. 

Assume dc at pleasure, 
and make the angles adb, 
hdc and bca^ respectively 
equal to the angles ADB 
BDC and BC A; join a, 6, 
and abed will be similar 
to A BCD, and if aft re- 
present the side AB, then will dc repersent DC. <kc- 

By analysis^ "' ' 

are°Jj^n* tif fi^I? "?' "i' ^^^ ""It^ *°d the assumed side, dc 
are given to find ad and ac. Then in the triancle bed all the 

SfsS; .^hit^T"!,! "\*' «^« given % find tS 
.m>, whence we have tfee distances, DC, AD,BC» AC knd 
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B 



rKOBLBM ▼. 

Given AB, a, b, and the angks c. A, taken at son^ potnf P i* 
the same plane ABC, to find x ; and thence PA, PB, PC. 

Put PAC+PBC=180»— (a+H-<:+d)=2» i 

PAC-PBC= =2a:; V 

Then, PAC=»+x. PBC=»-a:, and, by 
lemma 1, sin. a sin. c sin («-^)=sm. 6 sm. d 

"°sii!t sin. d _ sm^s-x) ^ tan. »-tan. « 
••• sIETTmHT^ ~ sin. (3+x) tan. »+tan. x 

sin. b sin. d - _ .:„ i 

Put tan ^ = ^1^:7-1 = cosec a sm ft 

e^sec^«n.d;thenv.ehave^ ^_^^^ ,,o^^^p 

^i-^ =tan. ^ .-. tlSr,=rR^ - ta^,4^+tan. ^ ' 

tan^iS^^t^ t^, ,= -^^-^il tan. ,. 
^'^ *~tan. 45°+tan. ^ sm. (45»+^) 




• • 



Hence x is known.*and thence s+x and »-« are known. 

PC sin. (»+x) AC 8i°> ^ hence 

Then;^= gin. <, ».AB sm. («+*) 

PC = AB cosec. {a+h) sin. ft cosec. c siii. (*+«). 



PBOBLEM TI. 

men the points V and Care ori opposite sides of AB. 

Put PAB+PBA=180»— (c+i)=2* 

PAB-PBA= ... =2*5 

then, PAB=.+x, PBA = » -« ; and by a 
lemma 1, sin. a sm. c wn. («—»)- ««• " 
sin. d sin. (»+x) ; 

hence, as in the last problem, we have 

sin. (45°-^) 
tao- *= iSr(45M^) *"'• * ' ^ ^„ 

where tan. iS = cosec. a sin. ft cosec. c sin. d ; and 2* 
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PART IL 

Many curious and highly useful problems in trigonometrical 
survey ing, may be elegantly solved through the properties of 
the circle, by geometrical construction, and by analyzing this 
construction by trigonometrical analysis ; a few of whicn we 
will give in the continuation of this chapter. 

PROPOSJTIOlf II. LEMMA. 

If two points be cissumed in the circumference of a eirck^ they 
will subtend the same angle from any point whatever of the 
circumference on the same side of the chord joining these two 
points, which will be half the angle at the centre when the 
centre is on the same side of that chord as the point of obser^ 
vation, and will be equal to half its complement to 860^ when 
pn the opposite side. 

This proposition is evident from Prop. XIX. Cors. 1 and 3, 
B. III. El. Geom. 

Hence, if F, G are two points assumed 
in the circumference ABFG, then will 
P, G appear under the same angle from 
any points A and B situated in the cir- b 
cumierence, and on the same, side of the 
chord F6 ; which will be half the angle 
C at the centre ; and the points F, G will 
also appear nnder equal angles at every 

point D, E on th^ side DE of the chord 

rG, which will be equal to the angle mea« ^ 

sured by half the arc FBAG equd the complement of the angla 

FCG as enunciated. 

^ Cor. 1, Hence, any two obiects in the circumference of a 
circle will always appear under ihe same angle, in any point 
of the arq of either segment, and in no other point situated out 
of that circumference, on the same side of the objects, will the 
angle be the same. 

Cor. 2. If the angle under which any two objects appear 
be less than 90 degrees, the place of observation will be some 
where in the arc of the greater segment ; and if the angle be 
greater than 90 degrees, tne place of observation must be some 
where in the arc of a segment less than a semicircle, and the 
anglc;^ under which the objects appear, will be the same in 
any point whatever of those arcs. 
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Scholium. Hence, having the angles subtended by any two 
objects from any two given positions, not all in the same cir- 
cumference, the positions of the objects may be determined by 
the intersections of the circumferences of two circles, each of 
which is so described as to pass through the two objects and 
one of the given positions. 

PROBLBM VII. 

Three points in the eame plane being given in position^ to 
determine the position of any other point or place of observa^ 
iion in reference to the given points. 

This problem admits of six cases. 

The three given points may be the vertices of a triangle, 
and the required point, or station, may be without the triangle, 
and opposite one of its sides ; it may fall in the same right 
line with two of the given points, it may fall directly between 
two of them, it may fall within the triangle or it may fall 
without the triangle but opposite one of the angles ; and lastly, 
the given points may be all in the same straight line. 

Case 1. 
When the given points are the vertices of a given triangk, and 
the station regarded, falls without the triangle and opposite 
one of its sides. 

Let A, B, C, be the given points 
whose positions in reference to each 
other are known, and let S be the 
point required. Having taken the 
angles ASC, ASB, describe on AC the 
segment of a circle that shall contain 
an angle equal the observed angle ASC; 
and on Co describe a segment that 
shall contain an angle equal to the angle CSB, and the point 
of intersection of the arcs of those segments will determine 
the position S. 
Or, 

Make the an^Ie EBA = the observed 
angle ASC, and the angle BAE = the 
angle BSE ; through A, B, and the in- 
tersection at E, describe the circle A 
AEBS; through E and C draw EC, 
which produce to meet the circumfer- 
ence at S. Join AS, BS, and the dis- 
tances AS, CS, BS will be the required 
distances of the station S, from the 
points A, B, and C. 
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•By trigonometrical analysis. 

In the triangle ABC, the tfareq sides are given Jo find the 
angle BAC. And in the triangle AEB, we have angle EAB 
= angle BSE, angle ABE = angle ^SE, and therefore the 
angle AEB, with the side AB, to find AE and BE. Also in 
the triangle AEC, we have the sides AC, AE, and the included 
an|?le to find the angle A EC. Whence the sum of the angles 
AES, and the observed angles ASE, subtracted from 180® 
gives the angle SAE. Then in the triangle AES, we have 
all the an^gles and the side AE, to find the side AS. And the 
angle ACS = ISO''— angle SAC — angle ASC ; then in the 
triangle ACS we have all the angles and the side AC to find 
CS. Angle AEB — angle AEC = angle BES, whence we 
have the side BE of the triangle BES, and the angles E and 
S, to find BS ; then AS, CS, and BS are the station distances 
required. 

Scholium. 1st If the an^le BSC, be less than CAB, the 
point E will be below the point C. 
2. When the points E and C fall so near each other that the 

f)roduction of EC toward S is attended with uncertainty, the 
brmer method o{ construction is preferred. 

Case 2. 
Let it be required to determine the position of an observer at 8 
in reference to the three objects ABC^ when SAC are in the 
same right line. 

Having taken the angle at S, and cal- 
culated the angle CAB from the sides of 
the triangle ABC which are known by 
hypothesis, we have the angle ABS^ang. 
CAB— ang. ASR Then at B with the ^^B 

side BA, construct the ande ABS. produce the side, BS till it 
meets the production of CA in S, and SA, SC, SB will be 
the several distances of S from the points A, C,B, whence hav- 
* ing the angles S, C and B and the side BC, the sides SB, SO 
and S A may h6 obtained. 

By trigonometrical analysis. 

Angle SAB = 180°— BAC, angle SBA = CAB— ASB. 
Hence in the triangle SAB, we have all the angles and the 
side AB to find the distances AS, BS, &c. 

dase 3. 
To determine the position of S in reference to three given olh 
jects ABCf where the required point is directly between A 
and B. 

11* 
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Having constructed the triangle ABC 
ivhich is given by hypothesis, and hav- 
ing observed the angle 6SC, construct 
from any point A on the line AB an angle 
BAE=the observed angle and draw CS 
parallel to EA, and S is the required sta- 
tion. 



By Analywis. 

In the triangle ABC all the sides being known, let the an- 
gle A, B be obtained. Then in the triangle BCS having the 
angle S and B» and the side CB we may proceed to find the 
distances BS, CS. Then we shall find AS:;= AB— SB, 

Cdse 4t, 

To determine the position of a station S in reference to three 
given objects when the required station faUs within the tri* 
angle formed by connecting those given objects. 

Let the given objects be three '^ 

towns A, B and C which are all 
visible from a station S, which is 
included in the triangle formed 
by lines drawn from A to B, from 
B to C, and from C to A. ^ 



First take the angles ASB, BSC, CSA, then on^'either side 
AC describe an arc ASC, which shall contain the observed 
angle ASC, and one either of the other sided AB, describe 
an arc which will contain the angle ASB, and the point of in- 
tersection of thoi^e arcs is the station S,aII of which is^ evident 
from Lemma II. 

Otherudse^ on AB make an c 
angle ABE = the supplement of 
the angle ASC; and make an 
angle BAE equal to the supple- 
ment of the angle BSC, then will 
ABE=ASE and BAE = BSE, 
since ASE and BSE are respec- 
tively the supplements of the an- 
gles ASC and BSC, through the 
points A, B, and E describe a 
circle, join EC cutting the circum- 
ference in the point S which is the station required. 
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By Analysis, 

1st In the triangle AEB the angles B and A being the sup- 

flements of the observed angles CSA, CSB, are therefpre 
nown, and consequently the angle E and the side AB, to find 
the sides AE, BE. 

2d. In the triangle ECA we have the sides EA, AC and 
their mcluded angle EAC=BAE+C AB, to find the angle AEC. 

3d. And the triangle CEB the sides CB, BE, and the in- 
cluded angle CBE are given to find the angle CEB. 

4th. Therefore in the triangle SAB the angle A, being 
equal the angle E, since they are angles in the same segment, 
is also known and also the angle ASB, hence we have all the 
angles and the side AB to find ihe^ sides AS, BS which are 
two of the station distances required. 

5th. If from the angle CAB we take the angle SAB, we 
shall have the angle CAS. Therefore in the triangle ACS 
we have all the angles with the sides AC and AS to find the 
other station distance CS* 

Case 5. 

LRt it he required to find the distance of any station 8 from each 
of three objects A, B, O, when one of the angles C of the ,tri' 
angle formed by connecting the three objects falls toward the 
station S. 

• 

Make the angle DABa^the observed 
angle CSB and the angle DBA, equal > to 
the observed angle CSA. On AB de- 
scribe a circle that shall contain in its 
greater segment the observed angle ASB, 
through D and C draw the line DC, till it 
intersects the circle at S, which intersec- 
tion determines the position S. 

By Analysis. 

1st. In the triangle DAB, all the angles and side AB are 
known to find AD, DB. 

2d. In the triangle ADC are given the sides AD, AC and 
then included angle, to find the angle ACD. 

3d. The angle CAB=ACD--ASD, since ACD, the out- 
ward angle is equal to the sum of two inward opposite angles 
CSA, CAS. Therefore in the triangle ACS wc nave all the 
angles and the side AC to find the distances SA, SC. 

Lastly, in the triangle BSC the sides CB CS, and the angle 
BSG are given to find the distance CB. 




124 ANALYTICAL PLANE TRIGONOMETRY. 




Case 6. 

To determine the position of any station Sin reference to three 
objects ABC all in the same straight line. 

On AB describe an arc of a seg- 
ment to contain an angle equal 
to the angle ASB, and on BC de- 
scribe an arc containing an angle 
CSB=the observed angle, subtend- 
ed by BC, and the point of inter- 
section of those arcs will determine 
the position of S ; whence if we 
draw the lines SA, SB, SO, those lines will the several dis- 
tances of S from the objects A, B, C. 

For (Lemma II) the points A, B appear under the same angle 
in every point in the arc BSA, and in no point out of that arc, 
and B, C, appears under the same angle in every part of the 
arc CSB and no point out of the arc. Hence the point of in- 
tersection of those arcs is the only point where both of those 
conditions are united, or where both of the objects appear 
tmder the observed angles. 

Othenmsef at A and on the Ime AB 
make BAE=the observed angle CSB 
and at C an angle=Bthe observed an^e 
ASB ; on AC describe a circle that 
shall contain an angle=the sum of the 
observed angles at S or which is the 
same, describe a circle which shall pass 
through the three angles A, E ana C, 
from E through the point B, drawn EBS 
to cut the circle in S, and SA, SB, SC 
determine the relative position of the station S in reference to 
the three A, B and C. 

By Trigonometrical analysis. 

1st. In the triangle CAE all the angles are given and the 
side AG to find AE. 

2d. In the triangle AEB the sides AE, AB, and their in- 
cluded angle are given to find the angles AEB and ABE. 

3rd. In the triangle BSC we have the angle CSB and 
the angle SBC= ABE, and the angle SCB=angle AEB since 
they are both angles in the same segment ACS, hence all the 
angles and the sides BC are given to find the side, SC, SB. 
and SA. 
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FKOBLEM Vni. 

The distances of three objects A, B and C being given and con- 
sequently the angles which they form with each other. There 
are also two stations D, E, such 
that at D the objects A, C and £ may 
be seen but not B; atRthe object^ B, 
C and D may he seen but not A. 
Hence tkt an^fesCDE ADC BED 
BEC and consequently the angles 
CDAanrfCEB are given or known 
from observation to find thedis* 
iances DA, DC, DE, EC, and EB. 




Draw cd at pleasure, and.at d make 
an angle crfe=the given angle CDE 
make also the angle cfec^DEC, the 
angle cc6=CEB, and cda = CDA 
produced adf bc^ till they meet in s^ 
and draw sc. 




By Analysis, 

Assame any value for de ; then in the triangle ede all the 

angles are given and the side &, to find the sides cd^ ce, the 

angle eds=l80^ — ode and the angle des=l80° — bed; hence 

we have in the triangle £&e all the angles and side ife, to find 

dst and es. In the triangle cds the angle cds= 180^ — adc^ hence 

we have two sides cd ds^ and their included angle to find the 

angle dsc^^csa and side cs, then from the angle cbc takethe 

angle dsc and we have the angle cse^=icsb. 

c 



Then with the angles cj^ 
csb and the triangle ABC, as 
data, make the following con- 
struction by case first Prop. 
VII, and find the station dis- 
tances, SA, SB, SC. Then 
we shall have 
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c8:CS::de DE : : <fc : DC : : ec : TSC : : ds :DS : : se : SE 

from SA take SD and there remains DA, also from SB take 
SE and there remains BE, hence DA, DC, DE, EC and EB 
are found. 

Scholium. 

When AD and BE are pa- 
rallel, the foregoing method of 
solution fails. In which case, 
on AC describe a segment to 
ccmtain an angle equal to the 
observed angle CDE, and on 
CB a segment to contain an 
angle equaL to CEB, draw 
the chord CF to cut off the segment CADF containing the an- 
gle CDE^ and another chord CG cutting off a segment CBEG, 
containing the angle CED, the points F and G will be in the 
same risbt line with D and E, join GF which produce both 
ways till it cuts the circumference in D and E,and thQ points 
D and E will be the stations required. 

PROBLEM IX. 

The relation of the four points B,C,D,F, to each other are known, 
or the four sides of a quadrilateral figure and its angles are 
known, there are also two stations A, E, such that at A only 
B, C, E, are visible and at E only the points D, F, A, so 
that the angles BAC, B AE, AED and DEF and consequently 
AEF may be knoum, required the distances AB, AC, ED, EF, 
EC, and AD. 

1st. On BC describe a c 

segment to contain the angle 
BAC, and draw the chord 
Cm that shall cut off an an- 
gle BCm z=£ the supplement 
of the angle BAE. 

2nd. On DF describe a 
segment that shall contain 
an angle DEF, and draw 
the chord Dn, that shall cut 
off an angle FDn = the sup- 

Element of the angle AEF, and the intersections m and n will 
e in the same right line with the stations A and E. 
3d. Through the points of intersection m and n, draw the 
line mn wbich produce to E at its intersection with the arc of 
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the segment and the points of intersection, A and E will be the 
points of station. 

The analysis of this may be supplied by the student 

Given the base AB, the perpendicular FD, and vertical angle 
ADB of a triangle to find the $ides AD, J)B. 

' On the base AB describe an isosceles triangle ACB whose 
vertical angle C shall be douUe the given angle ADB, if that 
anj|le is less than 90°, but doubte its supplement if the angle 
ADB is greater than 90*^t nid from thi9 vertice as a centrot 
with the radius CA or CB describe a 
circle, and the vertice D of the triangle 
will be found somewhere in the circum- 
ference (Lemma II.) At a distance FD 
equal tathe attitude of the given triangle, 
draw a right tine IL parallel to AB, and 
the point where this Kne cuts the eircum-* 
ference will determine the position of 
the vertical angle ; hence the sides DA 
and DB may be drawK 

By Analysis. 

Draw the diameter DCP, and from C draw CH perpen- 
dicular to AB. Hence having the angle ACB we have also 

the angles CAB and ABC each equal to — ^ there- 

fore in the triangle ABC having all the angles and the side AB« 
the two equal sides AC, BC. become known also. And in the 
right-angled triangle AHC, CH=VAC*-^AH\ 

And in the similar triangles DFN, CHN we have 0F : 
DN::CH:CN 

and by composition : : DF+CH : DN+CN 
orDF+CH; DC;:DF: DN 

Also HN= ^/CN«~CH* ; 
and BN=iAB— HN 
FN= ^/DN»— DP 
and BF=BN--N5' 

Whence we have the right-angled triangled BPD with the 
sides BF and DF including the right angle,' to determine the 
third side BD which also becomes known, and consequently the 
side AD as required. 
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PROBLEM XI. 




At the distance ABfrom the hottom of a tower ii an ohjeet 
whose length is bD^ how far must I ascend the tower that 
the object may appear under any angle T? 

Draw the line AB=the given dia- 
tance, and produce it to D, then will 
BD represent the object ; draw the in- 
definite line AE perpendicular to AB, 
which will represent the side of the 
tower. Then on DB make an angle 
BCD=2T, and from the vertex C asr a 
centre, describe an arc of a circle pass^ 
ing through the points D and B, cutting 
the tower in F, and AF will be the dis-. 
tance required. 

For since DCB is an angle in the centre of a circle, and 
AFB is an angle in the circumference subtending the same 
arc, hence (Prop. IL) the angle DFB^i angle DCB=T, 

Cor. Since by continuing the arc of the circle the perpendi- 
cular is cut also in G ; this point also answers the condition of 
the question, for angle DGB is evidently=the angle DFB, 
hence, the question admits of two answers.* 

By Analysis, 

First, in the isosceles triangle CBD we have the side BD 
and the angle C by construction, and since the triangle is 
isosceles, the angles B and D are each = (180*" — !2T)«t- 2 
=90^ — T.. Hence, having all the angles and one side, the 
sides CB or CD are also known. 

Second, in the triande ABC we have the sides AB atid BC, 
and the ancle B=CBD+J angle BCD=90°+T, to find the 
side AC and the angle CAB, which thereby become known. 

Third, in the triangle ACF we have the sides AC and FC, 
and the angle CAF=90*' — CAB, to find the side AF, the 
height required. But since the same data given to determine 
this triangle, apply also to the triangle AC6, the point may be 
also in G ; hence, the problem is ambiguous both by construc- 
tion and analysis, as explained in case 4th, chap. YII. 

* This elegant coaBtruction was received from Mr. Joseph Gallnp, of Norwich, 
Connecticut, whose mathematical talent is acknowledged to be of a high order. 
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Scholium. If the circumference :w4iich passes tlirough the 
points D, B should not cut the edge of the tower or perpendi- 
cular AE, but only touch it, it would admit of only one solution, 
and that point which would answer the conditions would be 
the point of contact ; but if the circle should not reach the per- 
pendicular, the question would be impossible. 

EXAMPLES FOR PRACTICE. 

Ex. L Given the angles of elevation of any distant object, 
taken at three places on a level plane, no two of which are in 
the same vertical plane with the object ; to find the height of 
the object, and its distance from either station. 

Let A, B^ C, be the three stations, K the ob- 
ject, and KH perpendicular to the plane of the 
triangle ABC. 

Put BC=a, AC=6, AB=c, HAK=a, 

HBK=/3, HCK=y, and UK=x ; then the 
angles AHK, BHK, CHK being right angles, 
we have AH=a; cot. a, BH=a; cot. /?, CH=a; 
cot y ; whereby from the given data the required may be 
found. 

Ex. 2. Given a=30*' 40', 0=40^ 33', 7=50*» 23'; find ar, 
when the three stations are in the same straight line, AB be- 
iiig==50° and BC= 60 yards. Ans. 7T.7175 yards. 

Ex. 3. Demonstrate that sin. 18®= cos. 72® is =J a (— 1 + 
^5), and sin. 54°=cos. 36° is=i r (1 + v^5). 

Ex. 4. Demonstrate that the sum of the sines of two arcs 
which together make 60^, is equal to the sine of an arc which 
is greater than 60°, by either of the two arcs : Ex. gr. sin. 
3'+ sin. 59° 57' =sin. 60° 30' ; and thus that the tables may 
be continued by addition only. 

Ex. 5. Show the truth of the following proportion : As the 
sine of half the difference of two arcs, which together make 
60°, or 90°, respectively, is to the difierence of their sines ; so 
is 1 to y/2, or -/3, respectively. 

l^iEx. 6. Demonstrate that the sum of the square of the sine 
and versed sine of an arc, is equal to the square of double the 
sine of half the arc. 

Ex. 7. Demonstrate that the sine of an arc is a mean pro- 

Ebrtional between half the radius and the versed sine of dou- 
le the arc. 

Ex. 8. Show that the secant of an arc is equal to the sum 
^of the tangent and the tangent of half its complement. 

Ex* 9. rrove that, in any plane triangle, the base is to the 
difference of the other two sides, as the sine of half the sum of 

12 
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the anglet at the base, to the sine of half their difference: also, 
that the base is to the sum of the other two sides as the cosine 
of half the sum of the angles at the base* to tlie cosine of half 
their difference. 

Ex. 10. How must three trees. A, B, C, be planted, so that 
the angle at A may double the angle at B, the angle at 6 doa- 
ble that at G ; and so that a line of 400 yards may just go 
round them ? ^ 

Ex. 11. In a certam triangle, the sines of the three angles 
are as the numbers 17, 15^ and 8, and the perimeter is 160. 
What are the sides and angles ? 

Ex. 12. The logarithms of two sides of a triangle are 
2.2407293 and 2.5378191, and the included angle, is 37"" 20'. 
It is required to determine the other angles, without first find* 
ingany of the ^des ? 

Ex. 13. The sides of a triangle are to each other as the 
firactions i, i, i : what are the angles ? 

Ex. 14. Show that the secant of 60^, is double the tangent 
of 45^^ and that the secant of 45° is a mean proportional be- 
tween the tangent of 45° and the secant of 60°. 

Ex. 15. Demonstrate that four times the rectangle of the 
sines of two arcs, is equal to the difference of the squares of 
the chords of the sum and difference of those arcs. 

Ex. 16. Convert formulae ^, Chap. Ill, into their equiva- 
lent logarithmic expressions ; and by means of them and foj- 
mul83 Pj Chap. Ill, find the angles of a triangle whose sides 
are 5, 6, and 7. 

Ex. 17. Being on a horizontal plane, and wanting to ascer- 
tain the height of a tower, standing on the top of an inacces- 
sible hill, there were measured, the angle of elevation of the 
top of the hill 40°, and the top of the tower 51°: then measur- 
ing in a direct line 180 feet farther from the hill, the angle of 
elevation of the top of the tower was 33° 45' : required the 
height of the tower, Ans. 83.9983 feet. 

Ex. 18, From a station P there can be seen three objects, 
A, B, and C, whose distance from each other are known, viz. 
AB=800, AC=600, and BC=4q6 yards. There are also 
measured the horizontal angles APC=33° 45', BPC=22° 30'. 
It is required, from these data, to determine the three dis- 
tances PA, PC, and PB. 

Ans, PA=710.193, PC=1042.522, PB=934.191 yards. 
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Then, 



OT 



OC 

9L 
OC 

AT 

OC 
A^ 

OC 



=sec. AB=sec. c; 



=sec. AC = sec. b 



=tan, AB=5tan. c 



=tan. AC=tan. b 



Then in triangle TOt 

Tf =0T'+0«'— 20T . 0/ COS. TOi 
Te _OT' 0<' OT O^ 

OC'~OC*"^OC' ^' 



COS. TOt 



OC -OC 
=sec.' c+sec." b — 2 sec. c sec. b cos. a, - (1) 

Again, in triangle TAt 

Tf =AT*+A^ - 2AT . At cos. TAt 
T^'_AT' A^ ^ AT At _. 

OC»"~0^+OC«"" • OC ' OC ''''^' ^^^ 

=tan.' c+tan.' 6—2 tan. c tan. ft cos. A. - - (2) 

Equating (1) and (2) 
tan.* c+tan.* b — 2 tan. c tan. 6 cos. A 

=sec.' c+sec.'6 — 2 sec. c sec. 6 cos. a 

= l+tan.' c+l+tan." 6 — 2 sec. c sec. b cos a 

.*. — 2 tan. c tan. ft cos. A=2 — 2^ sec. c sec. b cos, a 

1 

eos.ti 



or, 



sin. c sin. ft ^^ a _ i 1 

COS. A = 1 — 



I COS. C * COS. ft 



COS. C ' COS. ft 



A COS. a — COS. ft COS. c"" 

COS. A= : = — ; 

Sin. ft. sin. c 



Similarly we shall have, 

cos* B= 



COS. C= 



cos. ft — COS. a cos. c 
sin. a sin. c 

COS. c — COS. a cos. 6 
sin. a sin. ft 



m 



2. To express the cosine of a side of a spherical triangh^ in 
terms of the sines and cosines of the angles. 

Let A, B, C, a, ft, c, be the angles and sides of a spherical 
triangle ; A', B', C'y a\ ft', c', the corresponding qualities in. the 
Polar triangle, 

Then by (a). 
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Again, resuming the expression for cos. A, 

COS. ^c os. c+sin. b sin, c — cos, a 
l-cos.A= ^ sin. & sin. c 

cds. (fe— c)—cos. a 



sin. b sin. c 
a+b — c . «4 -c-— ft 
2 sin. — ^ — sm. — j: 



sin. b sin. c 
2 sin.js — c)sin.(j? — b) 
sin. b sin. c 



C2.> 



Multiplying equations (1) and (2) 

4 si n, s sin. (5 — a)sin.(5 — 6) s\n.(s 
1— COS.' A= — ; sin.' b sin.* c. " 



-c) 



• sin. A~^ . ^. Vsin.s sin. (s— a) sin.(5-i)sin.(5-c)' 
sin.6 sin.c 
IKmilarly, .. , 

. T>__ __?__ x/sin. « sin. (5— a) sin. (?-6) sin. (5^) I . j 
s"i- ^"-sin.a sin.c f v*^ 



. ^ ^ "T/sin. s sin («— a)sin.(5-6)sin.<^c) 

™-^^sin.asin.6 

Now, by equation (1) we have, 

_ 2 sin, s sm.{s — g > 

1+COS. A— -in /> sin.c 



or 



Similarly, 



sin. b sin. c 
A 2 sin. 5 sin. (s — a) 

cos. -g — gjjj^ J gjjJ^C 

A / sin, s sin, (j — g) *^ 
.•. COS. -gV^ gjjj^ J, gjjj^ ^ 

2 ^ sm. a sm. c 1 



COS 



C /sin. s sin. (s — c) 
" ^ sm. a sm. ft ^ 



Next, by equation (2), 

_ 2 sin, (s— ft) sin, (g— jg) 
1— COS. A sin. ft sin. c 
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Or, 



2 sin.* 2-= 
. A 



Similarly, 



2 sin.{s — h)Bm:($-^c) 
sin. b sin. c;; 

. / sin, (g— 6)sin» (g— <^ i 
^ sin. b sin. c 



. B 



-V 



si n. (^ — a)sin.(^ — c) 
sin. a sin. c 



>(y.«> 



. C 7sin. (5>— a)sin. (s— W 

sm.~ = \/ — ^^-; — . \ — - 
2 ^ sin.asin. 6 ■ 

Finally, (Mviding the^xpres ijfiQns (y. 3 by those y. 2), we obtain, 

2 ▼ sm. * sin.(« — a) 



tan 5 ~ /sin. (^— a)sin.(^— c) L .. 



sin. 5 sin.(*— 6) 



tan.— = \ / sin'(^— a)sin.(g— ^) 
'2 • sin. « sin. (s — c) 



4. To express the sine of a side of a spherical triangle in 
terms of the sines and cosines of the angles. 

By (13) we have, 

COS. A+COS.B COS. C 
^^•^= sin. B sin. C 



1+cos. «= 



COS. A+cos. B COS. C+sin. B sin. C 



sin. B sin. C 
COS. A+cos. (B — ^C) 

sin. B sin. C 

A+B— C A+C— B 
2cos. 7i COS. — 



2 (PlaneTrig.Ch.II.) 



Let 

and, 



sin. B sin. C 

» 

lA+B+6 , . B+C— A , „ A+C— B 

• j; » ••• ^ A= » , »'—£=• rr- , 



»'-C= 



A+B— C 
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2 CDS, {s' — G) COS. {a'— B) 
sin. B sin. C 



(1.) 



Resuming e^cpressian for co^. a^ 

Cos. B cos. C — sin. B sin. C+cos. A 



1— COS. a ^ — 



sin. B sin C 
cos. (B+C)+cos. A 
sin. B sin. C 



A+B+C B+C — A 
_ 2 COS. — '-Z cos. r* 



sin. B sin. C 
2 COS. s' COS. (*' — A) 

sin. B sin. C 



(2.) 



Multiplying Equations (1.) and (2.). 

J _^ 4 COS. s' COS. («'— A) COS. { $' — ^B) cos. {s! — C) 

1 — COS. d-'— — - .. g fi • • /-i 

sih.* B sin. C 



sin. a 



sin. B sin. C 
X v/ — COS. s' COS. {s' — A) COS. {sf — B) cos. {s' — C) 



Similarly, 



sin. fc =2 - 



sin. A sin. G 



X >/— COS. s' COS. {s' — A) cos, {$' — B) cos. (s' — G) 

2 



W^.i.) 



sm. c = 



in. A sin. B 



sm 



J 



X \/ — COS. s' COS. {s' — A) COS. {$' — B) cos. («' — C) 

By Equation (1) we have, 

2 COS. { s' — B) COS. {s' — C) 

l+cos. a = „• Tj „• r\ 

sm. r>. sin. vj 

a 2 COS. {s' — B) COS. {$' — C) 
.-. 2 COS.* -^ = sin. B sin. G 

a _ / cos, (s' — B) COS. {s' — G) ^ 
.-. COS. "2 -V sin. B sin. C ^ I 

Similarly, . 

^ _ / cos. {s'—A) COS. {s'—G) ^ (5. 2.) 

2 ^ sin. A sin. C . 

c /5bs. (^— A) COS. {s'— B) 

COS. 2 - V sin. A sin. B 
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/. COS. (y — A) is always positive, and itt like manner, eos. 
{ff — B), COS. (s' — C), are always positive ; hence the above 
expressions are in every case possible. 

5. The sines of the angks of a spherical triangle are to each 
other as sines^ of the two sides opposite to them. 

Taking the expressions (7. I.) and calling the common ra- 
dical quantity N for the sake of brevity : 

sm. A = —. — 7— T — " 
sm. sm. c 

R 2N 

sm. 15 == -r^^— r— 

sm. a sm. c 
Dividing the first of these by the second : 

sin. A sin. a sin. c 



Similarly, 



sin. 


B 




sin. b sin. 


c 


sin. 


A 
C 


£= 


sin. a sin. 


b 


sin. 


sin. c sin. 


b 


sin. 


B 




sin. b sin. 


a 


sin. 


C 




sm. c sm. 


a 



sm. a 
sin. b 



sm. a 
son. c 



sin, b 
sin. c 



M*0 



6* To ea^ess the tangent of the sum and difference of two 
angks of a spherical triangle^ in terms of the sides opposite to 
these angles f and the third angle of the triangle. 

By (a) we have, 

COS. a — COS. b cos. 9 . . 

-------^ (1.) 



COS. A = 
And, 

COS. C = . - 

sm. a sm. b 

.*. COS. c = COS. a COS. h + sin. a sin. h cos. C 



sin. b sin. c 
COS. c — cos. a COS. b 



*-«■ I ' < 



. - • (2.) 

Substituting this value of cos. c in Equation (1.) : 

COS. a '—COS. a cos.* b — cos. i^ sin. a sin. b cos. C 



cos. A = 



•W*a>aiaM>M> 



sin. b sin. c 
_ cos. a (1 — COS.* b) — cos. b sin. a sin. b cos. C 



sin. h sin. c 
cos. a sin. b — cos. b sin. a cos. C 



■I n 1 1 10 1 ■ I 1 ■ « ■ 



810. C 



. . . (3.) 



p 
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In like manner, substituting the value of cos. c in Equation (2), 
in the expression for cos. 6, we shall find, 

_. COS. b sin. a — COS. a sin. * oos.C 

COS. D = i?r^i — - - - (4.) 

sm. c ^ ' 

Adding equations (3) and (4) : 
COS. A + COS. B 
_ sin, a cos. &+sin. b cos.,g~^(sin. a cos, ft+sin. b cos , a) cos. C 

~" sin. c 

sin. (a+b) — sin. (a+b) cos. C 

sin. c . 
sin. (a+b) (1 — COS. C) 



sm. c 



(6.) 



Again, by Equation (s) we have, 

sin. A _ sig: a 

sin. B "" sin. b 

.•. sin. A+sin. B _ sip, g+sin. b 
sin. B ^ sin. * 

.•. sin. A=tsin. B = (sin. a :fc sin. b) . ' - 

^ '' sm. b 

. , 1 . ,x sin. C 
= (sm. a =t sm. ¥) - • • (6.) 

^ ' sm. c ^ ^ 

Dividing Equation (6) by Equation (5), and taking first the 
positive sign : 

sin. A+sin. B ^ sin, a+sin. b sin. C 

cos.A+cos,B ~" sin. (a+6) 1 — cos. C 

^ . A+B A— B ^ . a+b xL — b 
••. 2 sm. — 3— cos. — ^ — 2 sm. cos. — — ^ 

^ A+B A^^ ~ . a+b a+b ^^^' "2" 

2 COS. — 2" ^** "2~~ ^ ^^' Q ^ Qs* ^ ■ 

a — 6 
A+B c^s- -Q^ C 

••• ^^^^ -2- ^ — ^"T* ""'• 2 

COS. -^ 

< 

Again, dividing Equation (6) by Equation (5) and taking 
the negative sign. 

sin. A — sin. B sin, a — sin, b sin. C 

COS. A+cos. B "" sin. (a+b) I — cos. C 
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, A — B A+B 

2 «m. — t: — COS. -~-^ — 



2 COS. 



A — B A+B 



- COS. 



^ . a — b a+b 

2 sm. — COS- ' 

2 2 

^ . a +6 a+6 
2 sm. — ^— COS. — ;r- 



sin> C 
1 — COS. C 



A — B 
^.•. tan. g 



iz 



sin. 



COS. 



-— — cot. — 
a + ft 2 



We have thus obtained the required expression, viz. 



a — b 



tan. 



tan. 



A+B 




COS. 


2 

a + b 




C 








cpt. 




2 


2 






COS. 


2 












« — 6 






A—B 




sm. 


2 




C 




— • 






cot. 




2- 




• 


a + b 




2 



sin« 



Similarly, 



2 

6 — c 



tan. 



B+C 



COS. 



tan. 



B— C 



COS. 



sm. 



— f — cot. ^ 
b + c -^ 

2 

b — c 

^ cot. - 
b+ c 2 



> (?:) 



sm. 2~" 
a — c 



tan. 



A+C 



cos. 



tan. 



A-C 



COS. 



sm. 



~2 B 

— [— cot. -^ 

g + c 2 

2 
a — c 

— r — cot. — 

a + c 2 



sm. 
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We shall thus obtahi another group of formulae analogous 



we snaj 
to the fast 



A— B 



, , COS. — - — f, 

^-J-^' A + B ^^g 

. A-B 

a-b •"°-^- 



tan. 



sin. 



A + B 2 
2 

B — C 






. b+c «^-2 
tan. -2-= — 



a 

-tan.-;r 

B + C 2 



COS. 



. B — C 

tan. = 57 — 7c t^^* H 

2 .B+C 2 



sm. 



a+c 
tan. -^r- = 



COS. 



tan. 



a — c 



COS, 



sm. 



A— C 

— ^ tan. - 

A + C 2 

2 

A — C 

tan.~ 



. A+C 
sin. — r — 



y 



Mr') 



8. To express the cotangent of an angle of a spherical trtaU' 
gle^ in terms of the side opposite one of the other sides and the 
angle contained between these two sides. 



By(«) 

COS. A= 
and, 

COS. C= 



COS. a — COS. b COS. c 
sin. b sjn. c 

COS. c — COS. a COS. h 
sin. a sin. h 



(1) 



r 
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Then by (tj) 

cot. A'=cot. a! sin. V ooeec. C'-^— eos. V cot. C' 
.-. cot. (180^— a)=cot(I80°— A) sin. (180°— B)cosec.(180^-c) 

— COS. (180**-B)cot (180°— c) 
—cot. a= — cot. A sin* B cosec. c-r-cos. B cot. c 
.*. cot. a=cot. A sin. B cogec. c+cos. B cot. c. 

Appl}dng the siame process to each of the expressions in (i))» 
we shall obtain analogous results, and thus have a new set 
of formulae: 



cot. a=cot. A sin, B cosec. c+cos. B cot, c ) "^ 
=cot. A sin. C cosec. 5+cos. C cot. h \ 

cot. ft = cot. B sin. A cosec. c+cos. A cot. c 
=cot. B sin. C cosec. a+cos. C cot. a 

cot. c=cot. C sin. A cosec. J+cos. A cot. ft 
=cot C sin. B cosec. a+cos. B tot. a 



M«) 



iJ 



By'aid of the nine groups of formulae marked, (a), (/3), (y), 
(^» («)» (p» (Dj (*j)» (^)» we shall be enabled to solve all the cases 
of spherical triangles, whether right-angled, or oblique-angled ; 
and we shall, proceed in the next chapter to apply them. 



CHAPTER II. 



oil THE SOLUTION 0^ RIGHT-ANGLED SFHEBICAL TitlANGLBS. 

Spherical triangles, that have one right angle only, are the 
subject of the investigation of this chapter ; those that have 
two or three right Angles are excluded. 

A spherical triangle consists of 6 parti^, the 3 sides and 3 
angles, and any 3 of these being given, the rest may be found. 
In the present case, one of the angles is by supposition a right 
angle ; if any other two parts be given, the other three may 
be determined. Now the combination of 5 quantities takeuy 

5. 4. 3 

3 and 3=e-;r^=10; therefore ten different cases present 

1. <6. O 

themselves in the solution of right-angled triangles. 

The manner in which es^ch case may be solved individual- 
ly! by applying the formulae already deduced^ will be pointed 
out at the conclusion of this chapter ; but we shall in tne first 
place explain two rules, by aid of which the computigt is en- 
abled to solve every case of right-angled triangles. These are 
known by the name of Napier's Rules for Circfdar Parts ; 
and it has been well observed by the late Professor Wood- 
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And Rule II, 

and R. sin. &=cos. (90^ — B) cos. (90^ ^ c) 

ssin. B sin. c -^^^..^^.(4) 

3. Let (90° — c) be the middle part. 

Then (90° — A), and (90° — - B) are adjaoeni parts, 
And b and a are opposite parts. 
Then, 
R sin. (90° — c) =tan, (90°— A) tan. (90^ — B) 

R* COS. c2=cot. A cot. B •-*•..- (5) 
And, 
R. sin. (90° — c)=s:cos. a cos. h, 

R. COS. c=cos. a cos. h .*-(6) 

4. Let (90° — A) be the middle part 
Then (90° — c) and h are adjacent parts. 
And (90° — B) and a are opposite parts. 

Then Rule L 

R. sin. (90°— A) = tan. (90° — c) tan. 6. 

R. cos. A=cot. ctan. h ^-.(7) 

And Rule IL 

R. sin. (90°— A) = cos. (90° — B) cos. a, 

R. COS. A=sin. B cos. a - (S) 

5. Let (90°— B) be the middle part. 

Then (90° — c) and a are the adjacent parts, 
And (90° — A) and b are the opposite parts. 
Then Rule I. 

cos. B=tan.. (90° — c) tan. a, 

=tan. a cot. c ---.---•(9) 
cos. B=cos. (90° — A) cos. i, 

=:sin. A COS. b (10) 

Collecting the above results, and making R=I, we shall have 
sin. a=cot. B tan. ft - - (1) 

sin. a=sin. A sin. c •...-(2) 

sin. &=cot. A tan. a (3) 

sin. ft = sin. B sin. c (4) 

COS. c= cot. A cot. B - - (5) 

COS. c= cos. a COS. ft - -. (6) 

cos. A=tan. ft cot. c (7) 

COS. A=sin. B cos. a - - - (8) 

COS. B=tan. a cot. c ---.----- (9) 

COS. B= sin. A COS. ft (10) 
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It now remaiDs for us to show that these conclusioas are 
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Again by (a.) cob. B 

. COS. fe — COS, a COS. c , . ^ . , ^ 

= : : substitute for COS. c its value from (6) 

sin. a sin. c ^ ^ 

COS. h — COS. b COS.* u 

sin. a sin. c 

COS, h sin. « , . ^ . ^ , ^ 

- substitilte fot sm. c» its value from (4.) 



sm. c 
COS. b sin. a 



«= sin. b 
sin. B 
Sin. a=cot. B tan. 6, which is formula (L) 

Again, cos. B 

cos. h — COS. a COS. c 

= '^ ' »:^ ^ ' substitute for cos. 6, its value in (6.) 

sin. a sm. c » \ / 

COS. c 



- COS. 6( 



— COS. a COS. c 



sm. a sm. c 
COS. c sin. a 



sm. c COS. a 
=tan. a cot. c, which is formula (9.) 

Next by (jS.) 

__cos. A+cos. B cos. C 

COS. O— — • T* • /^ 

sm. B sm. O 
But C=90^ .-. COS. C=0, and sin. C=l. 
__cos. A 

• . cos* (Z'~— • Tn 

Sin. B 
.'. COS. A=sin. B cos. a, which is formula (8.) 

n 

Again, 

, COS. B+cos. A cos. C - , ^ ^'^ 

cos. 6= : — I — : — pj and when C=90% 

sm. A sm. O 

_^cos. B 

""sin. A 
.-. COS. B=sin. A cos. 6, which is formula (10.) 

Lastly, 

COS. C+cos. A COS. B , * ,. . 

cos. c= : — 7 — : — 5 oud m this case, 

sm* A. fl!»n* B 
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R COS. c =cot. A cot. B .•. cot A=R tan. B cos. c - (17) 
R sin. h =:siii. B sin. c .-.««.... (is) 

7. Given A, h^ required B, c, a. 

R cos. A=cot c tan. h .•. cot c=R cos. A cot h - (19) 
R sin. h =cot A tan. a .•. tan. a=R tan. A sin. I - (20) 
R COS. B= sin. A COS. J --- (21) 

8. Given B, a, required A, c, h 

R-cos. B=cot c tan. a .*. cot c=R cos. B cot a - (22) 
R sin. a =cot. B tan. b .*. tan. 3=R tan. B sin. a - (23) 
Rcos.A=:sin. Bcos. a .«-••.... (24) 

9. Given A, a, -required B, 6, c. 

R COS. A=sin. B cos. a .•. sin. B=R — '- — - - (25) 

COS. a ^ ^ 

_ • 

R sin. a =sin. A sin. c .•. sin. c =R . ' . . <• - (26) 

sm. A. 

R sin. 6 = cot A tan. a (27) 



A 



10. Given B, h, required A, a, c. 

R cos. B=sin. A cos, b ••. sin. AssR — '—: - - - (28) 

COS. b ^ ' 

R sin. b =sin. B sin. c .•. sin. c =R . 'p - - - (29) 

^in.Jt> 

R sin. a =cQt B tan. 6 . - -(30) 



CHAPTER in. 

ON THE SOLUTION OF OBLI€tUE-ANGLBD SPHSRICAL TRIANGLES. 

The different cases which present themselves are contained 
in the following enumerations. 

1. When two sides and the included angle are given. 

2. When two angles and the side between them are given. 

3. When two sides and the angle opposite to one of them 
are given. 

4. When two angles and the side opposite to one of them 
are given. 

5. When three sides are given. 

6. When three angles are given. ^ 
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Let -^=«' 

' 2 ^ 

a and i being known, C may be obtained by (e.) 

8in> C _ sin. c 

^^^ sin A "" 3in. a 

sin. C=sin. A -7--- 

sin. a 

And, in like manner, if any two other angles and the in- 
eluded side are given, the remaining parts may be determined. 

III. When two rides and the angle of^site to one of them 

The angle opposite to the other side may Ve found from 

formula (e.) , * . . ^ t» n • j 

Thus, let a, h A be giveA, B, C, c, required. 

sin. B __ sin, b 

sin. A sin, a ^ 

. sin. b 

An. B=sm. A . 
* ' sm. a 

The angle B being determined, the remaining angle C will 
be found from ((r.) ' ' 

^^g^eos.-^ 
For tan. —^ ~^ cot. — 

GOS. ■ ^ ■. 

r a+h 

C «^--2~^ A+B 

COS.- ■ 

The angle C being determined, the remaining side c will be 

found from («.) . 

sin. c sin. U 

^^^'^ sin. a '^ sin. A 

sin. C 
sin. c=sin. a ^-j^ 

or c may be found from i^'.) , 

And, in like manner, if any other two sides and the angle 
opposite to one of them be given, the remainiog parts may be 
determined. 
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IV. When two angles and the fide opposite to one of them 
•re given. 
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CHAPTER IV. 

OH THE USE OF.SUBSmiAET AXGLSSL 

We have already explained in plane Trigonometry, the 
meaning of Subsidiary Angles, and the purpose for which they 
are introduced ; we shall now proceed to point oat under what 
circumstances they may be employed with advantage, in 
S{Aerical Trigonometry. 

In the solution of case I., where two sides and the included 
angle were given, we first determined the two remaining an- 
gles, and having found these, we were enabled to find the side 
also. It frequently happens, however, that the side alone is 
the object of our investigations, and it is therefore convenient 
to have a method of determining it, independently of the angle. 

Thus, for example, let ft, c, A be given, and let it be required 
to determine a, independently of the angles B, c. 

By (a,) we have 

cos. a— COS. b COS. c 

COS. A= " — r — r- 

sm. o sm. c 

Whence cos. a =cos. A sin. h sin. c+cos. h cos. c. 
From which equation a is determined, but the expression is 
not in a form adapted to the logarithmic computation ; we 
can, however, efiect the necessary transformation by the intro- 
duction of a subsidiary angle. 

Add and subtract sin. b sin. c on the right hand side of the 
equation. 
Then cos. a 

=cos. A sin. h sin. c+cos. b cos. c+sin. b sin. c — sin. b sin. c 
=cos. b C09. c+sin. b sin. c+sin. b sin. c cos. A— sin. b »n. c 
=cos. (b — c) — sin. b sin. c vers. A 
1 — cos. a=l — cos. {b — c)+5in. b sin. c vers. A 
vers. a=vers. {b — c)+8in. b sin. c vers. A 

X ( , . sin. b sin. c vers. A 

=vers. (6 — c) i H jr r — 

^ i vers, (b — c) 

. ^ sin. b sin. c vers. A 

Let tan.* ^= —77 — ^ 

vers, (b—c) 

.•. vers. a= vers, (ft— c) { 1 +tan.' ^ 

=vers. (6— c) sec* 6 

from which a may be determmed by the tables, 4 being knovm 

from the equation 

, ^ sin. b sin. c vers. A 

tan." ^= 7T — V 

vers. (0— c) 
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, tan.^=cos. &tan. A. 

To find Cf we have from (a.) 

COS. a— COS. b COS. c 

COS. A= : — r — ' 

sin. sm. c 

sin. c sin. b cos. A=cos. a. — cos. b cos. c 

sm. c tan. b cos. A=- 7 —cos. c 

cos. b 

sm. c tan, 6 cos. A= r — cos. c 

COS. b 

Let tan. 6 cos. A=tan. a= *'"' ^ 



COS. d 



sin. ^ . _^^ ^ COS. a 
sm. c +COS. c=* 



COS. 6 COS. 6 

^^-. /- A\ COS. a COS. ^ 
COS. (c — d)= 

COS. b 

whence c may be found, ^ being previously determined from 
the equation 

tan. ^=tan. b cos. A. 

In like manner, in case IV, when two angles and the side 
opposite to one of them were given, we first determined 
the side opposite to the other angle, then the remaining side 
and the remaining angle in succession. Now, let A, B, a, be 
given, and let it be required to determine c and C, independ- 
ently of 6 and of each other, and under a form adapted to lp« 
garithmic computations. If we take the formula (d.) 

cot a=cot. A sin. B cosec. c+ cos. B cot c 
or cot a sin. c=cot A sin. B+cos. B cos. c 
or sin. c=cot A sin. B tan. a+cos. B cos. c tan. a 

.% sin. c — COS. c cos. B tan. a=cot. A sin. B tan. a. 

Let COS. B tan. a=tan. a=fl!?ii 

cos. 6 

sin. d X A • Ti X 

sm. c— — : — COS. c=cot. A sm. B tan. a 

COS. 

sin. (c — ^)=cot A sin« B tan. a cos. 6 

. A • -D 4 sin- ^ 

=cot A sm. B tan. a 



COS. B tan. a 
=cot A tan. B sin. ^ 
whence c may be determined, ^ being previously known from 
equation tan. 6= cos. B tan. a. 
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ON THE GEOMETRICAL GONOTEUCfnOR OF ALGEBRAICAL aUANTlllBB. 

As lines, surfaces, and solids are quantities which admit of 
increase and decrease, like other quantities, they may, like 
others, be made the subjects of algebraical operations, either 
by their numerical representatives, or by symbols expressing 
such quantities. It is only necessaryfor this purpose, that their 
representatives should possess values in relation to each other 
corresponding to the magnitudes of the quantities which they 
represent ; and that those values should be expressed accord- 
ing to the properties or relations of the lines, surfaces, or 
solids, to each otherj; subject to geometrical construction and 
algebraical notation. 

We are enabled, also, to express by lines, ^surfaces, and so- 
lids, the solutions furnished by Algebra. This is founded on 
the known properties of geometrical figures, corresponding to 
similar properties of the quantities algebraically expressed. 
In this view of the subject, all quantities under algebraic ex- 
pressions, may be conceived to be susceptible of some kind of 
geometrical construction. 

2. We will proceed to explain the manner of constructing 
those expressions, and representing, under a geometrical form, 
the conditions of an equation. This is called constructing the 
algebraic quantities. 

Ex. 1. Let it be proposed to construct such a quantity as 

•he Moving: ^ .he value of the ,e.U„c«.po.i.g.he,>„. 

tity being known. 

From any point A draw two indefinite lines 
AM, AN, making any anele with each other ; 
upon one of these lines AM take AB=c, and 
AD=a; then Upon the line AN take AC=6. 
Having drawn the line BC,draw also DE par- 
allel to BC, this will determine AE as the va- 
lue of . For the parallels DE, BC, give this 

proportion AB : AD : : AC : AE, (Prop. XIV. 
Cor. 2 B. IV. EL Geom.) or c: a::b: AE. 




APPLICATION, ETC. 



160 APPLICATION OP 

Thus the nrhole art consists in decomposing the quantity 
into portions, each of which retains the form — - or — ; and 

although this process may appear sometimes difficult, yet we 
may easily arrive at the object proposed by employing trans- 
formations. 

7th. If, for example, , . ^ is to be constructed, we may take 

a*+b* a*+a*m 

V=za?mf and c*=aw ; then, , , , becomes —i-\ — which may 

c^+am (a+fn)a , 

be reduced to — \ — or -. — » a quantity easy to be con- 

a-vii a-f-n ^ ^ ^ 

stnlcted after what has been said, when m and n are known. 
Now to determine m and n, the equations h^^c^m^ (?^an^ 

give, m^—^ and n=: — which may be constructed by the 

methods already explained. 

Thus, while the quantity is rational, that is, without radical 
expressions, if the dimensions of the numerator do not exceed 
those of the denominator except by unity, we may always re- 
duce the construction to the finding of a fourth proportional to 
three given lines. 

It sometimes happens, that quantities present themselves 

under a form, that renders recourse to transformations of no 

use ; this is when the quantity is not homogeneous^ that is, when 

each of the terms of the numerator and denominator is not 

composed of the same number of factors ; when the quantity, 

a* + 6 
for example, is such as , , , . 

But it should be observed, that we never arrive at a result 

of this kind, except when, in the course of an investigation, 

we suppose, with a view of simplifying the calculation, some 

one of the quantities equal to unity. If, for example, in 

a* + V c a* + c 

a ,, we suppose h equal to 1, we shall have , ^ But, 

as we never undertake to construct a quantity without know- 
ing the elements which we are to use for this construction, we 
always know in each case what is the quantity which is sup- 
posed equal to unity. We can always therefore restore it, 
and the above difficulty cannot occur ; because, as the number 
of dimensions must be the same in each term of the numera- 
tor, and also of the denominator, although the number of terms 
may be different in the one from what it is in the other, we 
restore in each term a power of the line, which is taken for 
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unity, Bufficiently raised to coin|dete the numbar of dimen- 



162 APRLICATION OF 

a nmilar comtroction by making bc^atn, and d*^ an; for 

.„ " , a* + amc+and /a^ + mc + ndX 

It will then become — — ; or a I i 

a + c \ a + c J 

cz* «L- m ^ -J- ^ ^ 

Now the factor -j- refers itself to the preceding 

consrtruetions, as also the values of m, n. Having found the 

value of this factor, if we represent it by />, we have only to 

construct ay.p^ that is, to make a rhomboid whose altitude is 

a and base p. 

4» Lastly, if the dimensions of the numerator exceed the 

dimensions of the denominator by three, the quantity expresses 

a sohd, the construction of which may always be reduced to 

a parallelopiped. If, for example, we were to construct 

c^h + (fb* . , 

, we might consider this quantity as the same as 

a* + ah ,, . ,«' + a^. , 

ahX -^-"j — ; and, having constructed ;: — in the man- 

a +c ^ a+c 

ner already explained, if we represent hy m, the line given by 

this construction, the ^luestion will be reduced to this, namely^ 

to construct ab Xm. Now a b represents, as we have seen, 

a rhomboid ; if, therefore, we conceive a parallelopiped, having 

for its base this rhomboid, and for its altitude the line m, the 

solidity of this parallelopiped will represent a ft X m, that is, 

a*ft + a»6» 

a + c 

5. What has been said will suffice for constructing any 
rational quantity ; we proceed now to rational quantities of the 
second degree. 

1st. In order to construct ^a ft, let us draw 
an indefinite line AB, upoif which we may take 
the part CA, equal to a, and the part BC, equal 
to ft ; upon the whole AB as a diameter, describe 
a semicircle, cutting in D, the perpendicular CD, 
raised upon AB at the point C ; then CD will be the value of 
'^ab ; ^^^^ i*» ^^^ value of -/^ is obtained by finding a mean 
proportional between the two quantities represented by a, ft. 
Indeed, we have 

AC:CD::CD:CB, 
or a :CD: :CD:ft; 

whence CD* =aft, or CD =\/aft 

2nd. If we were to co nstruct v^ 3 oft + ft', or which is the 
same thing, >/(3 a + ft) ft, we should find a mean proportional 
between 3 a + ft and ft. 
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%i. Iq like manner, if the quantit y to be coattructed were 

we might consider this the same as V{a +h) (a — b)\ and then 
find a mean proportional between a + h and a — 6. If the 

quantit y were v< g* + h c» and we make fc = a»i, then we shill . 

have \/a* + um^ or V(^ + «) «» which is constructed by find- 
ing a mean proportional between a + m and a after having 

he 
constructed the value of m = — by the rules already given. 

^4ih. To construct v^«* + b\ w e can in like manner make 

V = am, and construct Va* + om^ in the manner just explained. 
But the property of a right angled triangle furnishes a more 
simple construction. If we oraw the fine AB, c 
equal to a, and at its extremity A erect a perpen- 
dicular AC, equal to ft, joining BC, we shall have 
EC* = AB* + AC = (i» + fc», and, consequently, 




BC = v^a* + V. 
5th. We can also, by means of a right angled 

triangle, construct v^a^ — 6' in a manner different 

from that above given ; draw a line, AB, equal C/'*'''**"^ 

to a, ^nd having described upon AB, as a diam- /i**"^v,,^J\ 

eter, the semicircle ACQ, draw from the point A 111 --^--^3 

a chord AC, equal to b ; then, if we d raw BC, ^ ^ 

this line will be the value of -/a* — h* ; for the triangle ABC 
being right angled, we shall have AB' = AC» + BC" ; con- 
sequendy, BC = AB' — AC = a' — «»; therefore BC = 

Va* - b\ 



6tb* Henoe, also, y/a* + be admits of a diflferent construc- 
tion from the above. Make be = fn% and construct Va* + m', 
as just shown, first finding for m a mean proportional between 
b and c, as indicated by the equation be = m*, which gives 

7th. If there are more than two terms under the radical 
sign, the construction is to be reduced to one of the preceding 
methods by mesms of transformations. If, for example, we 

have V a* -I- 6c + €/ w e may make be =a awt, ef ^an^ and we 
have Va* + am 4- an, or -/(a + m + n) a, which may be 
constructed by finding a mean proportional between a and 
a '¥ m '\' n^ after having constructed the values of m and », 

namely, m^ —^n^^ -^^ We might, moreover, nuJoe 

be = m', c/= »*, 
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and then we shodd have to construct \^a« + wi« + n*. Mbw, 
when there are s everal positive squares contained under the 

radical sign, as -/a* +iw* + n^ +p* + 4^ we may make 

VA« +n* =i I, ^^^* +/>* = *, and so on ; and, asi each of the 
quantities i s determined by the preceding, the last will give the 

value of v^a* +m^ +n*+p* + 4^- In order to construct these 
quantities in the most simple manner, each hypothenuse is to 
be regarded successively as a side ; having, for example, taken 
AB = a, and raised the perpendicular AC 
= c, we may join BC, which will be A ; 
then at the point C if we raise upon BC the 

ejrpendicular CD = n ; and having drawn 
D, which will be i, at the extremity D, 
we may raise upon BD the perpendicular 
DE = Pr and BE will be A, and equal to 

■—■ ni I ■ I ■III -■- I ■ —~^ 

If some of the squares are negative, we 
may combine the met hod ju st given with 

that for constructing v'a' — b' 
8th. Lastly, if the quantity to be constructed be of this form 

v^b + c 

Vd + e 

multiplying by >/d+7, will change it into a ^(^+^)(^ + ^)? 

a + e 

then, by finding a mean proportional between b + c and d + e^ 

atn 
and calling it m, we have , , , which is easily constructed. 

The construction often becomes much more simple by set- 
ling out always from the same principles ; but these simplifi- 
cations are derived from certain considerations which are pe- 
culiar to each question, and consequently can be made known 
only as the occasion presents itself. We will merely remark, 
in concluding, that although the construction of the radical 
quantities, which we have been considering, reduces itself to 
finding fourth proportionals, mean proportionals, and con- 
structing right-angled triangles, still we can arrive at con- 
structions more or less simple or elegant by the method em- 
ployed for finding these mean proportionals ; we shall now, 
therefore, introduce two other methods of finding a mean pro- 
portional between two given lines. 

The first consists in describing upon the greater AB (see 
3d diagram to Art 5) of two ^iven lines a semicircle ACB, 
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andiiiavingtaken a part AD equal to the less, raising a per*- 
pendicular jpC and drawing the chord AC, which will be a 
mean proportional between AB and AD ; for, by drawing CB, 
the triangle ACB is right angled, (Prop. XIX, Cor. 2, B: III 
EL Geom.) and consequently AC is a mean proportional be- 
tween the hypothenuse AB and the segment AD. (Prop. XVH, 
Car. 6, B. I V, EL Geom.) 

The second method consists in draw- 
ing a line AB, equal to the greater given 
line, and' having taken a part AC equal 
to the less, describing upon the remain- j^ 
det BC a semicircle CDB, to which if 
we draw the tangent AD ; this tangent is a mean proportional 
between AB and AC. (Prop. XXVII, B. IV, EL Geom.) 

It is evident, therefore, that rational quantities may always 
be constructed by means of straight lines, and radical quanti- 
ties of the second degree may be constructed by means of the 
circle and straight line united. 

As to radical quantities of higher degrees, their construc- 
tion depends upon the combination of different curved lines. 

We will now proceed to the consideration of questions, the 
solution of which depends either upon rational quantities or 
radical quantities of the second degree. 

Geometrical questions^ and modes of forming equations there* 
from, and their solutions. 

6. The precepts usually given in algebra for putting questions 
into equations, are equaJly applicable to questions in geometry. 
Here, also, the thing sought is to be represented by some sym- 
bol ; and the equation is to be constructed in such nianner, as 
to express the relations of the quantity represented by such 
symbol, in quantities that are known, or in those whose values 
are attainable ; and the reasoning is to be conducted by the 
aid of this symbol, and of those which represent the other 
quantities, algebraically, as if the whole were known, and we 
were proceeding to verify it ; this method of proceeding is 
called analysis. 

Although in expressing geometrical questions by algebraic 
equations, we have more resources and more facilities accord- 
ing as we are acquainted with a greater number of the pro- 
perties of lines, surfaces, &c*, still, as algebra itself furnishes 
the means of discovering these properties, the number of pro- 
positions really necessary is very limited. The two proposi- 
tions xYisX similar triangles have their homologous sides propor- 
tional; and, that, in a right anghd triangle the square of the 

16 
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hypothenuse is equivalent to the sum of the squares of the twc 
other sides, are the fundamental proposMons and the basia of 
the application of algebra to geometry. t 

Bjut there are many ways of making u^e of these propose 
tions, according to the nature of the question, and there is al- 
• ways a discretion to be exercised in the choice of the meansr^ 
and manner of applying them ; and this diseertion can only 
be acquired by practice. 

When a geometrical qviestion is to be resolved algebraically, 
it will be necessary to construct a %ure that shaU repres^t 
the several parts or conditions of the problem under conside^Sh 
tion, and, if possible, get such expressions for the unknown 
quantities in terms of those that are known, as may easily b^ 
determined, according to the known properties of the figure. 
But if it )so happens, thatthe required quantity can have no ex- 
pression which will render it available under the present eon* 
fitruction^ we may, frequently, by drawing lines having certain 
relations to the known parts of the figure and also to the un* 
Jcnown, so connect the known to those U^at are required, afe to 
• get available expressions for their values. Having proposed 
a figure as above, we may, by means of the proper geometri- 
cal theorems, proceed to make out as many independent equa- 
tions as there are unknown quantities ; and the resolutions of 
these will give the solution. 

PROBLEM I. 

The base BC, and the sum of the hypothenuse AB and perpen- 
dicular AC, of a i^ht angled triangle being given, to determine 
the triangle. 

Let BC = ft, and AC = x, and if AB + AC 
be represented by 5, then will the hypothenuse 
AB be represented by 5 — or. 

Therefore, by the properties of the right angled 
triangle (Prop. XXIV, B. IV, EL Geom^ we have 

AC" + BC' = AB' 
Or, a?' + ft' = s»— 2 sx + x\ 

omitting 2;' which is common to both sides of the equation, 
and transposing the other numbers we bave» 

Or, ar = j'—ft* 

2s 

which is the value of the perpendicular AC ; where i and i 

may be any numbers whatever, provided s be greater than ft. 
(Prop. X, B. II, El. Geom.) 
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Let us therefore designate the known altitude EP by a, 
the known base HI by 6, and the unknown line, GF by x ; 
then will EG = a — x. 

Since AB is parallel to HI, we shall have 
EF : EG : : FI : GB : : EI : EB : : HI : AB 
consequently, EF : EG : : HI : AB 

Or, a : a — x : : b : AB, 

whence AB = 

a 

But, AB = GF = a?, 

therefore, = x 

a 

and ah — hx ^=^ ax 

Or, ah ^ ax + hx ^ {a + h) a?, 

. a + h 

nence, x = — r~- 

ab 

In order to construct this quantity, it is necessary to find a 
fourth proportional to a+h^ 6, and a (Art 2,) which may be 
done as follows : 

From F to O apply a line PO = a+h, that is, = EF + HI, 
and join EO ; then, having taken FM = HI = ft, draw MG 
parallel to EO, which, by its meeting with EF, gives the de- 
termination of GF, or the value of x ; for the similar triangles 
EFO, GFM, give FO : FM : : FE : FG 

or, a + ft : ft : : a : FG 

therefore, .FG = — r-z 

PROBLEM III. 

CUven the base BC, and the angks B and C of the triangle 
ABC, to determine the altitiide AD. 

(Angles are made to enter into an algebraic expression by 
the aid of lines employed in trigonometry, viz, sines, tangents, 
&c. Thus when it is said that an angle is given, it may be 
understood that the value of its sine or tangent is mven.) 

If we designate BC by a, and AB by y, we shall have CD : 
AD : : radius : tan. ACI), (Trigonometry) or if we desifi^nate 
the radius by r, and the tangent of the angle C by ^, we have, 

CD \y writ 
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Let BD = y, CD = x, BC =^ a, AB = h, AC = c, then AD 
or AC — CD = c — a:. 
Hence, we have 

a:* + y* =2 a', and c* — 2 or + a:* + y* sa y 
Let the second equation be sub- 
tracted from the first, and we have 

2 ex — c* = a" — h*; 
whence, we have 

which may be resolved into 

« = i ^ — + |c 

By reference to article 2 it will be perceived that to obtain 
the value of a?, we have to find a fourth proportional to c, a+h 
and a — 6, to take one half of this and add it to |c, or one half 
flie side AC. 
SchoKum. 

Several important conclusions may be drawn from this 
isolution, some of which we will notice ; showing at once, 
difierent modes of putting geometrical questions into equations, 
and how, by varying the propositions of these equations, new 
propositions may be discovered. 

1st. The equation 2 ca; — c* = a^ — h^ is resolveable into 
c (2x'^c) =z (a + b) {a — ft). 

Now since the product of the first two factors is equal to the 
product of the last two, we may consider the first two as the 
extremes, and the last two as the means of a proportion ; hence 

we have 

c : a + b ; : a-'b : 2x — c, or a: — (c — «); 

or, AC:BC + AB::BC — AB:CD — AD 

2nd. If from the point C as a centre, and with a radius BC* 
we describe the arc BO, and draw the chord BO we have 

BD^ + DO* = B0« ; 
now DO = CO — CD = BC — CD ==«—*, 

therefore BO* = y^ + a* — 2ax + x^ ; 

but we have found above y* + «* = a* ; 

consequently BO* ^ 2 a^ — 2 aa? = 2 a (a — x). 

a^ — fta + c* 
Putting for x its value ^ , 

since 2 ac — a* — c* = — (a* — 2 ac + c*) = — (c — a)*, 
we shall have 

/ ,^*-a*— .6*\ ^ /2flc— .a'— c* 4-6',V 
B0*=2a(a+ ^-— j=.2a( ^ ) 
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^■/ (g + c + b) (a-+ c — 1> \ ( b + c— g) jb—c + g) \ 

consequently, 

4cay« = (a + c + 6) (a + c — fc),(6 + c — a) (6— c + a) • 

= (a + 6 + c) (a + 6 +c— 26) (a+6+c — 2a (a+6+c — 2c) i 

ar, designating the sum of the three sides a + h + c hy 2 s^ 

4 <J»y«=2 s {2 s - 2 6) (2 s — 2 a) (2 s — 2 c) 

= 16 « {s — b) (5 — c) (5 — a), 

or, dividing by 16 and taking the square root, 

cy 

"2" = V^ « {8 — b) {s — c) « — a) 

But —-, or is the surface of -the triangle ABC. 

Hence, to find the surface of a triangle by means of the three 
sidesy we mtist subtract each side successively from the half sum^ 
multiply the half stim and the three remainders continuajjj/ to- 
gether ^ and take the square rxH>t of this product; which agrees 
with Prop. XL, B. IV, EI. Geom. 

4th. The equations 2cx — c* = a* — 6* may be resolved 
as follows, 

ft« :=z a* +(^ — 2 ex 
but if the perpendicular fall without the tri- ^ 
angle as in the present diagram, AD will 
then be c + ar instead of c — x, hence, desig- 
nating the sides as before, we have y* + x^ 
= a*, and y* + c* + 2 ca:+«*=^*, the first 
subtracted from the second gives c' +2 ex 
= fta — aa^ or c (c + 2a?) = (6 + a) (6 — a) ; 
whence, c :b + a:ib — a : c + 2x 

Now, c+2a;, ora7 + c + a? = CD + AD ; 
consequently, AC : AB + BC : : AB — BC : CD + AD 
6th. The same equation c« + 2 ca? = 6* — a", may also be 
put under the following form 

Ja = a* + c" + 2 ex, which answers to the last figure, 
comparing this with the equation, 

b^ = a' + 'c — 2 CO?, which answers to the former fig- 
ure, we observe that i^the square of the side AB opposite to 
the acute an^le C, is less than the sum of the squares of the 
other two sides a* +<f by 2 ex ; on the contrary, the square 
of the side AB opposite the obtuse angle, (see last figure,) is 
equal to a' + ^^ + 2 ex, that is, greater than the sum of the 
squares of the other two sides, by 2cx, which agrees with 
propositions XXVI and XXVII, B. IV, El. Geom ; by these 
propositions we may determine when the angles of a triangle 
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are to l)e calculated by means of the sides, vrhether the angle 
sought, be acute, or obtuse. 

6th. The two equations b' ^ a^ + c* — 2 ex 
and b^ = a^ + c^ +2 ex 

confirms the theory of positive and negative quantities, for it 
is plain that the segment CD takes different directions, accord- 
ing as the perpendicuIar'BD falls within the triangle or with- 
out it. In these two equations the term 2 ex has, m fact, con- 
trary signs. Hence, whatever result w^ obtain with regard 
to one of these triangles, we obtain that which belongs to the 
analogous case of tSe other by vmerely -changing its^sign of 
that p$rt which takes a different direction on the.same line. 

Now, since in the above theorem, respecting the surface of 
ft triangle the segment CD does not come into consideration ; 
. therefore, the proposition is. equally applicable 4,0 all kinds of 
plane triangloiS. 

PXOBLEM. V. 

Having the lengths of the three petpendicularSf EF, EI, EH, 
drawn from a eertain point E, within an equilateral <rtan- 
gle ABCf to its three isideSf to determine tie sides. 

Draw the perpendicular AD, and having «. 

joined EA, EB, and EC, put EF=;a EI=^ 
JBH=c, and BD (which k iBC>=ar. 

Then, since AB,*BC, or CA, are each=2x, 
we shall have, Prop. XXIV.^B. IV. El. Geom. 

AD= •(AB*— BD')== v^(4a:' — »')= v«3«* 

And because the area of any plane triangle ^ ^^ 
is equal to half the rectangle of its base, and perpendicular, it 
follows that * 

iriangle ABC==|BCxAD=a;Xa?\/8=aj"x/3, 
BEC=iBCxEF=a?Xa =aa?, 
AEC=JACxEI=a?x6 =te, 
AEB=iABxEH=a:Xc =cx. 
But the last three triangles BEC, AEC, AEB, are together, 
equal to the whole triangle ABC, whence 

X* y/S=ax+bx+ex, 
And, consequently, if each side of this equation be divided 
by Xf we shall have 

Xy/B=a+b+Cf or 
a+b+c 
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■ 

Whiclj is therefore, half the length of either of the three 
equal sides of the triangle. 

<Cor. Since, from what is above shown, AD isi=a?v^3, it fed- 
lows, that the sum of all the perpendiculars, drawn ifrom any 
point in an equilateral triangle to each of the sides, is equal to 
>the whole perpendicular of the triangle* 

"^BOBLEM^^^. \ 

jpVom a given point k^mthout a circle BDC, to dronjo a $traigJa 
line AE in such a m<mner that ike part J|)E, tnlercepfetf in 
4he ^ircle,.shaU he eqaal to a given. Hne» 

Since the circle BDEC 
is given, its diameter is 
^supposed to be known ; 
and, since the point A is ^j 
given, we draw through 
tne centred) the straight 
line AOC, the line ABis ^^ 
to be considered as known, and consequently the line AC. In 
order to know how the line AE is to be drawn, we Jhave only 
to determine what cKight to be the magnitude of AD, that, 
when produced, the part DE should be equal to the givean line. 
We will designate AD by a:, AB by a, AC by 6, and the given 
line, to which DE is to be made equal, by c. 

Since the figure BDEC is a cird[e,4he secants AC, AE, 
must be reciprocally proportional to the parts tvilhout the cir- 
'''de * th^t is 

AC : AE : : AD : AB (Prop. XXXVL B- IV. 
EL €feom,^f or b : x+c : : x : a^f 
wlience .a^ r\- ex ^=^ ^ 6, 

an equation of the second degree, which , being resolved, gives 

vof which the first value only, — ^c+v^jc'+aft, satisfies the 
question under ccHisideration. 

In order to finish the soluticm, it is necessary to construct 
this quantity, which can be done without employing the trans- 
formations made known,. airt. 2. 'For this purpose, ^we draw 
from the point A the tangent AT, which, being a mean pro- 
portional between AB and AC, gives AT'=a6 ; the value of 
X therefore becomes 

x=-Jc+^/i?+AT^ 
The .radius TO being drawn, becomes a perpendicular at AT; 
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if then W6 take TI equal ta i c, by dfawing AI, we shall have 
AI= v'j c'+AT* ; therefore, in order to obtain x, we have 
only to apply TI from I to R, and to describe firom the point 
A, as a centre, and with the radius AR, the arc RD, which 

will determine D, the point sought ; f or 

AD, or AR=AI — IR=AI — TI^N^i c»+AT»-^ c=r.x 

In order now to know what the second value ofx signifies, 
namely, . 

it must be observed that, as it is wholly negative, it can only 
fall in the direction opposite to that toward which AD tends. 
Let us see, then, if there be a question depending upon the 
same quantities and the same reasoning, which fulfils this con- 
dition. If now we suppose a and ^negative, the equation 
3f+cx=ahf undergoes no change; since, therefore, when the 
circle BDEC becomes B'D'E'C', situated toward the left in 
the same manner that BDEC is toward the right, it follows 
that the solution of this case is cont ained in t he same equation; 

the second value of a:, or — ii c—V^ c^ + «6, belongs to the 
same case, and satisfies the same conditions ; if, therefore, in 
the preceding construction, we apply IT from I to R' on AI 
produced,, and from the point A, as a centre, and with a ra- 
dius equal to AR', we describe at arc cutting the circumfer- 
ence B'D'E'C in E\ the point E' wilt be such that the part 
intercepted, £'D', will be equal to c. Indeed, ' 

AE'=:AR'=AI+IR'=\/i c'+AT'+i c, 
that is, AE' is equal to the second value of or, the signs bemg 
changed. Now, since we apply this quantity in a dtrection 
opposite to that in which x ext^ids, it follows that AE' is in 
reality the secotid value of sk;. 

Hence, as the two circles are equal and situated in the samft 
manner, the two solutions may both belong to the same circle, 
so that if we describe from the point A, as a centre, and with 
a radius AR', the arc R'E, the line AE will also resolve tho 
question ; indeed, it is evident that the point E, determined in 
this manner^ is in the line AD, (obtained by the first construc- 
tion,) produced. But of the two solutions, furnished by al^e* 
bra, the first falls on the right of the point A, and appertams 
to the point D of the convex circumference, while the second 
falls on the left, and appertains to the point E' of the concave 
part of the circumference. 
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PROBLEM YII. 

t 

Ijet it he required to find the direction of a given line AB from 
a point C, ^uch, that its distance from the point A, shall be a 
mean proportional between its distance from the point B and 
the whole line* 

Let the given line AB be 
designated by a, and the dis- 
tance AC required by x; 
then BC will be a—x ; and, 

3ince the proportion required ^ 

is AB : AC : : AC : CB, 

or a I X :i X : a— a:^ 

we shall have 

a:*=a* — or, or a:*+aa?=<i*, 
an equation of the second degree, whi ch, be ing resolved, gives 

x^—\a±iy/Y^^+a* 
In order to construct the first value of Xy we must, accord- 
ing to what has been said, (Art. 5,) raise the point B the per- 
pendicular BD=7 a ; and, having drawn AD, we shall have 

AD= \/BDM-"AB'= v^r^H-a^ 
we have then only to subtract from this line the quantity \ a, 
which is do ne by applying BD from D to O ; then we shall 

have AO=^^J a'+o*— J a, that is, it will be equal to x. We 
then apply AO from A to C toward B, and C will be the point 
nought 
As to the second value of x, na mely, 

, x= — i a— V^ a' +a\ * 

if we apply BD from D to C on At) produced, then we shall 

have 

A0'= J a+ \/j a*+a» ; 
and, as the value of x is this quantity taken negatively, we ap- 
ply AO' from A to C on AB produced in a direction opposite 
to that toward which x is supposed in the solution to extend ; 
and we shall have a second point C', which will also be such, 
that its distance from the point A, will be a mean proportional 
between its distance from the point Band the whole line AB. 

Scholium. 1. We may observe that this question contains 
that of dividing a line in extreme and mean ratio ; also the 
construction which we have obtained, is the same as that 
given in the Elements of Geometry, (Prop. IV. B. IV.) But 
it will be perceived, that we are made acquainted with this 
construction bv algebra, whereas in the Elements of Geometry 
we supposed the construction, and only demonstrated its truth. 



I 



. ALQEBRA TOlGEOMETRY* . " ITT 

• 

2. With a little attention to the course pursued in the pre* 
ceding questions, it will be evident that we have always taken 
for the unknown quantity s^ line, which being once known» 
serves, by observing the conditions of the question, to deter- 
mine all the others. This is the course to be pursued in all 
cases, but there is a choice with regard to the line to be used; 
there are often several, each of which has the property of de- 
termining all the others, if once known. Among these some 
would lead to more simple equations than others. The follow- 
ing rule is given to aid in such cases. 

3. If among the tines or quantities, which would, when taken 
each/or the unknown quantity, serve to determine all the other 
quantities, there are two which would in the same way answer 
this purpose, and it Would be foreseen that such would lead to the 
same equation, {the signs + and — excepted) ; then we ought to 
employ neither of these, hut take for the unknown quantity one 
which depends equqilly on both ; that is, their half sum, or their 
half difierence, or a mean proportional between them, or &c., 
and we shall always arrive at an equation more simple than 
by employing either the one or the other. 

4. The question we have resolved, (Prob. VI,) may be used 
to illustrate what is here said. In this question there is no 
reason for taking AD rather than AE, for the unknown quanti- 
ty ; by taking AD for the unknown quantity x, we have x+c 
for AE ; and, by taking AE for the unknown quantity x, we 
should have x — c for AD ; and, as to the rest, the mode of 
proceeding is the same for each case ; so that the equations 
difier only in the signs. If, therefore, instead of taking either 
for the unknown quantity, we take their half sum, and desig-* 
nate it by x, since their half difference DE=c is given, we 
shall have 

AE=^+} c, and AD^a: — J ex, 
whence, according to the proposition adopted in the first so- 
lution, 

(x+i c) (x— i c)=^db 
or ^' — |c*=ssa6, 

a more simple equation than the forme r, and which givet 

x^>/\ c*+ab\ 
and, since AE=a:+i c, we have immedia tely 

. AE=i:c +\^'-c'+<ift, 

a^d AD=-ic+^|c*+a6, 

aa bel<;Nre jfoo&d. 
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PBOBLBM Vlllr 

Let it he required to draw a right line BFE from one of the an- 
gles Bpf a given square BC. so that the part FE intercepted 
by D£ ajid DC, shall he of a given length. 

Draw EG perpendicular A 
to BE to meet BC produced 
in G, and from the angle E 
draw EH perpendicular to 
EG. 

Let BC or DC=a,FE=i, 
BF=y, and CG^x. 

Since the triangle EHG 
is similar to the triangle BCF 
and the side EH=the side BC, hence the hypothenuse £6=%= 
the hypothenuse BF. 

But BE*+EG*=±BG., 

or 2f+2by+h*=a^+2ax+3f 

and because the triangle BCF and BEG are similar, 

BF : BC : : BG : BE 
or y : a : : a+x : y+h 

hence^ y*+Jv=a'+flw; 

multiplying this equation oy 2, we have 

2y'+26y=2a'+2aa?. 
Subtracting the last from the former equation, we have 

or b*+a* =x\ 

hence, «= Vb^+a* 

having the value of or, y may be found in the equation 

y*+by=a*+ax 
completipg the square y*+hy+it=cf-\ra x+ih 

hence y= Va*+aa:+J^— ^6 

Let DE=a;, 

then y : a: :h 1 1 

and yz^ab 

db 
hence, 2= — 

y 

Scholium. This problem is susceptible of several modes of 
solution, but perhaps none more simple than the one here 
given, for most of the modes of which it is susceptible, involve 
powers and equations higher than quadratics. 
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Ex. 12. Having given the sides of a trapezium, inscribed in 
a circle, equal to 6, 4, 5, and 3, respectively, to determine the 
diameter of the circle. Ans. -g\y/{lSOX 133) or 6.574572 

Ex. 13. Supposing the town a to be 30 miles from b, b 25 
miles from c, and c 20 miles from a ; where must a house be 
erected that it shall be at an equal distance from each of them ? 

Ans. 15.118578 miles from each, viz : 
ia the centre of a circle whose circumference passes through 
each of the three towns. 

Ex. 14. In a plane triangle, having given the perpendicular 
(p)j and the radii (r r) of its inscribed and circumscribing cir- 
cles, to determine the triangle. 

Ans. The base ^''^^i^P^-^-^) 

/»— 2r 

DETERMINATION OF ALGEBRAICAL EXPRESSIONS FOR SUR. 

FACES AND SOLIDS. 

• 

7. We have seen in the Elements of Greometry^ that surfaces 
depend upon the product of two dimensions, and solids upon 
the product of three dimensions ; so that, if the several di- 
mensions of one or two solids, or two surfaces, which we 
would compare, have to the several dimensions of the other, 
each the same ratio, the two surfaces will be to each other as 
the squares, and the two solids as the cubes, of the homolo- 
gous dimensions ; and more generally still, if any two quanti- 
ties of the same nature are expressed each by the same num- 
ber of factors, and if the several factors of the one have to 
the several factors of the other, each the same ratio,'the two 
quantities will be to each other as their homologous factors, 
raised to a power whose exponent is equal to the number of 
factors. If, for example, the two quantities were ah c d^a' V 
d d'9 and we had 

a : a' : : 6 : 6' : : c : c' : : rf : «f , 
then we should have 

a'h a' c a' d 

h* = — , d = — , d* = , 

a a a 

and consequently, 

ah c d: a' h' c* d* ' I a bed: 



af'bed 



«• 



a'* 
a\ 
a* : a'\ 



What is here said is true not only of simple quantities ; the 
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we have h* = -— --, 

y/S — y/8' 

whence h! becomes known. 
Let now A + A' be represented by k^ and we may have 

from the first equation — — = k 

s k 
then we shall have for the solidity of the whole pyramid-3-(l) 

the solidity of the small pyramid -^ 

substituting for k its value, we have for the solidity of the 
whole pyramid , 

hence the solidity of the frustum will be , — 

putting for A' its value found above we have, 

A y/^ s y/s — y^y 

which being reduced gives, 

3 (* + VTs' + s') (8) 

that is, the solidity of the frustum is equal to the sum of the 
greater base, the smaller base, and a mean proportional be- 
tween the two bases, multiplied by the altitude of the frustum ; 
which agrees with the proposition in geometry. 

And if the two bases are equal, viz : if s = s* then the so- 
lid becomes a prism, and the expression will become 

h 1 

—{8 + s + s) or — h (38)=^ hs' - - (4) 

that is, the solidity of the prism is equal to its base multiplied 
by its altitude. 

Let the lateral surface of the pyramid be used as an ele- 
ment in its investigation. 

To find the lateral surface of a frustum of a regular pyra- 
mid, having the two bases and slant height given, as well as 
the radius of the circle inscribed in the larger base. 

Let the larger base be called «, the smaller s^^ihe slant heigbt 
hf and the radius of the circle inscribed in the larger base, r. 

The perimeter of the larger base will be j- and the peri- 
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's/z : >/^ " ^ t:: • T — 71 ^'^ .perimeter of the ^smaller 



meter of the smaHer base may be found from the following 

base : whence |— H 7-) h = the lateral surface. 

Or we may investigate the surface of the frustum in con- 
nection with the whole pjrramid of which it is a part. 

Thus J- : j-r~r • • * • — 7~ the slant height of the 

whole pyramid, which make = % and the vertical pyramid cut 
from the frustum will be A — h. 

Hence, we have r ikxi 9X -r-xh^ lateral surface of 

the whole pyramid. --.-------•.(5) 

And since the lateral surfaces of similar pyramids are pro- 
portional to their bases, we may make «:«'::—: — the sur- 
face of the vertical pyramid cut from the frustum. 

TT sk s'h ^ ^ 

Hence (6) 

r r ^ ' 

k 
or {9 — ^) the difference of the two bases, multiplied by — the 

ratio of the slant height of the pyramid to the radius of the 

base, is equal to the lateral surface of the frustum. 

k 
It may be observed that the ratio - is constant whether ap-' 

plied to the whole pyramid, to the pyramid cut off, or to the 
frustum ; and is such as would be represented by the sine of 
the angle formed by its slant side with the plane of the base. 

Cor. Whence we have for the lateral surface of the frustum 
of a pyramid, this rule : 

Multiply the difference of the bases by the sine of the angle 
which the slant side makes with the base» or by the ratio of the 
whole slant height of a perfect pyramid on the same base to the 
radius of the base^ which will give the. lateral surface. 

8. If AT represent the ratio of the circumference of a circle 
to the diameter, a ratio/which is known with sufficient accu- 
racy for practical purposes (Prop. XIX. B. V. EL Creom.^ the 
circumference of any circle whose radius is r, will be24rr- (1,) 
and its surface rr* - - • - - . - (g.) 
Hence it is evident that the areas of circles increase as the 
iBquares of their radii, ne being always of ^he same value, the 
quantity vr* depends on, and is proportional to r^^ - (3.) 
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If & be ibe idtitude of a •cylinder ^e, radius of whose base 

is r, for its convex surface we shall have irrk « « (4) 

for its solidity ^r'h - - (6) 

and for the same reason we shall have *r^h' for the 

solidity of another cylinder, whose altidude is h\ aad 

the radius of whose base is i'', hence the solidities of the two 

cylinders dre to each other as the altitudes muitiplied by the 

squares of the radii of the bases. If their altitudes and radii 

of their bases are proportional, in which case the cylinders 

will be similar, we shall have 

A : A' : : r : r' 

Ar' 
consequently =A' — 

and the ratio r* h : r^h 

becomes — 

r 

or multiplying by r and dividing by A, r* : r'" -, - (6,) 

that is the solidities are ^s the cubes of the radii^of their bases, 

as before shown in geometry. 

Also if the altitude of a cone is A, and r the radius of the 

base, its convex surface may be expressed by 

2nr 

y^r^ + A*Ji"2^ = ^v^r* X A* - • - C^) 

9 

Or let A = the slant height of the cone, then will its lateral 
surface be 

nr X A = r A«' - - - - - . (8) 
which result will be also obtained if we take vr* the area of 
the base, and increase it in the ratio of r : A, viz. : 

r : A : : ^r" : — or rm 

r 

The solidity of the cone will be 

A *r*A ■ , 

^'^^ 3=-^ - - - - - • W 

or if we multiply the convex surface of the cone by one-third 

of its distance from the centre of the base, (Prop. IX. B. IIL 

J5/. & Oeom.) we shall obtain the same result. 

The distance from the centre of the base to the surface may 

rh 
be expressed A : A : : r i-r-the distance, - - (10.) 

hence the solidity will also be 

rh ntr^h , . 

rA^Xxy =— r-as before. 
3A 3 

If A' = the altitude of a frustum of the cone, then may the 

A'A 
slant height of the frustum be A : A : A' ty-r- ^^^ ^^^^^ bei^tht 
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required, Mfliich^call k^ ; let the radios of th^ smaller t)ase ^ 

the frustum be r', then will the lateralsurface be ^ X*' 

= rk'ir+r'k''t - - - - - - - - (11) 

>r* = the greater base, and •r'* = the smaller bas e (Pro p. X, 
B- m. EL S. Gernn.) the solidity=A A'(*r*+*r'«+>/i:py^-(12) 

And since -tt— and — ^ each expresses the solidity of a 

cone on one or the other of the bases, and whose altitude is 
equal to that of the frustum, hence if one of those expressions 
is taken from that of the frustum, the remainder will express a 
conesected frustum. 

iTT^h 

Thus i h (*r*+«'r'^+ y/^^Py^) —3- =iA(^rr'*+ V^n^) - (13) 

which is a conesected frustum, having a conical cavity on its 
larger base and f h (itr*+ Vier'r'^) - - - - (14) 
expresses a conesected frustum the cavity of which is formed 
on the smaller base. 

Or if we multiply tbe convex surface by ^ its distance from 
the centre of either base, we shall have the solidity of a cone- 
sected frustum, whose cavity is taken fro«) the opposite base 
(Prop. XI, Cor. B. Ill, EL SoL Geom.) 

Thus rktr + r^i^it^ formula (11) the expression of the lateral 

surface, moltiplied-r- formula (10,) the distance of the surftce 

from the centre of the larger base ^ves 

HA * + rr'hk'* ., ^. 

~T— <**> 

When the two bases of the frustum are equal, the coinsected 
frustum becomes a conesected cylinder, and r and r', k and hf 
becomes identical. Hence the expression becomes 

==2r»Jhr - - - . . . (16) 
where k represents the altitude. 

9. Applying the same notation to express the sphere, we have 
for the surface of any sphere whose radius is r, 4nrr^ ; and 
4fr»Xir=A^r», will be its solidity, (Prop. IXI. B. HI. EL 
SoL Geom.) -^ -(l) 

If the surface of a spherical zone is required, it may be ex- 
pressed by the product of the altitude of the zone multiplied 
by the circumfer^ice of the sphere ; let A=the altitude, and 
we have 2itrh for the spherical surface of the zone, - - (2.) 

The solidity of the sector of which this is the spherical base, 
is 2«'rAxir=|*r*A, (3.) 

Now, since the sector CBAD faee the diagram to the Prob- 
lem on the 187 page,) may be considered . to be mmle 
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«p of a cone CBD and a segment BDA ; la^rder to exfwess 
these poitk>n8y it will be necessary to find the area of the cir- 
cular section BD; for this purpose, since CP=CA — AP 
=r— A, and CB=r, we have in the right an gled-trian gle BPC, 

BP= \/CB' — PC*=: Vr* — r*+2rAllA'= V2rA — h\ - (40 

The radius of the circular section BPD, hence the area of 

the circle will be 2*^^ — itA', -... (5.) 

And the solidity of the cone will be 

i^ . r,x Xr--A 2^r^A — 3irr'A+rA» 

(2*rA — *V) — = g ^ . (6.) 

Hence the solidity of the segment will be 

l^r^h =«'rA*— J«*", - - (7.) 

Which may be resolved into rA^(r — A,) - - - - (8.) 

Hence, the solidity of the segment is equal to the product of 
a circle^ whose radius is the altitude of the segment multiplied 
by the radius of the sphere^ minus a third of this altitude, 

10. Let r' be the radius of a sphere inscribed in a vertical 
polyedroid, and r the radius 01 the circumscribed sphere. 
Then (Prgp. XVIII. B. Ill, El. Sol Geom.) the surface of the 
polyedroid will be 2r'«'X2r=i4r'r«', (1.) 

And since the surface of the circumscribed sphere is=4r*«', 
formula (1, Art. 9,) it follows that the surface of the polyedroid 
and that of its circumscribed sphere, are to each other as r' : r, 
since those are ibe^onlys variable quantities which enter into 
their expressions* 

If A be the height of any zone of the sphere, its surface, 
formula (2, Art. 9 ,) will be 2r'*xA=2r*«', .... (2) 

The surface of the corresponding zone of the polyedroid, 
will be 2r'*x A=2r'A€, (P. XVlII. Cor. B. III. ELS. G.) - (3.) 

And hence the surface of any zone or segments of the po- 
lyedroid and sphere made by the same perpendicular to their 
common axis, will be in ihe ratio of their whole surface, viz. 

r' : r, or^. - - - - (4.) 

The base of any segment of the polyedroid made by a plane 
passing through a circle copnmon to the polyedroid and sphere, 
may be found from formula (5, Art 9.) 

Let 2«'rA — ^rASbetfae base of acommon segment of the 
sphere and polyedroid, and A the common altitude of the 
polyedroidal and sphevical sector. 

The solidity of tAe* polyedroidal sector will be 

2^A*X-^ =;= |-r'*A«' (5,) 

And since ihe ^corresponding spherical sector is Jr'A*, for- 
mula (3, Art. 9) it follows that the solidities of the corresponding 
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sector of these solids are as the ratio of ri r'^ a* has been show« 
with regard to the convex surface. The cone whoiie base is 
the base of the segment, and whose rertice is the centre of 
the polyedroid or spheroyformula (0, Art 9,) may be expressed 

hence the segment will be 

=*A(|r'*+fr»+rA — A') ... - (ft.) 
If the polyedroidal segments consists only of a vertical cone, 
its solidity will be S^rrA — «'A*)xiA=flrrA' — i*h\ subtract this 
from the spherical segment on the same basefiormula (7, Art. 9») 

*rh* — |*A", and we nave frrA*. (7.) 

which is the value of that portion of the segment of the sphere 
not included in that of the inscribed polyedroid, which is 
such a portion of the sphere as would be generated by the re- 
volutions of a circular segment as BD, about the axis 
DC, passing through the centre of curvature, and per- 
pendicular to the arc of the segment at the point of 
contact D. 
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It is required to find when the spherical segment and the cane 
composing a spherical sector are eqtial to each other. 

Let ABED represent a sphere gene- 
rated by thci revolution of a semicircle 
ABE about its diameter AE. The sec- 
tor ABC, by this revolution, generates 
a spherical sector, which is composed ^-^| 
of a spherical segment generated by the 
revolution of a semisegmeot ABP, and 
of a cone generated by the revolution 
of the right-angled triangle BPC. 

The solidity of the sector, formula (3, Art 9.) will be l^'r'A. 

The solidity of the cone, ^r^h — «'rh*+-g-, formula (6.) 

Now, in order that the cone may be equal to the segment, 
the sector, which is the sum of both, must be double the cone: 
hence, frr*A=frr»A=2«'rA*+|*A*, 
dividing by 2, transposing, &g«» 
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jmding by *S rAssl^r'+f V 

transposing |A*— rA=Jr* 

*•— 3rA«— r» 
. from which we obtain 

Of these two solutions it is evident that only A=|r — \/fr* 

can satisfy the conditions of the question, since ir+'^^ 
is more than 2rf or more than the diameter of the sphere. 

bxamples for exercibb. 

1. What is the solidity of the spherical segments of which 
the frigid zones are the convex surfaces, the altitude of each 
segment being 827 miles, and the radius of the base 1575,28 
miles 7 Ans. 1282921583 solid miles nearly. 

2. What is the solidity of the spherical segments of which 
the temperate zones are the convex surface, the radius of the 
superior base being 1575,28 miles, that of the inferior 3628,86 
nules, and the altitude 2053,7 miles ? 

Ans. 55021192817 solid miles nearly. 

3. What is the solidity of the spherical segment of wipich 
the torrid zone is the convex surface, the radii of the bases be- 
ing 3628,86 miles, and the altitude 3150,6 7 

Ans. 146715018499 solid miles neairly. 

4. Having two vats or two tubs in the form of conical 
frusta, whose dimensions are as follows, viz. : the first has a 
base whose diameter is 3 feet, its altitude is 3^ fei^t^ and the slant 
height of its side is 4 feet ; t;he diameter of the base of the se- 
cond is 3^ feet, its altitude is 5 feet, and the curve surface is 
60 square feet, what must be the dimensions of one capable 
of containing as much as the other twa, if the diameter of tber 
bottom and top, and the altitude are in the proportion of 
2 2iand3. 

5. What is the difle^eno^ in surface of a vertical hexedroid 
circumscribing a {sphere whose diameter is 10, and the whole 
surface of a conesected frustum of a cone inscribed in the 
sam^ sphere, and whose wanting base is 0, and perfect base 4 1 
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There are three curves, whose properties are extensively 
applied in mathematical investigations, which, being the sec- 
tions of a cone made by a plane in different positions, as will 
be shown in another place, are called the Conic Sections. 
These are, 

1. The Parabola. 2. The Ellipse, d. The Hyperhola. 

PARABOLA. 



DEFINITIONS. 

ft 

1. A Parabola is a plane curve, such, that if from any point 
in the curve two straight lines be drawn ; one to a given fixed 
point, the other perpendicular to a straight line given in po- 
sition : these two straight lines will always be equal to one 
another. 

2. The given fixed point is called ihe focus of the panib<da* 

3. The straight line given in positioa, is called the direcirix 
of the parabola. 

Thus, let QAf be a parabola, S the fo- i.^ 
cus, Nn the directrix ; n' 

Take any number of points,'P,, P,, P,, * 
..... in the curve ; 

Join S, P| ; S, P. ; S, P,'; . . . and draw 
P, N,, P, N,, Pa N3, .... perpendicular ,1, 
to the directrix ; then 

SP.=P,N„ SP,=P.N., SP.= 

4. A straight line drawn. perpendicular to the directrix, and 
putting the curve, ia called a diameter); and the point in which 
it cuts the curve is called the vertex of the dinmeUr. 

&. The diameter which passes through the finrus is edied 
the axiSf and the point in which it cuts the curve is called the 
principal vertex. 

17 
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Thfl»: draw N,P,W„ N,P,W„ {J, 
N3P3W3, KASX, through the points S, 
• P,, Pj, P3, S, perpendicular to the di- 
rectrix ; each of these lines is a £a* 
meter; P,, P,, P3, A, are the ver- 
tices of these diameters ; ASX is the 
axis of the parabola, A the principal 
vertex. 

6. A straight line which meets the 
curve in any point, but which, when produced both ways, 
does not cut it, is called a tangent to the curve at that point 
• 7.* A straight line drawn from any point in the curve, par- 
^lel to the tangept at the vertex of any diameter, and termi- 
nated both ways by the curve, is called an ordinate to tbaf 
diameter. 

8. The ordinate which passes through the focus, is called 
the |>tframe?cr of that diameter. 

9. The part of a diameter intercepted between its vertex and 
the point in which it is in^r^ected by x^ne of its own ordinates, 
is called the abscissa of the diameter. 

10. The part of a diameter intercepted between one of its 
own ordinates and its intersection with a tangent, at the extre- 
jnaity pf the (wdinate* is called the sub-tangent of the diameter 
' Tlius : let TVt be the tangent at ^ 
P, the vertex of the diameter PW. 

From any nolnt Q in th^ curve, 
draw (^q parallel to T^ and cutting 
PW in V. Through S draw RSr 
parallel toT^ ^- 

Let QZj a tangent at Q, ciit WP, 
produced in Z. 

, Then Q9 is ap ordinate to the di- 
ameter P W ; Rr is the parameter of PW. 

Pu is the absciasa of rW» corresponding to the point Q. 

i?Z is the sub- tangent of PW, corresponding lo the point Q. 

11. A strightline drawn from any point in the curve, per- 
pendicular to the axis, and terminated both ways by the curve, 
IS called an ordinate to the axis. 

12. The ordinate to the axis which passe9 through the focus 
ii called the principal parameter, or latns rectum of the par^- 
fcola. . 

' 13: The part of the axis intercepted between its vertex and 
4he point in which it ils intersected by one of its ordinates, is 
called the dhscissa of the axis. 

14^. The part of the axis intercepted between one of its owu 
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ordinates, and its intersection With a tangent at tiy exti^mity 
«f the ordinate, is called the sub-tangeni of the axis. 

Thus: from any point F in tbe 
curve draw Pjpjperpendicular io AX 
and cutting AX in M. Through S 
draw LS/ perpendicular to AX. 

Let FT, a langent at P, cut XA 
produced in T. 

Thcfn, Fp is an ordinate to the axis; 
hi is the latus Tectum of the curve* 

AM is the abscissa of the axis cor- 
responding to the {>oint F. 

M T is the ^ubtangent of the atis o^rrospcfnding to the 
|K>int P. 

It will be proved in Frop. Ill, that the tangent at the princi* 
pal vertix is perpendicular to the axis; hence, the four last 
definitions are in reality included in the four which immedi- 
ately precede them. 

Cor. It is manifest from Def. U that the parts of the curve 
on each side of the axis are similar and equal, and that every 
^ordinate Fp is bisected by the axis. 

15. If a tangent be drawn at any point, and a straight line 
i>e drawn from the point of contact perpendicular to it, atid 
terminated by the curve, that straight line is called a normal. 

16. The part of the axis idtercepted between the intersec- 
tions of the normal and the ordinate, is called the sub-normal. 

Thus : Let TP be a tangent at any 
point P. 

From P draw F6 perpendicular to 
the tangent, and FM perpendicular to 
the axis. 

Then P6 is the normal correspond- 
ing to the point P ; MG is the sub-^nor- 
mal corresponding to the point P. 
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CONIC SECTIONS. 



niOPOBITIOir I. THEOREM. 



The distance of the focus from any point in the curve, is equal 
to the sum of the abscissa of the axis corresponding to that 
point, and the distance from the focus to the vertex. 



Thatu^ 
For 



SP=PN 



SP=AM+AS. 



N 



by Def. (1,) 
=KM *.* rIM is a parallelogram. ^ 

=AM+AK ^ 

= AM+A8 V AK= AS, by Def. (1.) 



^ 



raOPOBITIOlf II. THBOaSM. 



The lotus rectum is equal to four times the distance from the 

focus to the vertex. 



That is 
For, 



L/=4 AS. 



L/=2 LS« Def. (14.) cor 
=2LN 

=:2SK 

=4 AS V AS=AK. 




pftorosmoN in* problem. 



To draw a tangent to the parabola at any point. 



Let P be the given point 

Join S, P ; draw PN perpendicular to 
the directrix. 

Bisect the angle SPN by the straight 
Kne Tt. 

Tt is a tangent at the point P. 

For if T^ be not a tangent, let T^ cut 
the curve in some other point p. 

Join S, p ; draw pn perpendicular to 
the directrix ; join S, N. 




G 
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^ • 

Since SP=PN, PO common to the triangles SPO, NPO. 
and angle SPO= angle NPO by construction, 

/. SO=NO, and angle SOP= angle NOP. 
Again, since SO=NO, Op common to the triangles SQp« 
NQp, and angle SQp= angle NQp. 

.•. Sp=Np. 
But since p is a point in the curve, and pn is drawn perpeih 
dicular to the directrix, 

p'S=pn. 
That is, the hypothenuse of a riffht-angled triangle equal to 
one of the sides, which is impossibfe, .% p is not a point in the 
curve ; and in the same manner it may be proved that no 
point in the straight line T^ can be in the curve, except P. 

/. Tt is a tangent to the curve at P. 

Cor. h A tangent at the vertex A, is a perpendicuFar to the 
axis. 

Car. 2. SP=ST, 

For, since NW is parallel to TX 
.-. angle STP= angle NPT 

= angle SPT by constructiont 
SP=ST 

Cor. d. Let Qq be an ordinate to the diameter PW, cutting 
SPina:. 
Then, Pa:=Pt) * ^ 

For, since Q^ is parallel to T^ 
.•. angle PxtJ=angIe xPT j|- ^ 

= NPT by construc- 
tion, 

« Pwt interior oppo-^ t 
site angle, 

Par=Pt> 

Cor. 4. Draw the normal PG, (see diagram Prop. V.) 

Then, SP=SG, 

For since angle GPT is a right angle, 

angle GPT=PGfT+PTG=PGT+SPT 
Take away the common angle SPT and there remains 
angle SP6=angle SGP 
SP==SG. 

m 
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PARABOLA. 



raoPOBITION IV. THSORBH. 

t 

The suitangent to the tuns is equal to tunee the abscissa. 



That is, 



MT=2 AM 




Pbr, MT=MS+ST 

=MS+SP. Prop. III. cor. 2._ 
=MS+SA+AM. Prop. I. 
=2 AM. 

I 

Cor. MT is bisected in A. 



PROPOSITION V. THEOEEM. 

The subtiormal is equal to one half of the latus rectum. That is, 



MG = - if we denote the latus reotum by L. 

For, MG = SG — SM 

= SP— SM. Prop. III. cor. 4. 
±= AS + AM — SM. Prop. I. 
= AS + AS + SM-SM 



= 2AS 
L 



Prop. II. 




PROPOSITION VI. THEOKBH. 

If a straight Kne be drawn from the focus perpendicular to 
the tangent at any pointy it will be a mean proportional between 
Hie distance from the focus to that pointy and the distance from 
the focus to the vertex. 

That is, if S Y be a perpendicular let fall from S upon T^ 
the tangent at any point P 

SP : SY : t SY : SA. 
Join A, Y. T^t 

Since SP==ST, and SP is drawn per- 
pendicular to the line PT, 

.-. TY=YP. 
Also by Prop. IV., 

TA^rAM 
.*. Since AY cuts the sides of a tri- 
angle TPM proportionally ; AY is oarai- 
lei to MP, 
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IM 



,\ AT is perpendicular to AM. 
Beace the triangles SYA, SYT, are^similar* ^ 
.*. ST : SY : : SY : SA 

or, SP : SY : : SY : SA .-. SP=ST by Prop. Ill, cor. 18. 
Cor* 1. Multiplying extremes and means, 

SY'^SP.fiA. 
Cor. 2. SP : SA : : SF : S Y» 
Cor. 3. By Cor. 1* 

_ SY' 

And since SA is constant for the same parabola, 

SP proportional to SY*. 
Cor. 4. By Cor. 1., 

SY« = AS . SP 
.-. 4 SY" = 4 AS . SP 

^L.SP. Prop.IL 

PROPOSITION VII. THEOEBM. 

The square of any semi-ordinate to the axis is equal to the 
rectangle under the UUus rectum and the abscissa. 

That is, if P be any point in the curve 

PM« = L . AM. 
For, 
PM' =3 SP^SM* (Prop. XXIV. B. IV. El. 

Geom.) 

= (AM=AS)*— (AM— AS)' 
.•.SP=AM+AS(Prop. 1,) & SM=AM-AS . 

= 4 AS . AM. (Prop. X. and XI, B. IV. ^ 
JSL Geom.) 

= L . AM. Prop. I. 

Cor. 1. Since L is constant for the same 
parabola PM" proportional to AM, 

That is, The abscissce are propotionaj to the 
squares of the ordinates. 




PROPOSITION VIII. THSORBM. 



If Qa be an ordinate to the diam- 
eter PW and Pv, the corresponding 
abscissa, then, 

Q»« = 4SP X Pd. 

Draw PM an ordinate to the axis, t 
Join S, Q ; and througb Q draw 
OQN ^perpeadicolar to the axis. 
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From S iet fall SY perpendicular 
en the tangebt at P. 

The triangles SSY, QDo, are similar. 
Qo* : QD' : : SP* : SY* 

: : SP : SA, Prop, Vl Cor. «. 

Tbe triangles PTM, QDn, are also similar ; 
.-. QD : D» : : PM : MT 

: PM* : PM . MT 

: 4 AS. AM: 2PM. AM 
: 4AS : 2PM 
.'. 2PM . QD = 4AS . Do 

Bat. 

PM' — QN*= 4AS . AM — 4AS . AN=4AS(AM- AN) 

= 4AS . MN 
And,PM'— QN'= PM+QN) (PM-QN) 

.== (PM+QN) . QD 
.-. (PM+QN) . QD = 4AS . MN = 4AS . DP 
But, 2 PM . QD = 4AS . Dt» 
.-. (PM— QN) . QD = 4AS . P» 
Or, QD' = 4AS.Pt> 

Qe* : 4AS . P« : : SP :SA. 
Qo* = 4SP . Po. 

Cor. I. In like manner it may be proved, that 

qi^ = 4SP X P». 
Hence, Qo = f o ; and since the same may be proved for any 
ordinate, it follows, that 

A diameter bisects all Us own ordinates. 

Cor. 2. Let Rr be the parameter to 
the diameter PW. 
Then, by Prop. III. Cor. 8. 

.'. PS=PV 
Now, by the Proposition, 

RV= 4SP.PV 

= 48?* 

.-. 4RV or Rr* = 16SP 

Rr= 4SP. 
Hence the proposition may be thus enunciated : 

The square of the semi'Ordinate to any diameter is equal to 
the rectangle under the parameter and abscissa 

It will be seen, that Prop. YII. is a particular case of the 
present proposition. 
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DBFHIITIOlfB* 

1. An KLLiFSB.is a plane curve, such- that, if irom aBy*p6iiit 
in the curve two straight lines be drawn to two given fixed 
pointy, the sum of these straight lines <will always be the same. 

2. The two given fixed points are called, the foci. 
Thus, let ABa be an ellipse, S and 

H the focL 

Take any number of .points in the 
curveP,,P,,P,,-*.- 

Join S,P„ H,P,; S,P„ H,P, ; 

S,P3, H,P, ; then, 

SP, + HP, = SP, + HP, = SP, 
+ HPj = - - --• 

3. If a straight line be drawn/ join- 
ing the foci and bisected, the point 
of bisection is called the centre^ 

4. The distance from the centre to either focus is called the 
eccentricity. 

5. Any straight line drawn Uirough the centre, and termi* 
nated both ways by the curve, is called a diameter^ 

6. The points in whioh any .diameter meets the curve are 
called the vertices of that diameter. 

7. The diameter which passes through the foci i^r called the 
axis major f and the points in. which it meets the curve are 
called the principal vertices. 

8. The diameter at right an^es to the axis miqar- is mailed 
the axis minor. 

Thus, let ABa be an eOipse, Sjind 
H the foci. 

Join S,H ; bisect the straight line 
SH in C, and produce it to meet at 
the curve in A and a. 

Through C draw any straight line 
Fpf terminated by the curve in the 
points P,|>. 

Through C draw B6 at right angles 
to Adu 

Then, C is the centre, CS or CH the eccentricity. Fp is a 
diameter, P andp its vertices, Aa is the m^jor axis, B6 is the 
minor axis. 
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9. A straight line which meets the curve in any point, but 
which, being produced both ways, does not cut it, is eaUed a 

^ tangent to the curve at that point 

10. A diameter drawn parallel to the tangent at ihe vertex 
of any diameter, is called the conjugate diameter to the Jatter, 
;:and the two diameters are called a pair of conjugate diameterg^ 

11. Any straight line drawn parallel to the tangent at the 
vertex of any diameter and terminated both wayshy^he^urve, 
is called an ordinate to that •diameter. 

12. The segments into which any diameter is divided by 
one of its own ordinates are called the abscis8€e of the ^lia- 
meter. 

13. The ordinate to any diameter, which passes through 
^he focus, is called the parameter of that diameter. 

Thus, let Pp be any diameter, and 
T^ a tangent at P. 

Draw the iliameter D({ parallel to 
Ht. 

Take any point Q in the curve, 
'draw Q^ parallel to.T^, cutting I^ 
in V. 

Through S draw Rr -parallel to 
T^. 

Then, Drf is the conjugate diameter to "Pp. 
' Qq is the ordinate to the diameter Pp, corresponding' to the 
•point Q. 

FVfVp are the abscissce of the diameter Ifpf corresponding 
to the point Q,. 

Rr is the parameter of the diameter Pp. 

14. Any straight line drawn at right angles tothe major 
axis, and terminated both ways by .the curve, is called an 
ordinate to the axis. 

15. The segments into which the major axis isdivided by 
one of its own ordinates are called the e^scissce to the axis. 

16. The ordinate to the axis which passes through either 
focus is called the latus rectum. 

(It will be proved in Prop. IV., that the tangents at theprin- 
^cipal vertices are perpendicular to the major axis ; hence, de- 
finitions 14, 15, 16, are in reality included in the three which 
immediately precede them.) 

17. If a tangent be drawn at the extremity ef the latus rec- 
tum and produced to meet the major axis, and if a straight 
line be drawn through the point of intersection at right angled 
to the major axis, the tangent is called tbe/ocal tangetUi and 

4he straight line the directrix^ 
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3^hu8, from P any poiiit in the ^ ^ 

curve, draw PM/j •perpendicular 
to Aff, cutting AiE in M. 

Through S draw hi perpendicu- ^ 
lar to A«:* 

Let LT« « tan^nf at L, cut Aa 
produced in T. 

Through T draw Nn perpendicular to Aa, 

Then^ rp is the ordinate to the axis, corresponding to the 
point P. 

AM, Ma are the abscissae of the axis, eorresponding to the 
point P. 

LZ is the latus rectumii 

LT is the focal tangent! 

N« is the directrix. 

18. A straight line drawn at right angles to a tangent from 
the point of contact, and terminated by the major axis, is called 
a normal. 

The part of the major axiy intercepted between the inter- 
sections of fhe Boxvna) and the ordinate, is called the ^^ftaor- 
niaL 

Let T^ be a tangent at any point ''' 

From P draw PG perpendicular 
to Tt meeting Aa in G. 

Prom P draw PM perpendicular 
to Aa. 

Then PG is the normal eorresh 
ponding to the point P. 

MG is the subnormal correspond- 
ing to the point P. 

FSOPOSITION I. THBOIlBlt. ' 

T%e sum of two straight lines dtatonfrom the foci to any point 
in the curve is equal to the major axis. That is, if F be any 
point in the curve. ' 

SP + flP = Ao. 

For, 
SP 4 HP = AS + AH^ « 

= AS + SH, 

. And, y Def: 1. 

SP + HP = aS + oH 
= 2 aH + SH, J ^ 

.: » (SP+HP> = 2 (AS + SH 
+ Ha)~ 
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Or, 

SP + HP=:tAVl. 

Cor. The centre bisects the axis major, for 
2 AS + SH = 2 a H + SH .-. AS =« « H 
And, SO - CH by definition 3. .*. AC = oC. 
Cor. 2. SP + HP = 2 AC .-. SP =» 8 AC —HF 
HP= 2AC — SP 
hence SP — HP = 2 AC - 2 HP, 

raorosiTioN ii. thborbm. 

The centre hiieeti all diametertr 

.t 

Take any point P in the curve^ 

Join S,P ; H,P ; S,H ; 

Complete the parallelogram SPH/) 

Join C^ ; CP ; 

Then, since the opposite sidesr of 
a parallelogram are . equal, 

SP = m^ , HP =^ Sp .•• SP + PH 

= Sp + ;>H 

.*. p is^ a point in the curve. 

Again, since the diagonals of paral- 
lelogram bisect each other, and since 
SH is bisected in C, 

/. Vp is a straight line, and a diameter, and is bisected in C. 
And in like manner, it may be proved that every other di- 
4uneter is bisected in C. 




PROPOSITION in. TBBORBK. 

The distance of either focus from the extremity of the axis mi' 
nor is equal to the ^emi^axis major. 

That is, 

SB or HB = AC. 
Since SC = HC, ard CB is com- 
mon to the two right-angle triangles 
SCB, HCB, 

.-. SB = HB. 
But, 
SB + HB = 2 AC. Prop. I. 
/. SB = HB = AC. 

Cor. 1. BC* = AS . Sa. 
For, 

BC* = SB* — se» 
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= (AC + SC) . (AS— SC) 
• => AS.Sa. 

Cor. 2. The square of the eccentricity is equal to the differ- 
ence of the squares of the seipi-axes ; - 
For* SC» = SB» - BC 

= AC'— BC-. 



PROPOSITION IV. PROBLEM. ' 



To draw a tangent to the ellipse at any point. 

Let P be the given point. ^,,^<?f k 

Join S,P ; H,P produce SP. 

Bisect the exterior angle HPK 
by the straight line T^. 

T^ is a tangent to the curve at P. 

For, if T^ be not a tangent, let 
Tt cut the curve in some other 
point/?. V 

JoinS,^; H,/?; makePK=;PH, 
join Pj K ; H,K cutting Tt in 2, 

Since HP=PK, P2J common to the triangles HPZ, KPZ, 
and the angle HP Z=? angle KPZ by construction, 

.-. HZ=KZ, and the angle HZP=angle KZP. 

Again, since HZ=KZ, Zp common to the triangles HZp, 
KZ/7, and angle HZp= angle KZp, 
* . .*. pK = pR. 

But, since any two sides of a triangle are greater thai^ the 
third side, 

Sp+j9K > SK 

> SP + PK 

> SP + PH •.• PK^PH by construction- 

> Sp + joH, by definition 1, 
/. pK > pH. 

But we have just proved that j»K=jf?H, which is absurd, 
.*. p is not a point in the curve, and in the same manner it may 
be proved that i^o point in the straight line T^ can be in th§ 
curve except P. 

.*. T< is a tangent to the curve at P. 

Cor. 1. Hence, tangents at A and a, are perpendicular to 
the major axis, and tangents at B and h are perpendicular tq 
the minor axis. 

18 




90S ' CONIC flBCn^NS. 

Car. 2. SP and HP make equal anglefl with every tangent 

• 
' Cor. 3. Since HPK, the exterior angle of the triangle SPH, 
is bisected by the straight line T^, cutting the base SH pro- 
duced in T 

.-. ST : HT : : SP : HP. 




paoposrrioN v. theorem. 
tangents drawn at the vertices of any diameter are parallel. 

Let T^, Wu?, be tangents at P,p, the vertices of the diame- 
ter PCp. 

JoinS,P; P,H; S,;?;;?, H; 

Then, by Prop. II, SH is a paral- 
lelogram, and since the opposite 
angles of parallelograms are equal, 

.'. ang. SPH= angle SpH 
supplement of ang. SPH = supple- 
ment of ang. SpH 

or, 
ang. SPT+ang.HP/=ang. SpW+ 
ang. Hpio 

But ang. SPT=ang. HP< ) ^ p jy. Cor. 2. 
And ang. SpW =ang. Hpu? ) -^ '^ 
Hence, these four andes are all equal, 

.'. ang. SrT=ang. Hptu. 
And since SP is parallel to Hp, 

ang. SPp = ang. PpH, 
.'. whole ang. TPp = whole ang. u?pP, and they are alternate 
angles, 

.'. Tt is parallel to Wuj. 
Cor. Hence, if tangents be drawn at the vertices of any 
two diameters, they will form a parallelogram circumscribing 
tie ellipse. 




j 
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UtOPOSITlON VI. THEORlBM. 

If straight lines be drawn from the foci to a vertex ofar^yM 
ameter, the distance from the vertex to the insertion of thejcon- 
jugate diameter^ wi^ either focal distance^ is equal to the semi 
axiSf major, . 

That is, if Drf be a diameter conjugate to Fp, cutting SP 
in E, and HP in e, . 

PE or Pc = AC. 

Draw PF perpendicular to Drf, ^ 

and HI parallel to Bd ot T^, cutting flni 
PF in O, 

Then, since the angles at are 
right angles, the ang. IP 0= ang.HP O, Aj 
and PO common to the two triangles 
HPO,IPO, . 

.-. IP = HP. 
Also, since SC = HC, and CE is 
parallel HI, the base of a triangle SHI, 

.-. SE = EI. 
Hence, 

2 PE = 2 EI + 2 IP 

= SE + EI + IP + HP 
= SP + HP 
= 2 AC 
.'. PE = AC. 
Also, ang. FEe = ang. PeE. .-. PE = Pe, and 

Pe = AC. 




PROPOSITION VII. THEOREM. 

Perpendiculars^ from the foci upon the tangent at any point 
intersect the tangent in the circumference of a circle, whose 
diameter is the major axis. 

From S let fall SY perpendicular on 
T^ a tangent. 

Join S, P; H, P; produce HP to meet 
SY produced in K. 

Join C Y ; 

Then, since angle SPY=angle KPY 
(Prop. IV.) and the angles at Y are 
right angles, and PY common to the a| 
two triangles, SPY, KPY. 

.-. SP=PK 
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And SY=YK. 

And, since SY= YK, and HC=CS, CY cuts the sides of 
the triangle HSK proportionally, 

.-. CY is parallel to HK. 
Also, since CY is parallel to HK, SY=YK, HC=CS, 

... CY=i HK 

=i (HP+PK) 
=i-(HP+SP) 
=^ Aa 
=AC 

Hence', a circle inscribed with Centre C and radius CA will 
pass through Y. 

And in like manner, if HZ be drawn perpendicular to T^, it 
may be proved that the same circle will pass through Z also. 



PROPOSITION VIII. THEOREM. 

The rectangle, contained by the perpendiculars^ from the foci 
upon the tangent at any point, is equal to the square of the 
semi-axis, minor. 



That is, SY . HZ=BC\ 

Let T^ be a tangent at any point P. 

On Aa describe a circle cutting T^ ^^*— 3t 
in Y and Z. 

Joins, Y; H, Z; 

Then, by the last Prop., SY, HZ are 
perpendicular to T^. 

Produce YS to meet the circumfer- 
ence in y. 

Join C, y ; C, Z ; 

Since y YZ is a right angle, the seg- ^ 

ment in which it lies is a semicircle, and Z, y, are the ex- 
tremities of a diameter. 

.*. yCZ is a straight line and a diameter. 

Hence the triangles CSy, HCZ, are in every respect equal. 

.-. Sy=HZ 

••. SY . HZ=YS . Sy=AS . SA=BC» Prop. III. Cor. I. 
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PBOPOSITION IX. THEOREM. 

Perpendiculars let fall from the foci upon the tangent at any 
point are to each other as the focal ^stance of the point of 
contact 

That is, SY : HZ : : SP : HP. 

For the triangles SPY, HPZ, are ^ Y 

manifestly similar, 

.-. SY : HZ : : SP : HP. 

Cor. Hence, 

SP 
SY=HZ . 



HP 
SY'=SY . HZ . 



SP 



HP 

SP 
=BC». gp last Prop. 

=BC... «■■ 




So also, 
HZ'=BC' . 

=BC'. 



SAC — SP' 

HP 
SP 

HP 
2 AC-HP • 



PROPOSITION X. THEOREM. 



IJ a tangeni he applied at any point, and from the same point 
an ordinate to the axis be drawn, the semi-axis major is a 
mean proportional between the distance from the centre to the 
intersection of the ordinate with the axis, and tfie distance 
from the centre to the intersection of the tangent with the axis. 



That is, CT : CA : : CA : CM. 




Since the exterior angle HPK is bisected by Tt, Prop. IV. 
ST : HT : : SP : HP. (B. IV. Prop. XVI. El. Geom.) 
ST+HT : ST-HT : : SP+HP : SP-HP 

18* 
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or, 2 CT : SH ; : 2 AC : SP-HP 

2CT : 2 AC :: SH : SP-HP - - (1.) 

• But since PM is drawn from the vertex of the triangle SPH 
perpendicular on base SH, 

/. SM+HM : SP-HP : : SP+HP : SM-HM 
or, SH : SP-HP : : 2 AC : 2 CM - - - (2.) 
Comparing this with the proportion marked (1,) we have, 

2 CT : 2 AC : : 2 AC : 2 CM 
or, CT : AG ; : CA : CM. 



PROPOSITION XI. THEOREM. 

If a circle be described on the major axis of an ellipse^ and if 
any ordinate to this axis be produced to meet the circle, tan- 
gents drawn to the ellipse and circle, at points in which they 
are intersected by the ordinate, will cut the major axis in the 
same point. 

Let AQa, be a circle described 
on Aa. 

Take any point P in the ellipse, 
draw PM perpendicular to Afl, 
and produce MP to meet the cir- 
cle in Q, join C, Q. 

Draw rT a tangent to the el- 
lipse at P cutting CA produced in T. 

Join TO. 

Then QT is a tangent to the circle at Q. 

For if TQ be not a tangent, draw QT' a tangent to Q cut- 
ting C A in T'. 

Then CQT' is a right angle. 

.'. Since QM is drawn from the right angle CQT' perpen- 
dicular on the hypothenuse. 

.-. CT' : CQ : : CQ : CM. (Prop. XVII, Cor. 2.B. lY.E. G.) 

or, CT' : CA : : CA : CM, •• CQ=CA. 

But, by the last pr<H)osition, 

CT ; CA : : CA : CM, 

CT=:CT', 

which is absurd, therefore QT' is not a tangent at Q ; in the 
same manner it may be proved that no line but QT can be a 
tangent at Q, .*. &c. 
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Cor. 1. Describe a circle on 
the minor axis. 

Draw Pm an ordinate to the mi- 
nor axis cutting the cijrcle in q. 

Let a tangent at P cut the* mi«> 
nor axis produced in t. 

Then, since Pwi is parallel to AC, 

and PM to BC, 

C«:Cwi::CT :MT 
: : CT» : QT" 

: : C<?' : Cm' .*. the triangles CQT, Cmq are similar. 
: : BC : Cm\ .-. Ci : CB : : CB : CM. 
Which is analogous to the property proved in the last pro- 
position for the major axis. 

Cor. 2. Join tq. 

We can prove as above, that tq is a tangent to the circle Bqb, 



FROPOSITION XII. THEOREM. 

The square of any semi ordinate to the axis^ is to the rectangle 
under the abscissce^ as the square of the semi-axis minor is to 
the square of the semi-axis major. 

That is, if P be any point in the curve, 

PM' : AM . Ma : : BC" : AC 

Describe a circle on Aa, '-*- -^ 

and produce MP to meet it 
in Q. 

At the point P and Q draw 
the tangent PT, QT, which « 
will intersect the axis in the 
same point T, (Prop. XI.) 

Let the tangent to the el- 
lipse intersect the circle inY,Z. 

Join S, Y ; H, Z ; SY and HZ are perpendicular to Tt, 
(Prop. VII.) 

Hence the triangles PMT, SYT, HZT, are similar to each 
other. 

.-. PM : SY : : MT : TY 
and PM : HZ : : MT : TZ 

.-. PM':SY.HZ:: MT' :TY.TZ 
or PM' : BC : : MT' : TQ' (Prop. XI, and Prop. 
XVI. B. IV. EL Geom.) 

: : QM* : CQ' '.• MQT, MQC are si- 
milar triangles. 
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?-?' p. 




: : AM . Ma : AC 
.-. PM'rAM.Ma:: BC : AC. 



Cor. 1 

Let P,M., PjiM,, ... be ordinates 
to the axis from any points P i, P j ... 
Then by Prop. 



P.M ':AM. .M,a:: BC : AC 
P.M.* : AM, . M,a : : BC : AC 

.-. P.M:^,*: P,M,* :;AM, .M,a: am, .M,a. 

That is, the square of the ordinates to the axis are to each 
other as the rectangles of their abscissae. 

Cor. 2. By the fifth proportion in Prop. 

PM : QM : : BC : AC. 

Cor. 3. By Prop. PM" : AM . Ma : : BC : AC. 
* But AM=AC+CM, Ma=AC-CM, 

.-. PM' ; (AC+CM) (AC — CM) : : BC : AC 
PM'! AC — CM' ::BC:AC. 



Cor. 4. Describe a circle on 
B6, draw Pm, an ordinate to the 
minor axis cutting the circle in j. 

Then, P»i=CM , PM=Cff». 
I Then by Cor. 3. 



AC— Pw': AC 
Pot' : AC 




Cot' 
BC— Cot' 
(BC+Cm)(BC— Cot) 
Bot . mb 
AC 

Which is analogous to the property proved in the proposition 
for the major axis. 



or, Pot' : Bot . mb 



BC» 
BC' 
BC 
BC 
BC 



Cor. 5. 



Pot : ^-OT : : AC : BC. 



•v^ 
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PROPOSITION^ XIU* l-HEOREM. 

The lotus rectum is a third pr&portional to the axis major 

and minor. 



That is, Ail : B6 : : BJ 1 L/ 

Since LS is a semi-ordinate to the 
axis, 

AC : BC* : : AS . Sa : LS% Prop. IIL 
:: BC :LS% Prop. IIL A 

.Cor. 1. 
.-. AC : BC : : BC : LS 
And, 

Aa : B6 : : B6 : L/. 




PROPOSITION XIV. THEOREM. 

The area of all the parallelograms, circumscribing an ellipse, 
formed by drawing tangents at the extremities of two conju- 
gate diameters^ is constant, each being equal to the rectangle 
under the axes. 

Let Pp, Drf, be any two 
conjugate diameters, SROX 
a parallelogram circumscrib- 
ing the ellipse formed by 
drawing tangents at P, D, jo, r; 
d; then r/?,D^, divide the par- 
allelograms SROX into four 
equal parallelograi^is. 

Draw PM, dm, ordinates to the axis; PF perpendicular 
to Ad. 
Produce CA to meet PX in T and Sd in t. 
Then, CT : CA : : CA : CM 

: CA : Cm 




And, Ct 
.-. CT 
But, CT 
MT 



• « 



CA 

Ct 
Ct 
Cm 



.'. CM . MT^Cm' 

Again, CM : CA : : CA : CT 
.-. CM : CA 
Or, CM : Ma 



: C»i : CM 

: TM : Cot, by similar triangles. 

: Cm : CM, 



(1.) 



MA : AT, dividendo. 
MA : MT, compooendo. 
/. AM . Ma==CM . MT=;Cot' - - , . (2.) 

But, AC : BC : : AM . Ma (Cm') : PM', Prop. XII. 
' .-. AC : BC : : C»l : PM 
Similarly, AC : BC : : CM : dm 

Or, BC : rfJW : : CA : CM 
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But, CT : CA : : CA : CM 
.-. CT : CA : : BC : dm 
But, PF : CT :: dm : Cd, 
for the triangle Cd!T=^ the parallelogram CT'Sid, 
.-. PF : CA : : BC : Crf. 
/. rectangle PF . CJ=rectangIe AC . BC 
or, parallelogram CX^^ rectangle AC • BC 
/. parallelogram SR0X=4 AC . BC 

-Aa.Bb. 

Cm*=AM . Ma 

=(CA+CM)\ (CA-CM) 
=CA'-CM* 
.-. CA'=C]VP+Cm* 

And similarly. CB*=PM'+dm\ 

PROPOSITION XV, THEOKSM. 

The sum of the squates of any two conjugate diameters^ is equal 
to the same constant quantity f namely^ the sum of the squares 
of the two axis. 



Cor. By (2) 



That is, 

If Pp, Di, be any two conjugate 
diameters, 

Vp* + Dd* = Aa* + Bb\ 

Draw PM, Dm, ordinates the 
axis. 

Then, by Cor. to Prop. XIV, 

AC + BC- = CM« + Cm* + 
PM» + Dm* 

= CP* 4- CD* 
.-. 4AC*+4BC*=4CP*+4CD* 
Or, Aa*+Bfc*=Pp* +Drf*. 



B 




PROPOSITION XVI. THEOREM. 

The rectangle under the focal distances cf any point is equal to 
the square of the semi-conjugate,, 

That is, if CD be conjugate (o 
CP 

SP . HP = CD«. 

Draw SY. HZ, perpendiculars to 
the tangent at P, PF perpend. cu- a 
lar on CD. 

Then by similar triangles SPY, 
PEF, 
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SP : SY : : PE : PF 
Or, SP : SY : : AC : PF .-. PE=AC, by Prop. VI 

Similarly, HP : HZ : : AC : PF, 

.'. SP . HP : SY . HZ : : AC :PP, • 

: : CD' : BC*. Prop. XIV. 
But SY . HZ = BC, by Prop. VIIL 
.-. SP . HP = CD'. 




PB0P08ITI0N XTII. THEOKBH. 

If two tangents be draum, one at the principal vertex^ the other 
at the vertex of any other diameter, each meeting the other 
diameter produced, the two tangential triangks thus formed, 
will be equal. 

That is, 

trian. CPT = trian. CAK. 

Draw the ordinate PM , then, 
CM : CA : : CP : CK, by simi- 
lar triandes. 
But, CM : CA : : CA : CT, Prop. X. 

/. CA : CT : : CP : CK. 

The triangles CPT, CAK, have 
thus the angle C dammon, and the 
sides about the angle reciprocally 
proportional ; these triangles are 
therefore equal. 

Cor. 1. Prom each of the equal triangles CPT, CAK, take 
the common space CAOP ; there remains, 

triangle OAT = triangle OKP. 

Cor. 2. Also from the equal triangles CPT,' CAK, take the 
common triangle CPM ; there remains, 

triangle MPT = trapez. AKPM. 

PROPOSITION XVIII. THEOREM. 

The same being supposed, as in last proposition, then any 
straight lines, QG, QE, drawn parallel to the two tangents 
shall cut off equal spaces. 

That is, 
triangle GQE = trapez. AKXG 
triangle rqE = trapez* AKRr 
Draw the ordinate PM. 
The three similar triangles 

CAK, CMP, CGX, 
are to each other as CA% CM% CG% 
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.-. trap. AKPM : trap. : AKXG : : CA* — C;M« : 
CA*~CG\ dividendo, 



But, 



PM': 



QG: 



CA*— CM' 



PM' 
PAT 



CA«-CG', 
QG' 
QG% 



••. trap. AKPM : trap. AKXG : 
But trian. MPT : trian. GQE : 
/. the triangles are similar. 
.-. trap. AKPM : trian. MPT : : trap. AKXG : trian. GQE. 
But, by Prop. XVII. Cor. 2, 

trap. AKPM = triangle MPT 
.-. trap. AKXG = triangle GQE 
And similarly, trap. AKRr = triangle rqFi 

Cor. 1. the three spaces AKXG, TPXG, GQE, are all 
equal. 

Cor. 2. From the equals AKXG, EQG, take the equals 
AKRr, 'Ear ; there remains, 

RrXG = rqQG. 

Cor. 3. From the equals RrXG, r^G, take the common 
space r^vXG there remains, 

triangle t;QX = triangle vqR. 

Cor. 4. From the equals EQG, TPXG, take the common 
space Et)XG ; there remains, 

TPvE = triangle vQX. 

Cor. 6. If we take the particular case in which QG coin- 
cides with the minor axis. 

The triangle EQG becomes the tri- 
ande IBC. 

The figure AKXG becomes the trian- 
gle AKC, 

.*. triangle IBC = triangle AKC 

= triangle CPT. 

PROPOSITION XIX. THEOREM, 

Any diameter bisects all its own ordinates. 

That is. 

If Q^ be any ordinate to a diameter CP, 

Qt) = vq 
Draw QX, qx^ at right angles to the major a/ 

axis ; 

Then triangle vQX = triangle vqx'^ Prop. 
XVIII., Cor. 3. 

But these triangles are also equiangular ; 

.-. Qv = i>q. 

Cor. Hence, any diameter divides the ellipse ipto two equal 
parts. 
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PROPOSITION XX. THEOREM. 

7%e square of the semi-ordinate to any diameter ^ is toVie rectaip- 
gle undeAhe ahscissoB, as the square of the semi-conjugate to 
the square of the semi-diameter. 

That is, 

If Q^ be an ordinate to any diameter CP, 
Qv» iVv.vp:: CD' 'C?" 

Produce Q<; to meet the major axis 
in E ; 

Draw QX, DW, perpendicular to 
the major axis, and meeting PC in X 
and W. 

Then, since triangles CPT, CyE, are 
similar, 

trian. CPT : trian. CvE : : CF : Ce 
or, trian. CPT : trap. TPvE : : CP' : CP'-Cd* 

Again, since the triangles CD W, i?QX, are similar, 

triangle CDW : trangle t;QX :: CD' ; vQ» 




But 
Cor. 5, 
And 
Cor. 3. 



triangle CDW = triangle CPT; Prop. XVIJL, 
triangle vQX = trapez. TP«E : Prop. XVIII., 



.-. CP' : CD' : : CP'^Cv' : vQ' 
Or, Qu' .Vvvp : : CD' : CP "^ 
Cor. 1. The squares of the ordinates to any diameter, are 
to each other as the rectangles under their respective ab- 
scissae. 

Cor. 2. The above proposition is merely an extension of the 
property already proved in Prop. XII, with regard to the re- 
lation between ordinates to the axis and th^ir ^bsQissaSf 

PROPOSITION XXI. THEOREM. 

The equal conjugate diameters of all ellipses described on the 
same axis major ^ all terminate in the same right lines. 

Let any number of ellipses 
H J, FG be described on the same 
axis major, AB, and the right co- 
ordinates to that axis drawn from 
the extremities of the equal con- 
jugate diameters, will all coincide ^ 
in the same lines KL, MN, or the 
vertices of all their equal diame- 
ters will all be found in those 
lines. 

Describe on the same axis as a 
diameter, the circle Af^BD, bi- 
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feet the arcs EB in K and AE in M« from ivhichpoints through 
the centroi C, draw the conjugate diameters KN, ML ; join 
KL, MN ; draw also the chords BE, BF, BH, aim the diam- 
eters /n, /«, and qt^ sr. 

The triangles ECB, KPC, being similar, their sides are pro- 
portional ; and since KC = BC, and KP = BR, the triangle 
KPC = the triangle BRC = i the triangle ECB. 
Ifence, CP + PK« = i CB* + j CE' 

and KG' = lEB* = EC + CB% 

or, KC + CL« = CB* + CE« 

Hence AB' + ED* = KN» + ML' 

And since the semi-ordinate KP : f P : : EC : FC the tri- 
angles FCB,/PC, are simQar, and/f C + J FCB and /C* = 
i FB» = J FC + i CB' 
Hence, /C« + C<" = FC + BC 

Therefore, /»• + af = FG* + AB' agreeably to Prop. 

XV. 

Also in the triangles HGB, APC, being for the same reason 
as before shown, similar, APG = j HGB, and ^C = J HB* = 
J HG« + J cB\ and HG» + rC' = HC + GB* 

Therefore, hf + sr* = HP + AB* agreeably to the pro- 
perty of the ellipse. 

Cor. 1. GP« = J GB 

and Pf • = ^ GP 

or, PA» = i GH' 

Cor. 2. If AB, instead of bein^ the axis major, should V>e 
the minor axis of a series of ellipses, the vertices of their 
equal conjugate diameters would still all be found in the lines 
MN, KL, produced. 
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DEFINITIONS. 



1. An Hyperbola is a plane curve, such that, if from any 
point in the curve two straight Hnes be drawn to two given 
fixed points, the excess of the straight line drawn to one of the 
points above the other will always be the same. 

2. The two given fixed points are called the foci. 

Thus, let QAq be an hyperbola, S and H the foci. 
Take any number of points in the curve, Pj, P^, P,, . . . 

Join S,P„ H,P„ S,P„ H,Pa, S,P3, H,P3 ; then. 

HPj — ^ SPi = HPj — - SPj = HP3 — SP3 == . • • • 




If HP, — SP, and SF, - HF, be always equal to 

the same constant quantity, the points P, P^ P3 . . . and P',, 
P'a, F3, will lie in two opposite and similar hyperbolas QA^', 
Q,'aq', which in this case are called opposite hyperbolas. 

3. If a straight line be drawn joining the foci, and bisected, 
*the point of bisection is called the centre. 

4. The distance from the centre to either focus is called the 
eccentricity. 

5. Any straight line drawn through the centre, and termina- 
ted by two opposite hyperbolas, is called a diameter. 

6. The points in which any diameter meets the hyperbolas 
are called the vertices of that diameter. 

7. The diameter which passes through the foci is called the 
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axis major, and the points in which it meets the curres the 
principal vertices. 

8. If a straight line be drawn through the centre at right 
angles to the major axis, and with a principal vertex as centre, 
and radius equal to the eccentricity, a circle be described, cut- 
ting the straight line in two points, the distance between these 
points is called the aons minor. 

Thus, let Q^', Q'q' be two opposite q- 
bjrperbolas, S and H the foci, join 

Bisect SH in C, and let SH cut the 
curves in A,a. 

Through C draw any straight line 
Vp, terminated by the curves in the 
points F,p. 

Through C draw any straight line 
at right angles to Aa, and with cen- 
tre A and radius = CS descri{)e a circle cutting the straight 
line in the points B, b. 

Then C is the centre, CS or CH the eccentricity, Pp, is a 
diameter, P and p its vertices, Aa is the major axis, Bb is the 
minor axis. 



The hpyerbolas Xx, X'a:', whose 
major axis is Bft, and whose minor 
axis is Aa, are called the conjugate 
hyperbolas to Q^q, Qfq'. 





9. A straight line, which meets the curve in any point, but 
which, being produced both ways, does not cut it, is called a 
tangent to the curve at that point. 

10. A straight line, drawn through the centre, parallel to the 
tangent, at the vertex of any diameter, is called the conjugate 
diameter to the latter, and the two diameters are called a pair 
of conjugate diameters. 

The vertices of the conjugate diameter are its intersections 
with the conjugate hyperbolas. 

11. Any straight line drawn parallel to the tangent at 'the 
vertex of any diameter, and terminated both ways by the 
curve, is called an ordinate to that diameter. 

12. The segments into which any diameter produced is di- 
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vided by one of its own ordinates and its vertices, are called 
the abscisses of the diameter. 

13. The ordinate to any diameter, which passes through 
the focus, is called the parameter of that diameter. 

Thus, let Pp be any diameter, 
and T^ a tangent at P ; 

Draw the diameter Dd parallel 
to Tt; 

Take any point Q in the curve, 
draw Qlq parallel to T^ and cutting 
Vp produced in t? ; 

Through S draw Rr parallel to 

T^; 

Then Dd is the conjugate diame- 
ter to P^, 

Q9 is the ordinate to the diameter Tp corresponding to the 
point Q. 

Pv, vp, are the abscissae of the diameter Pp corresponding 
to the point Q. 

Rr is the parameter of the diameter Fp. 

14. Any straight line drawn from any point in the curve at 
right angles to the major axis produced, and terminated both 
ways by the curve, is called an ordinate to the axis. 

15. The segments into which the major axis produced is di- 
vided by one of its own ordinates and its vertices, are called 
the abscisscB of the axis. 

16. The ordinate to the axis which passes through the fo* 
cus, is called the principal parameter or lattcs rectum. 

(It will be proved in rrop. IV, that the tangents at the prin- 
cipal vertices are perpendicular to the major axis ; hence de- 
finitions 14, 15, 16, are in reaUty included in the three which 
immediately precede them.) 

17. If a tangent be drawn at the extremity of the latus rec- 
tum, and produced to meet the major axis ; and if a straight 
line be drawn through the point of intersection, at right angles 
to the major axis; the tangent is called the focal tangent^ and 
the straight line the directrix. 

Thus, form P, any point in the 
curve, draw PMp perpendicular to Aa, 
cutting Aa in M ; 

Through S draw LZ perpendicular 
to Aa; 

Let LT, a tangent at L, cut Aa in T ; 

Through T draW Nn perpendicular 
to Aa : 

Then, Pp is the ordinate to the axis 
corresponcUng to the point P. 

19* 
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AM, Ma/ are the abscbss of the axis correspoiiding ta the 
point P, 

hi is the latus rectum, 
LT is the focal tangent, 
Nn is the directrix. 

18. An asymptote is a diameter which approaches the curve 
continually as they are both produced, but which, though ever 
ao far produced, never meets it 

19. If the asymptotes of four opposite hyperbolas cross 
each other at right angles, the hyperbolas are called right 
angled or equilaterial hyperbolas. 

PROPOSITION I. THEOREM. 

7%6 difference of two straight lines drawn from the foci to any 
point in the curve^ is equal to the major axis. 

That is, if P be any point in the curve, ^ 

HP — SP = Aa; 

For, 
HP-SP=AH-AS=Aa+aH-AS ) 

And, VDef.l. 

HP-SP=aS-^H=Aa-«H+AS ) 

Or, 
2(HP— SP) = 2Aa 

HP — SP=Aa 

Cor. 1. The centre bisects the major axis ; for, since 

AH — AS = aS-aH 
Or, SH - 2AS = SH — 2aH 

AS = aVL 
And OS = CH, by def. 3. 

AC = oC. 
Cor. 2. 

HP — SP = 2 AC 

HP = 2AC + SP 
SP = HP — 2AC 
HP + SP = 2AC + 28P- 

PROPOSITION IL THEOREM. 

The centre bisects all diameters. 

Take any point P in the curve; 
Joins, P;H,P;S,H; 
Complete the parallelogram SPHp ; 
join C,p ; C, P ; 

Then, since the opposite sides of pa- ^ 
rallelograms are equal, 

HP = Sp, SP = Hi^; 
.-.HP— SP = Sp- H;>; 
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.*. J9 is a point in the opposite hyperbola by definition 2. 

Again, since the diagonals of a parallelogram bisect each 
other, and since SH is bisected in C, (def. 3,) 

.*. Pp is a straight line and a diameter, and is bisected in C. 

In like manner, it may be proved that any other diameter is 
bisected in C. 



PROPOSITION III. THEOREM. 



The rectangle under the segments of the major axis produced^ 
made by the focus and its vertices, is equal to the square of 
the semi-axis, minor. 



That is, 

AS . Sa = BC» 
For, 

BC* = AB« — AC 

= SC» — AC, by def. 8, 
= (SC — AC) (CS+AC) 
= AS. Sa 

Cor. The square ef the eccentricity is 
equal to the sum of the squares of the 
semi-axes. 

For, SC« = AB', def. 8, 
= AC + BC. 




PROPOSITION IV. PBOBLSM, 

To draw a tangent to the hyperbola ai any point. 

Let P be the given point ; 

Join S, P ; H, P ; 

Bisect the angle SPH by the 
straight line T^. 

T^ is a tangent to the curve at P. 

For if T^ be not a tangent, let T^ 
cut the curve in some other point p. 
\\ Join S, /? ; H, /> ; draw S xO per« 
pendicular to T^ meeting HP in O ; 
joinp, O. 

Since the angles at Y are right angles, and angle SPY 
= angle OPY by construction, and side YP common to the 
two triangles SYP, OYP. 

SY = OY 
And SP = OP. 

Again, since SY = OY, and Yp common to the two trian- 
gles SYp, OYp, and the angles at Y equal ; 

Sp = Op J 




• • 
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.•. Hp — Qp= Up — Sp 
= HP— SP 
= HP— OP 
= HO 
H/i = HO + Qp 
that 18, one side of the triangle HOp is eqaal to the other two, 
which is absurd ; 

.'. p is not a point in the curve : and in the same manner, it 
may be proved that no point in the straight line Tt can be in 
the curve, except P ; 

.•.^ T^ is a tangent to the curve at P. 

Cor. 1. Hence tangents at A and a, are perpendicular to 
the major axis. 

Cor. 2. SP and HP make equal angles with every tangent. 

Cor. 3. Since SPH, the vertical angle of the trian. SPH, is 
bisected by the straight line PT, which cuts the base in T, 

.-. HT: TS : : HP : SP. 



PROPOSITION V. THEOREM. 



Tangents drawn at the vertices of a diameter are parallel. 

Let T^, Wu?, be tangents at P, p^ 
the vertices of the diameter PCB. 

JoinS,P ;H, P;S,;>; H,;>: 

Then, by Prop. II, JSH is a paral- 
lelogram, and since the opposite an- 
gles of parallelojzrams are equal, 
.•. angle SrH = anrie SpH. 

But the tangents T^, Wuj; bisect 
the angles SPH, SpH, respectively. ^ 

.'. angle WpS = angle HPT 




site angle to WpS. 



= angle PTS, which is the exterior oppo- 



.*. Ww is parallel to T^ 



Cor. If Drf be a diameter conjugate 
to Pp, and terminated by the conju- 
gate hyperbolas, tanfi;ents drawn at D 
and d will be parallel. 

Hence tangents drawn at the extre- 
mities of conjugate diameters form a 
parallelogram. 
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PROPOSITION VI. THEOREM. 

If straight lines be drawn from the foci to a vertex of a diame- 
ter^ the distance from the vertex to the intersection of the con- 
jugate diameter with either focal distance, is equal to the- 
semi'dxis major. 

That is, if Drf be a diameter to conju- 
gate to Pp, cutting SP produced in E, 
and HP in e, 

PEorPe=AC. 
Draw HI parallel to Drf, meeting SP 
produced in I. 

The angle PHI = alternate angle 
HPT ^ 

= angle TPS 
= angle HIP 
••• HI is parallel to Dd or T^ 
.-. IP = HP. 

Also, since SC = HC, and CE is parallel to HI, the base of 
the trian. SHI, ^ 

^ • • SE = EL Hence, •.• PE = PI— EI = HP— SE=HP 
oP — PE 

.•.2PE= HP— SP =2 AC 
PE = AC. 

Also angle PEe = angle PeE, .-. Pc = PE and 

Pe = AC. 




PROPOSITION VII. THEOREM. 

Perpendiculars from the foci upon the tangent at any pointy in- 
tersect the tangent in the circumference of a circle whose dia- 
meter is the major axis. 

From S let fall SY perpendicular on 
T^ a tangent at P. 

Join S, P ; H, P ; let HP meet SY 
in K ; join C, Y ; 

Then, since angle SPY = angle 
KPY, and the angles at Y are right 
angles, and the side P Y common to the 
two triangles SPY, KPY, 
.-. SY = KY 
and KP = SP. 
Again, since SY = YK, and SC = CH, CY cuts the sides 
of the trian. HSK proportionally, 

.-.CY is parallel to HP. 
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Also, since CY is parallel to HP,SY = KY, and SO = CH, 
.-. CY = ^ HK = ^ (HP-KP) = i (HP— SP) = J Aa 
= AC. 

Hence, a circle described with centre C and radius = CA, 
will pass through Y, and in like manner, if HZ be drawn per- 
pendicular to T^ it may be proved that the same circle will 
pass through Z also. 

pROPosmoN vin. theorem. 

The rectangle contained by perpendiculars from the foci upon 
the tangent at any pointy is equal to the square of the semi- 
axis, minor. 

That is, 

SY . HZ = BC\ « 

Let Tt be a tangent at any point P ; 
On Aa describe a circle cutting Tt in 
Y and Z ; join S, Y ; H, Z. 

Then, by last Prop. SY, HZ are 
perpendicular to T^ 

Let HZ meet the circumference in % ; 
Join C, 2 ; C, Y ; 

Since zZ Y is a right angle, the seg- 
ment in which it lies is a semicircle, 
and z, Y,are the extremities of a diameter; 

.•. iCY is a straight line and a diameter. 
Hence the triangles CYS, CzH are in every respect equal 

.-. SY = Hz 
.'. SY . HZ = Hz . HZ 

= HA . Ha. 
= BC« . Prop. III. 

PROPOSITION IX. THEOREM. 

Perpendiculars let fall from the foci upon the tangent at any 
point, are to each as the focal distance of the point of con^ 
tact. 

That is, 

SY : HZ : : SP : HP. 
For the triangles SPY, HPZ, are 
manifestly similar ; 

.-. SY : HZ : : SP : HP. 
Cor. Hence, 

op 

SY = HZ 




HP 
.-. SY' = SY .HZ. 



SP 




HP 

SP 
=s BC*,|jp last Prop. 



= BC». 



So also, 

HZ': 
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Tip 



HP 



HP — 2 AC 



PKOPOeiTION X. TBEOBEH. 



If a tangent be applied at any point, undfrom the same point an 
ordinate to the axis be drawn, the semuaxis major is a mean 
proportional between the distance from the centre, to the or- 
dinate with the axis, and the distance from the centre to the 
intersection of the tangent with the axis. 

That is, 

CT : CA : : CA : CM. 
Since the angle SPH is bisected by 
PT, which cuts HS, the base of the 
triangle HPS, in T, .-. 

HT :ST ::HP :SP 

.-.HT — ST:HT+ST::HP — SP: 
HP+SP 

or, 2CT :SH ::2AC : HP 

+SP 

2CT :2AC : : SH : HP+SP - - - . (1) 
But since PM is drawn from the vertex of triangle HPS 
perpendicular to HS produced, 

HM— SM : HP+SP : : HP— SP : HM+SM 
or, SH : HP+SP:: 2 AC : ' 2CM - ... (2) 
Comparing this with the proportion marked ^1), we have 
2 CT : 2 AC : : 2 AC : 2 CM 




or, CT 



CA 






CA 



CM. 



PROPOSITION XI. THEOREM. 



Let AQa be a circle described on the major axis^ from the point 
T, draw TQ perpendicular to Aa, meeting the circle in Q, 
join QM. 

Then QM is a tangent to the circle 
atQ 

Join C, Q. 

For if QM be not a tangent, draw 
QM' a tangent at Q, cutting AC in 
M' 

Then CQM'. is a right angle, 

.'. Since QT is drawn from the 
right angle CQM' perpendicular to 
the hypothenusc, 




2!24 



CONIC SECTIONS. 



.-. CM' > CQ : : CQ : CT. 

or, CM' : CA : : CA : CT, .-. CQ = CA. 

But by the last Prop., 

CM : CA : : CA : CT 
.-. CM = CM', 
which is absurd ; .*. QM is not a tangent at Q ; and in the 
same manner it may be proved that no line but QM' can be a 
tangent at Q. 

PROPOSITION XII. THEOREM. 




The square of any semi-ordinate to the axis, is to the rectangle 
under the abscissas, as the square of the semi-axis minor, is 
to the square of the semi-axis major. 

That is, if P be any point in the 
curve, 

PM';AM.Ma::BC«: AC\ 

Describe a circle on Aa, and draw 
PT a tangent to the hyperbola at P, 
intersecting the circle in the points 
Y, Z, and the major axis in T, 

Draw TQ perpendicular to Aa, 
meeting the circle inQ ; join QM 

Then QM is a tangent to the circle at Q by Prop. II , and 
.'. the angle CQM is a right angle. 

Join S, y ; , Z ; HS Y and HZ are perpendicular to T/, 
Prop. VIL 

Hence the triangles PMT, SYT, PZT, are similar to each 
other. 

.-. PM : SY : : MT : TY 
and,PM : HZ : : MT : TZ 

.-.PM^iSY.HZ:: MT" : TY . TZ, 

or,PM*: BC :: MT" : TQ", 

Prop. VIL 

t: QM" : CQ", 

%• MQT. MCQ are similar triangles, 

:: AM. Ma: AC", 

vPM":AM.Ma:: BC" : AC" 

Cor. 1. 

Let P, M,, Pa Mj, be ordinates to the axis from any 

point P, P , 

Then by P.op. 

P, M," : AM, . M,a : 

P, M," : AM, . M,a : 

/. P, Ml' : P, M/ : 



BC 


: AC 


BC 


AC* 


AM, . M,a 


: AMj .Mja, 



HYPERBOLA. 

That is, the square of the ordinates to the axis ari 
other as the rectangles of their abscisa. 
Cor. 2. By Prop. 

P M' » AM . Ma : : BC : AC 
But AM = CM-CA, Ma = CM+CA, 

.-. PM- : CM'— CA' ; : BC : AC". 

Cor. 3. Since by the proposition ix~_<I 

PM" : AM : Ma : ; BC' : AC, V^" 

we have in the conjugate hyberbolas 
CR' : CA' : CR*-f Cff : dr. 
since dp = CD"'. 



PBOPOBITION XIII. TEEOREH. 

The latus rectum is a third proportional to the axis major and 
minor. 

That is, 

Aa : B6 : : B6 : U. 
Since LS is a semiordinate to the \ „ ^/ 

axis. 

AC : BC : : AS . Sa : LS', 




Prop. XII. 

Prop. III. 

.■- AC:BC:: BC : LS 
or, Affl : Bfr : ; B6 : U. 

FSOFOSITION XIV. THEOKEH. 

The area of all parallelograms, formed by drawing tangents at 
the extremities of two conjugate diatneters, is constant, each 
being equal to the rectangle under the axes. 



BC : LS', 



Let Pp, Tid, be aoy two conjugate 
diameters, WwXa;, a parallelogram 
inscribed between the opposite and 
conjugate hyperbolas by drawing 
tangents at P,p, D, d ; then Pp, Dd, 
divide the parallelogram Wa:Xio 
into four equal parallelograms. 

Draw Pm. dm, ordinates to the 
axis ; PF perpendicular to Tid. 

Let C A meet P X in T and Wa: in i ; 

Then CT : CA : : CA : CM 
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C^ : CA : : CA : Cm, Prop XL 
.-. CT : C^ : : Cm : CM 
But, CT : C^ : : MT : Ciw, by similar triangles. 
.-. MT : Cm : : Cm : CM 



CM . MT = Cm' 



Again, CM : CA : : CA : CT 

.-. CM : CA : : MA : AT,dividendo : 

Or, CM : Ma : : MA : MT, componendo : 

AM . Ma = CM . MT = Ci»^ - - - 



• • 



But, 



Or, 



Similarly, 
Or, 
But, 

But, 



AC 

AC 

AC 

AC 

BC 

CT 

CT 

PF 

PF 



BC: 
BC: 
BC : 
BC : 
dm : 
CA: 
CA: 
CT : 
CA: 



AM 

C»»' 

Cm 

CM 

CA 

CA 

BC 

dm 

BC 



.-. Rectangle PF . CD 
or, Parallelogram CX 
.'. Parallelogram WwXx 
Cor. By (2), 

Cm' 



CA« 

And similarlv, CB' 



(1) 



(2) 



Ma : PM' 

PM' 

PM 

dm 

CM 

CM 

dm 

Cd 

Cd 

rectangle AC . BC 
rectangle AC . BC 
4 AC . BC=Aa . Bft 

HM . Ma 

(CM— CA) (CM+CA). 

CM'— CA* 

CM'— C»»' 

dm'— PM'. 



PROPOSITION XV. THEOREM. 

TTie difference of the squares of any two conjugate diameters, is 
equal to the same constant quantity, namely, the difference of 
the squares of the two axes. 

That is, if Pp, T)d, be any two con- 
jugate diameters, 

Pjj'-Dd' = Aa' — BR 
Draw PM dm, ordinates to the 
axis. 

Then, by Cor. to last Prop. 
AC— BC=CM'+PM'-(Cw'+d'm) 

=CP— Ci" 
.-.Aa'— B6' =P/>'-Dd». 




PKOPOBtTION XVI. THEOKEM. 

Tke rectangh under the focal distance of any point, is equal to 
the square of the semi-conjugate. 

That is, if CD be conjugate to CP, 

SP . HP = CD'. E 

Draw SY, HZ, perpendiculars to 
the tangeat at P, and PF perpendicu- 
lar to CD ; 
Then by similar trian. SPY, PEP 
SF : SY ; : PE ; PF 
or, SP : SY : : DC : PF 
vPE = AC, by Prop. VI. 
Similarly. HP : HZ : : AC : PF 
.•.SP.HP:SY.HZ::AC': PF» 

: : CD' : CB', by Prop. XIV. 
But SY . HZ = CB' , by Prop. VIII. 

.-. SP . HP = CD". 

PROPOSITION XTII. THEOREM. 

If two tangents be drawn, one at the priticipal vertex, the other 
at the vertex of any other diameter, each meeting the othei^s 
diameter produced, the two tangential triangles thus formed 
will be equal 

That is, 

triangle CPT = triangle CAK. 

Draw the ordinate PM ; then 
CM : CA : : CP : CK, by similar 
triangles. 
But,C]VI:CA::CA:CT 

.-. CA : CT : : CP : CK. 

Thetwo irianglea CPT, CAK, have 
thus the angle C common and the 
sides about that angle reciprocally 
proportional ; these triangles are .'. equal ' 

Cor. I. Take each of the equal triangle CPT, CAK, from 
the common space CAOP ; there remains 
triangle OAT = OKP. 

Cor. 2. Also take the equal triangles CPT, CAK, from the 
common triangle CPM ; there remains 

triangle MPT = trapez. AKPM. 
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PEOPOBITION XVIII. THEOREM. 

The same being supposed^ as in last proposition^ then any 
straight lines QG, QE, drawn parallel to the two tangents 
shall cut off equal spaces. 

Q 
That is, ^y^x 

triangle GQE = trapez. AKXG 
triangle rjE = trapez. AKRr 
Draw the ordinate PM. 
The three similar triangles OAK, 
CMP, CGX, are to each other as c 
CA* CM' CG' 
.-. AKPMrtrap. AKXG : : CM'— CA' : CG*— CA»,'dividendo. 
But, PM»: QG' : : CM'— CA» : CG'— CA% 

.-. trap. AKPM : trap. AKXG: : PM* : QG» 
But,trian. MPT :trian. GQF:: PM' : QG', 
•.• the triangles are similar, 
.-.trap. AKPM : trian. MPT: : trap. AKXG:trian. GQE, 
But, by Prop. XVII, Cor. 2. 

trap. AKPM = triangle MPT ; 
.-. trap. AKXG = triangle GQE. 
And similarly, trap. AKRr = triangle rgrE. 

Cor. 1. The three spaces AKXG, TPXG, GQE, are all 
equal. 

Cor. 2. From the equals, AKXG, EQG, take the equals 
AKRr, ^qr ; there remains, 

RrXG, = ryQG. 

Cor. 3. From the equals RrXG, r^QG, take the common 
space rqvlSSjr ; there remains, 

triangle vQX = triangle vgR. 

Cor. 4. From the equals EQG, TPXG, take the common 
space EvXG ; there remains, 

TPrE = triangle vQX. 

Cor. 5. If we take the particular 
case in which QG coincides with the 
minor axis. 

The triangle EQG becomes the tri- 
angle IBC, 

The figure AKXG becomes the tri- 
angle AKC, 

.•. triangle IBC = triangle AKC 

= triangle CPT. 
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PKOPOSITION XIX. THEOREM. 

Any diameter bisects all its own ordinates. 
That is, 
IfClq be any ordinate to a dia- 
meter CP, 

Qv = vq 
Draw QX, qx, at right angles to 
the major axis ; 

Then triangle vQX = trian- 
gle vqx ; Prop. XVIII., Cor. 3. 

But these triangles are also 
equiangular ; 

.'. Qv = vq. 

Cor. Hence, any diameter divides the hyperbola into two 
equal parts. 

PROPOSITION XX. THEOREM. 

The square of the semi-ordinate to any diameter, is to the rec- 
tangb under the abscissas, as the square of the semi-conjugate 
to the square of the semi-diameter. 

That is, 

If Giq be an ordinate to any dia- 
meter CP, 

Qi;2 iVv .vpi: CD" : CP". 

Let Qg meet the major axis in E ; 

Draw QX, DW, perpendicular to 
the major axis, and meeting PC in 
X and W. 

Then, since the triangles CPT, 
CvE, are similar, 

trian. CPT : trian. CrE : : CP" Cu" 
or, trian. CPT : trap. TPuE : : CP": 
Cv^-CP" 

Again, since the triangles CDW, vQX, are similar, 
triangle CDW : triangle vQX : : CD" : vQ" • 
But triangle CDW = triangle CPT ; Prop. XVIII, Cor. 5, 
And triangle i;QX = trapez. TP«E ; Prop. XVIIL, Cor. 3. 
.-. CP" : CD" : : Ct;"— CP" : t;Q» 
Or, Qu" : Pu . vp : : CD" : CP". 
Cor. 1. The squares of the ordinates to any diameter, are 
to each other as the rectangles under their respective absciss®. 
Cor. 2. The above proposition is merely an extension of 
the property already proved in Prop. XII, with regard to the 
relation between ordinates to the axis and their abscissse. 
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• PROPOSITION XXI. THEOREM. 

If tangents be drawn at the vertices of the axes, the diagonals 
of the rectangk so formed are asymptotes to the four curves. 

Let MP meet CE in Q ; 

Then, MQ' : CM' : : AE' : AC' 

BC :AC» 
MP : CM'— CA\ 

Now, as CM increases, the ratio of CM' 
to CM' — CA* continually approaches to a 
ratio of equality ; but CM' — CA' can never 
become actually equal to CM', however 
much CM may be increased. Hence, MP 
is^always less than MQ, but approaches con- 
tinually nearer to an equality with it. 

In the same manner it may be proved, that CQis an asymp- 
tote to the conjugate hyperbola BP'. 

Cor. I. The two asymptotes make equal angles with the 
axis major and with the axis minor. 

Cor. 2. The line AB joining the vertices of the conjugate 
axes is bisected by one asymptote and is parallel to the other. 

Cor. 3. All lines perpendicular to either axis and is termi- 
nated by the asymptotes are bisected by the axis. 

PROPOSITION XXII. THEOREM. 

If a line be drawn through qny point of the curves, parallel to 
either of the axes, and terminated at the asymptotes, the 
rectangle of its segments, measured from that point, will be 
equal to the sqiuzre of the semi-axis to which it is parallel. 



That is, 
the rect. HEK or HcK = CA', 
and rect. AEAj or hek = CA'. 




For, draw AL parallel to Ca, and ah to CA. Then 
by the parallels. CA' : Ca' or AL' : : CD' : DH' ; 
and by Prop. XII, CA' : Co« : : CD'~CA' : DE' ; 
.-. by subtr.CA' : Ca' : : CA' : DH'-DE' or HEK. 
But the antecedents CA', CA' are equal, 
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Therefore, the consequents Ca% HEK must also be eqi^al. 

In like manner it is again, 
by the parallels, C A" : Ca' or AL' : : CD' : DH« ; 

CA'' : Ca : : CD''+CA« : Be' ; 
.-. by subtr. CA" : Ca* : : CA^ : De"— DH' or HeK. 
But the antecedents CA*, CA' are the same, 
.'. the conseq. Ca\ HeK must be equal. 
In hke manner, by changing the axes, is hEk or hek ^ CA*. 

Cor. 1. Because the rectangle HEK = the rectangle HeK, 
.-. EH : eH : : eK : EK 
And consequently HE : is always greater than He. 

Cor. 2. The rectangle AEK = the rectangle HEA. 
For, by similar triangles EA : EH : : Ei : EK. 

Scholium. It is evident that this proposition is general for 
any line oblique to the axis also, namely, that the rectangle of 
the segment of any line, cut by the curve, and terminated by 
the asymptotes, is equal to the square of the semi-diameter to 
which the line is parallel — since the demonstration is ^drawn 
from properties that are common to all diameters. 

Cor. 3. Hence it is evident that all the rectangles are equal 
which are made of the segments of any parallel lines, cut by 
the curves, and limited by the asymptotes ; and therefore, that 
the rectangle of any two lines drawn from any point in the 
curve, parallel to two given lines, and limited by the asymp- 
totes, is a constant quantity. 

GENERAL REMARK. 

Having thus discussed at length, the properties of the para- 
bola, ellipse and hyperbola, in the relations of their local and 
peculiar constructions, it may be observed, that there are many 
properties common to each— especially in the ellipse and 
hyperbola. These curves have many striking similarities in 
their determinations, although there is but little similarity in 
their construction ; for the axes, of the hyperbola are thrown 
without the curve, while in the ellipse they are within ; hence it 
should not be surprising, that the same or corresponding 
quantities, thus differently associated, should propagate by a 
somewhat similar condition of their mutations, curves so ap- 



232 CONIC SECTIONS. 

pareutly dissimilar in their developments. The ellipse is a 
curve of limited extent returning into itself as the circle, but 
the hyperbola is unlimited in its construction, or its determin- 
ation, for its branches may be extended indefinitely ; the same 
may be observed in relation to the parabola, which may be 
indefinitely extended, and the branches of the curve become 
at length parallel to its axis ; this, however, is only in their in- 
finite extension. But the hyperbolic curve never approaches 
toward or even to a parallelism with the axis, but approaches 
infinitely toward its asymptotes ; but without ever touching 
them, except in their infinite extension. The manner in 
which these curves are derived from the sections of a cone, as 
their name mdicates, their origin will be shown in another 
volume, and their quadratures, and some other properties in 
relation to them, will be there discussed. 
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Having, in the former parts of this series, treated of the 
elements of geometry, trigonometry, conic sections, &;c., it 
now remains for us, in accordance with our original design, 
to make such application of the former principles, as to elicit 
such other truths or principles as depend on their various 
combinations, and to investigate the relations of such subjects 
as pertain to the higher geometry. And, without attempting 
to give a full and perfect treatise on the subject, which would 
require volumes, we shall endeavor to present some portions 
of this ancient subject in a new dress ; hoping, thereby, to 
render its beauties more plainly visible, and its oracles more 
intelligible. 

Some new solids are introduced into this volume, the most 
important of which is a class termed revoloids ; which, from 
their organization, seem to serve as a connecting link between 
rectilinear and curvelinear solids. The properties of those 
solids are discussed, and their surfaces and solidities are de- 
termined. Some new curves are also introduced and inves- 
tigated, among which is the revohidal curve, whose quadrature 
is determined ; and, from its relation to the circle, and also to 
rectilinear figures, we are enabled to approximate to the cir- 
cle's quadrature to an indefinite extent. During the investiga- 
tion of this subject, other important properties of the circle 
will be developed, by which the area of the segment of a 
circle whose arc and sine are known, may be computed with 
as little labor as that of the area of a triangle whose base 
and perpendicular are given. 

We have also introduced into this work a mode of con- 
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struction for variable quantities, or such ma^itudes as depend 
on variable factors ; and have adapted a notation, embracing 
some of the principles of the calculus, by which variable 
magnitudes may be algebraically discussed, and their condi- 
tions rendered intelligible. By this notation, some of the more 
difficult geometrical subjects are susceptible of the most ele- 
gant solution; and we are also enabled to get a definite 
algebraic expression for the circle's quadrature, in terms of 
the diameter. The mensuration of such superficies and solids 
as depend on the higher geometry, follows at the close of 
the work. 

From the hasty manner with which a considerable portion 
of this work has been prepared, it can hardly be presumed 
to be entirely free from errors ; but it is believed that if any 
errors exist, they are such as involve no important principle. 

The author, with these remarks, submits the work to the 
consideration of an intelligent public. 
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PART IL— BOOK I. 



SPECIES AND QUADRATURE OF SUPERFICIAL SECTIONS OF 

ELEMENTARY SOUDS. • 



DEFINITIONS. 

» 

1. Superficial sections are surfaces formed when solids are 
cut by plane or curved surfaces. 

2. If the cutting surface is a planey the section is a plane 
section. 

3. Superficial sections of solids take different names, ac- 
cording to the form of the solid in the plane of the section. 

4. From the cylinder, we have the rectangle, the circle, 
and, as will be shown, (Prop. VIII. Cor.) the ellipse. 

5. From the cone, we have five different figures, viz : a tri- 
angle, a circle, and, as will be shown in Propositions L, IL, 
and III., a parabola, an ellipse, and a hyperbola. 

6. From the sphere, we have only the circle. 

Scholium. The parabola, ellipse, and hyperbola, will be 
more specially the subjects of this book. 
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SPECIES AND QUADRATURE OF 



PROPOSITION I. THEOREM. 

If a right cone BEG be cut by a plane Ap o, which is parallel 
to a plane touching the cone along the slant side BE, the sec- 
tion Apo is a parabola. 

Let BEG be that position of the 
generating triangle which is perpen- 
dicular to the cutting plane Ap o ; 
A n their common section, which is 
parallel to BE. Then, since the 
plane BEG passes through the axis, 
it is perpendicular to the base EoG, 
and to every circular section CPD 
parallel to the base ; it is also per- 
pendicular to Apo. Hence, the 
common section rO of the planes 
Ap 0, CPD, is perpendicular to BEG 
and therefore to An and CD. o 

But, AN : ND : : BE : EG, which is a constant ratio ; 
therefore, by the properties of the circle, AN : ND : : CNx 
ND : NO*, since CN is equal and parallel to En, and constant, 
fience the curve is a parabola whose axis is An. 

Cor. If L be the latus rectum of the parabola pAo, LxAN 
=NF=CNxND. 




L=CNx 



IND 



AD 



PROPOSITION II. THEOREM. 

If a cone BEG be cut by a plane E AP through both slant sides 

the section is an ellipse. 

Let BEG be that position of the 
generating triangle which is perpen- 
dicular to the cutting plane: CPD 
any circular section. Draw AHK 
parallel to EG, and therefore bisect- 
ed by the axis BO. 

Then EN : CN : : EA : AK 
NA : ND : : EA : EG ; 
/. ENxNA:CNxND(NP) 
::EA«:EGxAK 

which is the property of an ellipse, 
one of whose axes is EA and the 
other a mean proportional between EG and AK. (Conic Sec- 
tions, Ellipse, Prop. XII.) 
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Proposition hi. theorem. 

If a right cone BED be cut through one side BE by a phne 
RAP which being produced backwards ^ cuts the other aide 
DB produced^ the section is an hyperbola* 




Let D6EH be any circular section, B6H a triangular sec- 
tion through the vertex B of the cone parallel to the plane 
RAP. 

Then, AN : EN : : BF : EP 
NM : ND : : BF : FD 
.% ANxNM : ENxND (NF) ; : BP : EPxFD (FH«) 

which is the property of an hyperbola, whose axis major is 
AM, and whose conjugate axis is to AM as FH to BF. 

Cor. If GT, HT, be tangents to the circle at G, H ; and 
planes passing through GT, HT, respectively, touch the cone 
along the lines BG, BH ; also, if TB, the common section of 
the planes, meet AM in C, then the common section CO, CQ, 
of the plane RAP, extended to meet the tangent planes, are 
the asymptotes of the hyperbola. 

Draw BL parallel to DE, meeting AM in L : then the axes 
of the hyperbola being in the proportion of BF to FH, the an- 
gle GBH, or the equal angle OCQ is the angle between the 
asymptotes. 

Now, by similar triangles ALB, BFE, and CLB, BFT ; 
AL : CL : : TF : FE, and therefore AC : CL : : TE : FE. In 
like manner, by similar triangles MLB, BFD, and CLB, BFT ; 
ML : CL : : TF : DF, and therefore CM : CL : : TD : DP. 
But, by the property of the circle, TE : FE : : TD : DP. 

2 
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en B if 



Therefore, CA=CM. Hence C is the centre of the hyperbola^ 
and CO, CQ, are the asymptotes. (Conic Sections, Hyperbo- 
la. Proposition XIL) 

Scholium 1. Let EHF represent an A' a A 

hyperbola, and AC, AD the asympto- 
tes ; let the two branches HE and HP 
be brought into the position He and 
H/, so that the asymptotes become 
A'c and A'f, or till they become parallel 
to each other, and the curve becomes 
a parabola ; the parabola then, may be 
regarded as an hyperbola, whose a- 
symptotes are parallel, and infinitely 
extended in each direction. If the extremities e,/ of the curve 
are brought Into the positions n, i, so as to incline toward the 
axis AB, so that the curve may again return into itself as its 
axis is extended, it then becomes an ellipse or portion of an 
ellipse. These different figures are the result ot the position 
of the plane forming the section through the cone. 

Scholium 2. A section of a polyedroid by a plane oblique to 
its axis may assume a combination of one, two, or three, of 
the varieties of surfaces. Thus, a section through a regular 
vertical quadredroid by a plane, parallel to a plane touching 
one of its sides, making an angle of 45° with the axis, toward 
the vertex, will consist of two parabolas on opposite 
sides of the same base, these will evidently be 
parabolas of equal type or similar parabolas, 
when the section passes through the centre 
of the solid, and as it approaches toward one 
of its sides, the parabolas become dissimilar. 

But if the plane cuts the solid s<> as to make angles of more 
than 45° witn the axis, the section will consist of the segments 
of two ellipses on opposite sides of the same ordinate, which 
ordinate is the line formed by the intersection of the cutting 
plane, with the plane through the centre of the solid perpendi- 
cular to its axis ; and if the cutting plane passes through the 
centre of the solid the two segments will be of similar type, 
but they will vary as the section recedes from the centre 
toward either side. 

If the plane should be passed through so as to make an 
angle with the axis less than 45°, then we should have hyper- 
bolsis on the same base, these would be similar hyperbolas 
when the plane should pass through the centre, but would be- 
come dissimilar as it recedes from the centre. 
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In like manner, if a plane should be passed 
through the peutadroid AB parallel to one of 
its sides AD, the section would consist of two ^ 
species, viz., that part viiiich passes through € 
the portion ABD would be a parabola, that 
passing through the part ABEC would be a 
segment of an ellipse. But if the section should- 
be passed so near to BE as to cut the base of the solid, the 
section would consist of a parabola, and a middle segment of 
an ellipse, and would have a rectilinear base. If the plane 
should be parallel to the side EB, then the section through the 
lower part of the solid would be a parabola, or a segment of a 
parabola, and the section through the upper part an hyper- 
bola, and in fme, if the plane should make an angle with the 
axis less than that of the side EB, then the section through 
both parts of the solid would ctmsist of the dissimilar hyperbo- 
las or segments of hyperbolas. 

I^t a plane be passed through a polyjsdroid of a greater 
number of sides oblique to the axis, and the section may be so 
made as to consist of segments of all the varieties of the conic 
sections, and may also, under certain conditions, have one, 
two, three, and at most four rectilinear sides, but it can have 
no more than two rectilinear sides, except where the secti<m 
is parallel to the axis. 

rsofOBinoN iv. lehha. 

From a .rectangular pritm there may he taken two pyramidt of 
equal base and altitude with the prism ; when there wiU re- 
main two other pyramids, each equal to half one of the lateral 
tides as a base, multiplied by one third of the distance of tuck 
base to the opposite side. 

For let the rectangular prism AH be 
divided into two parts, by passing the 
planes BGDB through the opposite edges, 
and the portion ABDCGE will consist 
of the pyramid, whose base is ABDC, and 
vertex E, plus the triangular pyramid, 
whose base may be taken as GEO and ver- 
tex D, or DCG may be regarded as the 
base, and E the vertex. And since the & a 

other portion of the prism is similar to this, it can be divided in 
8 similar manner. Hence the whole prism consists of two 
equal pyramids erected on the upper and lower bases of the 
prism + two other pyramids erected on the lateral «des as 
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bases, and whose vertices will be in an angle formed by the 
intersection of its opposite side with one of the bases. Hence 
as in the proposition. 

Cor. 1. If a prism have a square base and a section be 
made through the prism parallel to the base, the sections through 
the pyramids erected on the upper and lower bases will be 
squares, and the sections through the pyramids, whose bases 
are the lateral faces of the prism, will be rectangles whose 
factors are the sides of the squares composing the sections 
through the former pyramids. 

' That the sections through the pyramids, erected on the 
square bases will be squares, is sufficiently manifest ; and 
since each of the other pyramids coincides with one of these 
along one of its slant sides, and with the other along another 
of its sides, it follows that the measure of its section through 
any parallel portion of the solid will be the rectangle of we 
edges of the section formed by the same plane through the two 
former pyramids. And since, if the section is taken in the 
middle, equidistant between the two bases, the sides of the 
sections through the pyramids with square bases are= half the 
«des of their bases, the sections at such place will each be=f the 
section of the whole prism ; the sections of the two quadran- 
gular pyramids will be 2 squares=2 quarters of the whole 
section ; hence the sections through the two triangular pyra- 
mids are squares=to the former, and equal to each other, since 
the four pyramids fill the space, and constitute the whole 
prism. 

Cor. 2. Hence, also any section of a prism with a square 
base, made by a plane parallel to such base may be expressed 
by the square of a binomial, whose terms are cpmposed of the 
sides of the sections through the quadrangular pyramids. 
Let hi or A«, the side of the square forming a section 
through the pyramid erected on the lower base, be represented 
by a ; and let fd or rfn, the side of the square forming a sec- 
tion through the pyramid erected on the upper base, be re- 
presented by 6; then will a+fc=the line Ao, the side of the 
whole section Aodc, and a' will represent the section through 
the pyramid ABDCE, ft* will represent the section through 
the pyramid EFHGD, and ah will represent a section through 
each of the other pyramids, hence 2aft will represent the sec- 
tions through both, and a*+2a6+ft' will represent the whole 
section in whatever parallel the section is taken, always ob- 
serving that the values of a and h vary according to the sides 
of the respective sections, which they represent 
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Cor* 3. If there be a series of numbers in arithmetical pro» 
^ession, whose first term is and last term z, and if the num- 
ber of terms is infinite between these extremes, then the sum of 
the squares of the series of numbers will be equal to one 
third of the square of the last term drawn into the series. 
For if an infinite number of planes be passed through the py- 
ramid, parallel to its base, and equidistant from each otner 
through the sides of the sections made by those planes, they 
will be a series of numbers in arithmetical progression^ whose 
first term is 0, and the last term may be called x. Now the 
sum of the sections drawn into their distance will represent 
the solidity of the pyramid, but the solidity of the pyramid is 
equal to one third of an equal series of 2, the last term or 
base of the pyramid draw& into the distance or ratio ; or= 
to one third z drawn into the series. 

^Cor. 4. If there be a series of numbers in arithmetical pro- 
gression increasing from up to 2, drawn into a similar series, 
decreasing from z down to 0, then will the sum of their pro- 
ducts be equal to half the sum of the squares of one of the 
series. For the sections through the pyramid HDGE, as we 
have seen, represent the rectangles of the sides of the corre- 
sponding sections through the two pyramids, formed on the 
two bases, and the sides of these sections are evidently, in each 
pyramid, a series. in arithmetical progression ; one increasing 
from to 2, while the other decreases from z to 0. Moreover, 
the sections through the pyramid CDGE represent the solidity 
of that body, as the corresponding sections through the pyra- 
mid ABDCE, represents the solidity of that body. But the 
solidity of the pyramid CDGE, is equal to half the pyramid 
ABDCE, which as we have shown, may be represented by 
the sum of the squares, of a series of arithmeticals, &c« 

Cor, 5. If in the expression a'+2aft+6', a be made to pass 
successively through, all the values from. up to z ; and b at 
the same time pass through all the changes from z to ; then 
the sum of all the a^ will be equal' to the sum of all the 2a6, == 
the sum of all the h*.. 

Cor. 6. If a in the expression above, be made to increase 
from h successively to z, and at the same time h be made to 
pass through all the values from z to A, then the series repre- 
sented by 2a6, will be a mean proportional between those re- 
presented by a* and b% since in this condition the two pyra- 
mids represented by the series of a^ and b\ would be such as 
pertain to pyramids inscribed in a frustum of a pyramid, and 
erected on the two bases, and the portions represented by the 
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series of Qab^ would be such as pertain to the pyramids erected, 
on the lateral sides as bases, and since the sum of these pyra« 
mids is equal to either of the others, when the two bases 
are equal, and because obis s, mean proportional between a* 
and b\ it follows that the series represented by 2ab is a mean 
proportional between those represented by a" and A% which 
agrees with the property of the frustum of a pyramid found 
in the Elements of Geometry. 



E 
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Cor. 7. Let any plane KIHL be ^ 

Eassed through a prism parallel to its 
ase, cutting the pyramids ABDCE, 
EFNGD, DCGE, and EFBD in the sec- 
tions Hnot Krop, Ipotf and Lron. Then 
since I^ is equal to hn or ro, and Hn=6w, 
it follows that as the section Hnot : Ipot : : 
Ipot : Krop : : Hnot : Lnor. 

And by addition : : (K.not+lpot)=llIpn : KLnjp. 
Hence Hnot : Hlpn : : HIpn : KIHL. 



N 






B 



Cor. 8. Hence, of two quantities, the square of the first is to 
the rectangle of the first and second, as the rectangle of the 
first and second to the square of the second, and as the sum 
of the first and second X by the first, is to the sum of the first and 
second X by the second. Also as the square of the first is to 
to the sum of the first and second, X by the first, so is the sum 
of the first and second X by the first, to the first and second X 
by the first and second. Thus let a and h be two given quan- 
tities, then will a* : ab : : ab :b% : : a*+ab : ai+b\ 
and a* : a^+ab : : a^+ab : a^+2ab+b^. 



Scholium. It has been shown (Prop. XXXIV. B II. EL SoL 
Geom.) that the solidity of a prismoid is equal to the product of 
the sum of the areas of the two ends+4 times AD and EH a mid- 
dle section, equidistant between them Xy of the altitude; we may 
easily infer that this is also true of all prisms and pyramids 
and pyramidal frusta. Then since the prism AH is equal to 
the sum of the areas of the two bases +4 times the middle 
section hodc x } of the altitude AE, it follows that whatever 
parts make up this product are equal to the whole prism. 

First, then let us take the pyramid ABDCE = (the base 
ABDC+4 Aig5, a middle section) X^AE, and also the pyramid 
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EFHGD=(the base EFHG+4gpdn) X ^ ® « 

AD ; if from the expression for the whole ^ 
prism we take the expressions for the two 
pyramids erected on the bases we have, 
isgrKXiAE+iiopgX}A^, that is the two 
remaiDins portions, are equal to four times 
their middle sections, multiplied by j- of 
their altitude. Hence we may infer that if ' 

any portions of either of the pyramids into ■' 
which the prism has been conceived to be 
divided, be cut off by a plane, or planes parallel to the base, 
the portions so cut off will be equal to the product of the sum 
. of tneir two bases, + four times a middle section between 
them, X by I of the altitude of such portions. It may be ob- 
served that since a regular pyramid has but one base, its soli- 
dity is hence equal to the sum of this base + four times a sec- 
tion, midway between the base and verticexl the altitude; and 
also in the two pyramids, whose bases are on the lateral sides 
of the prism, since they have no bases parallel to the middle 
section, their solidities for that reason are equal to four times 
their middle sections X i of 'heir height. It may be further 
observed that each portion tgnc, GB into which these pyra- 
mids are divided by the plane kodc is a wedge, whose base is 
the section forming the division. 

rKoroaiTiON v. tbrobbh. 

If from the extremity of an ordinate to the axis of a parabola 
and perpendicular mereto, a line be drawn meeting another 
line, drawn from the vertex perpendicular to the axis, form- 
ing with the ordinate and abscissa a rectangle ABCD, aiid 
if a diagonal be drawn from the vertex A to the extremity of 
the ordinate, forming a right angled triangle ABC of the 
same base BC and altitude AB, then any line or ordinate 
drawn from the axis across the triangle, the parabolic area, 
and the rectangle, parallel to the ordinate, will be cut in con- 
tinued proportion by the sides of those figures. 

That is, EF: EG:: EG: EH. 

Or EF, EG, EH are in continued 
proportion. 

For by (Prop. VII. Cor. of Parabola) 

AB : AE : : BC : EG". 

And since AB : AE : : BC : EF 
hence EF : BC : : EG' : BC'. 
Or, EF : EH : : EG' : EH', 

therefore (Prop. XXIV. B. I. El. Geom.) EF, EG, EH, 
are proportionals, or EF : EG : : EG : EH. 
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Cor, Let any number of ordinates GI be drawn across the 
exterior parabolic space parallel to the axis, and since 
EG* : BC: : AE : AB, by equality we have AP: AD': : IG : DC, 
and since this is true from whatever position on the line AD, 
the line IG may be drawn, it follows that any line IG drawn 
across the exterior parabolic space is proportional to the square 
of the distance of such line from the vertiee A. 




FROPOSITION VI. THEOREM. 

If a parallelogram he circumscribe^ about a parabola^ the area 
of the space exterior to the parabola will be equal to one 
third of the parallelogram^ and the interior space will be two 
thirds of the parallelogram. 

Let ABCD be a parallelogram cir- 
cumscribed about the parabola 
AEB, and the space ECB, EDA ex- 
terior to the curve will be = |^ the 
parallelogram ABCD, and the space 
AEBA within the curve will be = | 
ABCD. 

From the vertiee E draw EF the axis of the parabola, 
which will divide the parabola and rectangle into two equal 
parts ; it is to be proved that the exterior space ECB is = 
i EFBC. 

Draw the diagonal EB, and let an indefinite number of 
equidistant ordinates KA be drawn across the triangle EBC, 
and exterior parabolic space EIBC, and those ordinates 
will represent their respective surfaces in the relation of their 
magnitudes respectively. Then since the distances of those 
ordinates on the line BC, estimated from the vertiee B, are a 
series of numbers in arithmetical progression, the ordinates 
K* drawn across the triangle, are also a series in arithmeti- 
cal progression, for Kft is proportional to BK in whatever 
position the ordinate KA: is drawn ; and since it has been 
shown (Prop. V. Cor.,) that any ordinate IK drawn across the 
exterior parabolic space is proportional to the square of its 
distance BK from the vertex B, it follows that the ordinate is 
proportional also to the square of Ki, the corresponding 
ordinate drawn across the triangle. But the ordinate EC or 
base of the triangle is equal and identical with the base of the 
parabolic exterior space ; hence each of the ordinates IK ter- 
minated by the parabolic curve is equal to the square of KA, 
the corresponding ordinate drawn across the triangle. 
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Hence all the ordinates Kk may be represented by a 
series of numbers in arithmetical progression, whose first term 
beginning at B, is infinitely small or 0, and last term EC, and 
all the IK will be a similar series of squares of those arithme- 
ticals ; but (Prop. lY. Cor. 3,) the sum of an infinite series of 
the squares of a series of numbers in arithmetical progression, 
whose first term is 0, and last term z, or EC, is equal to \ 
ECxCB, which is | of the rectangle EFBC, 

Cor, 1. Hence the parabolic segment EIBE, cut off by the 
diagonal, is equal to } of the rectangle, = J of the interior pa- 
rabolic space EIBFy = | the exterior parabolic space EIBC. 

Scholium. It has been shown in the argument above that 
the ordinates drawn across the exterior parabolic space are 
severally = the squares of the same ordinates drawn across 
the triande EBC, this is true where EC=1, and for all other 
values 01 EC, they are in the same proportion. 



PROPOSITION VU. THEOREM. 

♦ 

The area of the exterior parabolic space included in its cir^ 
cumscribing rectangle is equal to the sum of its base +four 
times the line or ordinate drawn parallel to iJie base, and equi" 
distant from the bcLse to the vertex^ multiplied hy } of the al' 
titude. 

And the area of the interior space of a parabola is equal to the 
sum of its basCf + four times the ordinate equidistant from 
this base to the vertex^ multiplied by one sixth of the altitude. 

Let ABDC be a rectangle circumscribing' 
the semi-parabola AcDB, and let he be an 
ordinate drawn cross the exterior space 
ACDcA equidistant from A to C, and let M 
be an ordinate drawn across the interior 
space AcDB in a similar manner, then will 
the area ACDcA = (CD+4Lc) | AC. And 
the area AcDB = (AB+4cM) i BD. For 
draw the diagonal AD, then, since we have 
shown in the ai^ument to Prop. VI, that Lc=LA*, when CD=i 
CD% and since LA=^ CD : then if we call LA, a, and CD, 2a, 
we shall have Lc = a», and CD = 4a' that is Lc = j CD or 
CD=4Lc. 

Hence CD+4Lc=2CD, then by the proposition 2CDXiAC 
= CDx i AC = the surface AcCDA, as was also found iu 
proposition YL 
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Again since LM = CD or AB,and Lc =} CD. cM= J AB. 
Then by the proposition (4cM+AB) X jBD=4ABx}BD= 
I (ABxBD)=the area, as found in the preceding proposition. 

Cor. 1. HeDce the parabolic segment ADcA is equal to 
four times the middle ordinate ch X i the altitude AB. For 
since Lk = { LM, cA=Lc = | AB, and J ABX4=AB, and 
ABx^ BD = the surface which agrees with Cor. 1 Prop. VI. 

Cor. 2. Also if another similar parabolic curve DeA be de- 
scribed on the opposite side of the diagonal, the space between 
the two curves would iu like manner be found, = 4 times the 
ordinate ce X } of the altitude BD. 

Cor. 3. The same may be shown in reference to the area of 
the triangles ACD,and also of the rectangle ABDC, viz., their 
areas are equal to the sum of tbeir upper and lower bases, + 
4 times a middle ordinate, X t of their respective altitudes. - 

Scholium. Let there be a rectangle CB, and a prism BK of 
thesame altitude, and let the base of the prism be a square, one 
of whose sides is = ABthe base of the rectangle. 

Let the prism be divided ^ ;K 

into the pyramids BEGFD, 
DIKHG, DHFG, EGID, as 
in Prop. IV. Also let the 
parabolic curves AcD AeD 
and the diagonal AD be 
drawn aa in the proposition 
above. Then it a plane 
MnOP be passed through 
the prism parallel to its 
base, and if an ordinate LM 

be made to pass through the rectangle in the same plane, the 
plane will cut the pyramidal portions of the prism in the same 
relation, aa the ordinate cuts the parabolic portions of the rect' 
angle ; viz., the section Mfiq through the pyramid BEGCD 
win be to the section MnOP through the prism, as the ordinate 
cM through the exterior parabolic space ABDeA, to the ordi- 
nate LM through the rectangle ABDC ; and the section «(KD( 
through the pyramid DIKHG is to the whole section through 
the prism, as the ordinate Lc through the exterior space 
ACDcA, to the whole ordinate LM through the rectangle, and 
so for the sections through the other pyramids, and ordinates 
through the interior parabolic segments, and this is true in 
whatever parallel position the plane forming the section and 
ordinate is drawn. 

For it has been shown (Prop. VL Sch.) that the ordinate 
eM is equal to AM* ; the section Mfsq is evidently= the square 
of Mfi butMf is =: AM, hence Hfsq =hW ; therefore Sifiq 
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will be expressed by the same numbers as eM» and this is trae 
in whatever parallel position the plane is passed. 

The same may also be shown in reference to the sections 
svOt through the pyramid DIKH6, and the ordinates he and 
LA, viz., the section $vOt=^Ot'=fn* =LA* and Lc=LA". And 
since every ordinate LM through the rectangle, has the same 
relation to the rectangle, as every section through the prism, 
has to the prism, and each section Mfsq, svOt^ has the same 
relation to the solid as each ordinate Lc,cM, has to the surface ; 
it follows that the remaining sections, fnvs^ stPq, have the 
same relations to their respective figures, and since the sec- 
tions Mfsq svOt are expressed by the same powers of the 
same factors as the ordinates he and eM are expressed, eh and 
he must also be expressed by the same terms as the sections 
fnvSf stVoj viz., he^hhxhNi^ ch also=LAxAM, and ce= 
2 (LAxAM.) Hence if LA = a and AM=ft then will Lc=a", 
ce=2a5 and cM=&*, and the whole ordinate may also be ex- 
pressed by a*+2db+b\ which is the square of a binomial, the 
same as has been shown, (Prop. lY. Cor. 2) in reference to 
the pyramids composing a prism, and the expression is true 
in whatever parallel position the ordinate is drawn. It fol« 
lows therefore that the ordinates drawn across any of the pa- 
rabolic portions of the rectangle, have the same power of de- 
termining the area of the exterior or interior parabolic spaces, 
as the corresponding sections through the pyramidal portions 
of the prism have, in determining the solidities of those pyra- 
mids. But we have shown (Prop. IV. Sch.) that each 
portion of the prism divided as above, however selected or 
compounded, is equal to the sum of its two bases+4 times a 
middle section X i of the altitude ; hence also the larea of any 
parabolic portion or portions of the rectangle is equal to the 
sum of its bases + 4 times a middle ordinate X i the altitude. 

Cor* 4. The parabolic area included between two parallel 
ordinates is=the product of the sum of the two ordinates + 4 
times an ordinate equidistant between them X i of the altitude 
of the parabolic segment. For let ABM c be a segment of 
the parabola included between the ordinates cM, AB, the axis 
MB and the curve Ac ; draw cS perpendicular to AB, and the 
parabolic segment ScA will be equal to (AS + 4 um) X J Sc, 
and the rectangle SBMc istevidently=(SJ+cM+4i?ip) | cS ; 
hence the whole space ABMc=(AS+SB+cM+4M»i+4»ip,) 
XiSc=(AB+cM+4tip) i 8c. 

Cor. 5. In like manner it may be shown that the space 
eMBA is=(AB+eM+4u7) iMB, and hence also that any para- 
bolic portion AuchmA or uchm may be determined in the same 
manner. 
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Car. 6. Hence generally, if a space be terminated by a 
parabolic curve on one side, and either a parabolic curve or 
a right line on the other, the space included between two 
parallel lines, drawn across the figure cutting those sides, will 
De=to the product of the sum of those Iines+4 times another 
line drawn across equidistant between the two multiplied by'^ 
the perpendicular distance of the two parallel lines. 



PROPOSITION Vni. THEOREM. 

If a circle be cut by a plane through its axisy andperpendicU' 
lars be drawn from every point in the circumference to the 
plancy the orthographic projection of the circle so drawn will 
be an ellipse. 

Let the circle ARML be inclined to the plane of this paper 
in such a manner, that the semicircle ARM may be above 
the paper, and the semicircle ALM below it, and let AM be 
the common intersection 

of the two planes. Let^ ^ * 

the semicircle ARM be 
projected downwards up- 
on the plane of the paper, 
by drawinj^ perpendiculars 
QP, RB, ^om each point 
of the circle, and let the 
semicircle ALM be 
projected upwards, by 
drawing the perpendicu- 
lars qp, LO, &c. ; then the 
curve ABMO, marked out 
by this projection, will be 
an ellipse. For draw QN, RC, at right angles to AM, and 
join PN, BC ; then the angles QNP, RCB, will measure the 
mdination of the planes, and PN, BC will b^ perpendicular to* 
their common intersection AM. Now QN : : PN : rad. : cos. 
QNP, and RC : BC : : rad. ; cos. (RCB = QNP) r 
.-. QN : PN : : RC or AC : BC which agree with the pro- 
perties of the ellipse (Prop. XIL Cor. Conic Sec.) In a similar 
manner it may be shown that the semicircle ALM is pro-^ 
jected into a semi-ellipse AOM ;«and thus the whole circle 
ARML is projected into an ellipse ABMO^ whose major axi» 
is AM. 

Scholium, This proposition is manifestly true, when the 
plane of the projection does not cut the circle, or cuts it un- 
equally. 
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Cor. Hence any section of a cylinder by a plane not per- 
pendicular or parallel to its axis, is an ellipse, or portion of an 
ellipse. 

PROPOSITION IX. THEOREM. 

If an the major axis of an ellipse a circle be described^ the area 
of the ellipse will he to that of the circle^ as the minor axis of 
the ellipse to the major axis.j 

Let ACBD be a circle described on the major axis AB of 
the ellipse AEBF, then will the area of the ellipse be to that 
of the circle as EF to EB. 

For it has been shown 
rProp. XII. Cor. Conic 
Sec.) that any ordinate IL 
of the axis AB of the ellipse 
is to the corresponding 
ordinate GH of the circle, 
as EF to CD or AB, as the 
minor axis to the major 
axis. And since this is 
true in whatever position 
the ordinates to this axis are 
drawn ; and because if we 
suppose an indefinite num- 
ber of equidistant ordinates 
to be drawn across the ellipse and circle, the sum of the ordi- 
nates in each will represent those figures in the relation of their 
areas, the sum of the ordinates in the ellipse will be to the sum 
of those in the circle, as EF to CD, and hence the area of the 
ellipse will be to that of the circle in the same ratio. 

Scholium. As the area of the ellipse bears this given ratio to 
that of its circumscribing circle, the quadrature of the ellipse 
must therefore depend on the quadrature of the circle. If 
irXCAO . AO, or CO,) or flrAO*=the area of the circle, then 
AT . AG . EG=the area of the ellipse. Hence the area of the 
ellipse is found by multiplying the rectangle under its semi- 
axis by the constant number «', the ratio of the diameter to 
the circumference of a circle, which in the Elements of Geo- 
try we have found, developed to a certain order of decimals 
to be 8,1415926. But 3,1416 may be regarded as the 
value of 4r which is a convenient number to use, and is suffi- 
cient where extreme accuracy is not required. 

From this it also appears, that the area of an ellipse is 
equal to the area of a circle whose radius is a mean propor- 
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tional between its semi-axis ; for the area of that circle is 
^ R«=«'Xthe square of ^AOxEO = «' . AO . EO. 



Cor. 1. The area of an ellipse has the same ratio to the 
area of its circumscribed paraliogram as the area of a circle 
has to its circumscribed sqtare. For the area of the parallelo- 
gram circumscribing the ellipse is = 4 AOxEO ; hence the 
area of the ellipse : area of the parallelogram m . AO . EO : 
4A0 . £0 : : 3,1416 : 4 : : 7854 : 1. 



Cor. 2- If a circle be described on the minor axis EF of the 
ellipse, then any ordinate PQ of the circle will be to the cor- 
responding ordinate le of the ellipse as EF to AB. Hence 
also the area of the ellipse is to that of the circle described on 
its minor axis, as the major a^is of the ellipse to its minor 
axis. 



Cor. 3. Hence any segment of the ellipse cut off by ordi- 
nates, either of the major or minor 'axis is to a similar seg- 
ment of the circle, described on such axis, as its conjugate is 
to such axis. Thus the segment lAL of the ellipse AEBF is 
to the segment 6AH of the circle described on the axis AB, 
as the ordinate IL is to the ordinate 6H or as the minor axis 
EF of the ellipse is to the axis CD of the circle, or to ABthe 
transverse axis of the ellipse. And the segment leE is to the 
segment PQE as the axis AB as conjugate to EF of the ellipse, 
to the axis RS of the inscribed circle, or EF of the ellipse. 

Cor. 4. Since the area of a circle BESF is equal to its'^cir- 
cumference multiplied by half the radius EO, and since the 
area of the ellipse AEBF is = to that product increased in the 
ratio of EO toAO or CO, it follows that the area of the 
ellipse is equal to the circumference of its inscribed circle mul- 
tiplied by \ the radius of its circumscribed circle, and that it 
is also equal to the circumference of the circumscribed circle 
multiplied by \ the radius of the inscribed circle. 

Cor. 5. As a circle is to the square of its diameter so is 
any ellipse to the rectangle of its two axes, or the rectangle 
of any two conjugate diameters drawn into the sine of their 
included angle. Any two like segments or zones of the circle 
and ellipse, are alsojn the same proportiooL 
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Cor. 6. Hence we* have the fol- 
lowing construction ; let ADE be an 
oblique segment of the ellipse 
AFBGA, cut oiF by an ordinate 
to the diameter AB, F6 being 
the conjugate. Through the 

centre C draw aP perpendicular 
to FG meeting Aa and BP, in a and 
P, both parallel to F6 ; then about 
tt^ie axes a P, FG, describe the ellipse 
aFPGa, meeting the ordinate pro- 
duced in e and d. Then will the right 
elliptical segment dae^ be equal to the oblique segment DAE, 
and so will the whole ellipse aFPGa= AFBGA ; moreover 
their corresponding ordinates de DE parallel to the common 
diameter FG, are everywhere equal, as are the like parts or 
zones contained between any two of such ordinates. And the 
same may be said of all ellipses of the same diameter FG, con- 
tained between the parallels aA, BP infinitely produced. 




PROPOSITION X. THEOREM. 

All the parallelograms are equal, which are formed "between the 
asymptotes and curve, hy lines drawn parallel to the a symp^ 
totes of an hyperbola. 

That is, the lines GE, EK, AP, AQ, 
being parallel to the asymptotes CH, CA, 
then the parallelogram CGEK = paral- 
lelogram CPAQ. 

JF^r, let A be the vertex of the curve, 
or extremity of the semi-transverse axis 
AC, perpendicular to which draw AL 
or A/, which will be equal to the semi- 
conjugate, by definition XIX. Hyp. Also, 
draw HEDeA' parallel to 11. 

Then, CA« : AL" : : CD«— CA» : DE', 

and by parallels, CA* : AL* : : CD« : DH* ; 

therefore, by substract CA* : AL* : : CA' : DH»— DE* 
or rectangle HE . EA ; 
consequently, the square AL*=the rectangle HE . EA. 

But, by similar trian. PA : AL : : GE : EH, 
and, by the same, QA : A/ : : EK : EA ; 

therefore, by comp. PA . AQ : AL* : : GE . EK : HE . EA ; 
and, because AL*=HE . EA, therefore PA . AQ=GE . EK. 

But the parallelograms CGEK, CPAQ, being equiangular, 
are as the rectangles GE.EK and PA • AQ. 
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And therefore the parallelogram *6K = the parallelo- 
gram PQ. 

That isy all the inscribed parallelograms are equal to one 
another. 

Cor. 1. Because th^ rectangle 6EK or C6E is constant, 
therefore GE is reciprocally as CG, or CG : CP : : PA : GE. 
And hence the asymptote continually approaches towards the 
curve, but never meets it ; for GE decreases continually as 
CG increases ; and it is always of some magnitude, except 
when CG is supposed to be infiiritely great, for then GE is in- 
finitely small or nothing. So that the asymptote CG may be 
considered as a tangent to the curve at a point infinitely dis- 
tant from C. 

Cor. 2. If the abscissas CD, CE, CG, 
&c., taken on the one asymptote, be in 
geometrical progression increasing ; then 
shall the ordinates DH, EI, 6K, £c., pa- 
rallel to the other asymptote, be a de- 
creasing geometrical progression, having 
the same ratio. For, all the rectangles 
CDH, CEI, CGK, &c., being equal, the 
ordinates DH, EI, GK, &c., are reciprocally as the abscissas 
CD, CE, CG, &c., which are geometricals. And the recipro- 
cals of geometricals are also geometricals, and in the same 
ratio, but decreasing, or in converse order. 

PROPOSITION XI. THEOREM. 

JTie three following spaces^between the asymptotes and the curves 
are equal ; namely^ the sector or trilinear space contained 
hy an arc of the curve and two radii^ or lines drawn from 
its extremities to the centre ; and each of the two quadrila- 
terals^ contained hy the said arc, and two lines drawn from 
its extremities parallel to one asymptote, and the intercepted 
part of the other asymptote. 

That is, 

The sector CAE =PAEG=BAEK, 
all standing on the same arc AE 

For, as has been already shown, 
CPAB=CGEK ; 

Subtract the common space CGIB, 

So shall the parallel FI= the parallel 
IK; 

To each add the trilineal lAE* 
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Then is the quadril. PAEG=BAEK. 
Again, from the quadrilateral CAEK, take the equal triangle 
CAB, CEK, and there remains the sector CAE=:BA£K. 
Therefore, CAE=BAEK=PAEG. 



PROPOSITION XU. THEOIBM. 



Every inscribed triangle^ formed by any tangent and the two 
intercepted parts of the asymptotes^ is equal to a constant 
quantity ; namely double the inscribed parallelogram. 

That is, the triangle CTS=2 parallelogram GK. 

For, since the tang'^nt TS is bisected 
by the point of contact E, and EK is pa- 
rallel to TC, and GE to CK ; therefore 
CK, KS, GE are all equal, aS' are also 
CG, GT, KE. Consequently the triangle 
GTE = the triangle KES, and each 
equal to half the constant inscribed parallelogram CKL And 
therefore the whole triangle CTS, which is composed of the 
two smaller triangles and the parallelogramy is equal to 
double the constant inscribed parallogram GK* 




PK0PO9ITI0N XIII. THBOKBIC. 



Iffrom the point of contact of any tangent^ and the two inter'- 
sections oj the curve with a line parallel to the tangent^ three 
parallel lines be drawn in any direction^ and terminated by 
either asymptote ; those three lines shall be in continu^ 
proportion* 



That is, if HKM and the 
tangent IL be parallel, then are 
the parallels DH, EI, GK in 
continued proportion. 




c D E 



For, by the parallels, EI : IL : : DH : HM ; 

and, the same £1 : IL : : GK : KM ; 

therefore by compos. EP : IL' : : DH . GK : HMK ; 
but, the rect HMK=1L* ; 

and therefore the rectangle DH . GK=^EP, 
or DH:EI::£I:6K. 
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PROPOSITION XIY. THXOKBM. 

Draw the semi-diameters CH, CIN, CK ; 
(see last diagram.) 

Then shaMthe sector CHI == the sector CIK, 

For, because HK and all its parallels are bisected by CIN, 
therefore the triangle CNH=trian. CNK, 
and the segment INH=seg. INK ; 

consequently the sector, CIH=sec. CIK. 

Cor. If the geometricals DH, EI, GR be parallel to the 
other asymptote, the spaces DHIE, EIKG will be equal ; for 
they are equal to the equal sectors CHI, CIK. 

So that by taking any geometricals CD, CE, CG, &c., and 
drawing DH, EI, 6K, &c., parallel to the other asymptote, as 
also the radii CH, CI, CK ; 

then the sectors CHI, CIK, &c. 

or the spaces DHIE, EIKG, &;c. 

will be all equal among themselves. 

Or the sectors CHI, CHK, &c. 

or the spaces DHIE, DHK, &c. 

will be in arithmetical progression. 
And therefore these sectors, or spaces, will be analogous 
to the logarithms of the lines or bases CD, CE, CG, &c. ; 
namely CHI or DHIE the log. of the ratio of CD to CE, or 
of CE to CG, &c. ; or of EI to DH, or of CK to EI, &c. ; 
and CHK or DHKG the log. of the ratio of CD to CG, &lc. 
or of CK to DH, &c. 

Scholium. If the common lomrithms are multiplied by 
2,802585093 their products will be the hyperbolic logarithms. 



PROPOSITION XY. THEOREM. 

If any number efordinates AD,EP, ^. to 6H, between the Ay- 
perbola and the asymptote^ are taken in geom^rical progress 
sum increasing^ then viill their distances AE, 4^., on the 
asymptote be a series of geometricals decreasing^ and AO 
will represent the sum of the decreasing series* 
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TJiat the geometrical 
ordinates and their dis- 
tances on the asynnptote 
are reciprocal geometri- 
cals is manifest from(Prop« 
XIV Cor,,) and since the 
distances AE» £K &;c., 
on the asymptote, inten- 
cepted by those ordinates 
compose the whole series 
of decreasing geometri- 
cals, the sum of that series 
will be represented by 
A6» the part of the asymptote taken up by the series. 

Gor. 1. The last term Gi, is=AExEF-rGH. For the area 
ADFE sc the area HGit, and if the distances on the asymp^ 
tote are taken indefinitely small, ti may be regarded as «=:GU» 
and AD may be regarded as » EF, and if the hyperbola is 
equilateral, then the space ADFE will be=tAEx AD=GixGH 
converting this equation into a proportion, 

we have AE : Gi : : GH : AD, 

or GH : AD : : AE : Gi. 

Hence, Gi=«AEx(AD or EF)-^GH 

..- * 

Scholium. It is evident that this proposition is true, howeyer 

far the series may extend on the asymptote CA. 

Cor. 2. If the series commence at any point A on the asymp- 
totes, and decrease to infinity, CA will be the sum of the 
series ; hence the sum of an infinite series of decreasing geo- 
metricals is a finite number. 



PROPOSITION XVI. TBEOREII* 

If any number of portions AE, EK, 4*., to G, (see diagram 
above) are the reciprocals of a series of ordinates AD, EF, 
KL, 4^., to GH, in geometrical progression ; then will the 
area or space intercepted by AD and GH, between the curve 
and asymptote be ^ the space ADFE, multiplied by the 
number of terms of the series. 

For since the space intercepted by each two consecutive 
ordinates of the series is equal to ADFE, it follows that tfce 
whole space intercepted by all the ordinates, or the space 
ADHG is a ADFE X by the number of terms in the series* 
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Car. Hence the area of the interior hyperbolic space HDB 
inay be found, if the exterior space is known. For the interior 
space is equal the triangle HBD + triangle HnD + the rect- 
angle nDAG — ^the exterior hyperbolic space 6HDA. 

Scholium. Let AD=^ EF == e, GH = g, and AE the first 
term of a geometrical 8eries=a ; the last term <= z ; and AG 

the sam = s. Then we shall have a the first term* and z =— 

g 
the last term, and $ the sum of all the terms of a geometri- 
cal series to find the ratio and number of terms. 
Then by geometrical progression will 

s = a + ar + at^ + af^ - - - +01^"^ 
multiply by r 

sr=ar+at^+at^ '- -l-flr*~*+ai* 

Sobtracting the first from the second, 

$ (r — l)=ar*-T-a 

air*- 1) 

/. $=— 1 — 

r — 1 

And since* 



f^ 



z 



r— 1 
multiplying by r— 1» «r— s= 

By transposing and dividing; r= -^ 

and in the equation z=ar^^^ 

multiplying by r and dividing by a we have 

XT 

r» = which equation 

a 

is irreducible by the ordinary methods when n is the unr 
known quantity, it being an exponential equation, and can be 
solved only by logarithms, which see. (Chap. V Trigonome- 
try) ; but if we proceed to raise r to some power, whose 

idue is - the index of that power will be the value of n ; this 

^an always be done to approximate exactness. 

Let the series of geometricals commence at the vertex H, 
in&king Gi the first term = a, and let w be a given number, 
then assuming any value to «, z, r, each of the others may be 
fiynd by the formula above, and hence the area of the exterior 
and interior hyperbolic spaces may be found, as well as that of 
any section or segment . 
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Scholium 2. If the portion of the hyperbolic curve is gmall, 
the ordinates AD, EF, &.c., and consequently AE,£K, dec, 
will be very nearly in arithmetical progression as may readily 
be seen by the rapid manner in which the ordinates DN, Dv, 
DH, DU, &.C., approximate toward the curve as the hyperbo- 
lic arc is decreased, hence the hyperbolic area may be approx- 
imately obtained by first dividing it into portions having 
known ratios 'to each other, and finding the value of one whea 
the whole will become known. 

FKOPOSITION XVII. FROBLBH. 

Let k be required to find how far from G on the asymptote AC 
an ordinate must be drawn parallel to GRin order to inter- 
ceptwilh GH an area =A 

Take any distance Gi(see fig. to Prop. XV,) and since AG : 
it:: GH : Gi we have the two parallel sides GH, it, and their 
distance Gi of the quadrilateral GH^i to find its area, which 

call/, then •^= Ji,leto represent the distance, Gi the first term 

of the geometric series, and GH -r (t = r, the ratio. 

Whence we have s =a ( ;- ) = the distance from G 

\ r — 1 ' 
on the asymptote, that the ordinate must be drawn to intercept 
with GH, the area A. 

84AoHum, Since the spaces intercepted by the ordinate GH 
or AD, with any base IN, are the hyperbolic logarithms of 
the ratios of AD to GH (F. XIII. Cor.) hence the area may ba 
found by taking the logarithms of the ratio, and multiplying it 
Into the base. 



If aU the ordinates to the diameter of an equilateral hyperbola 
be reduced in any ratio r, then the area of the hyperbola 
will be reduced in the same ratio. 

Let all the ordinStes HI, NO, &c., of « 
the equilateral hyperbola HFI be re- 
duced to hi, no, &c., forming a hyperbola 
AFt. then will tbe area of the equilate- 
ral hyperbola HFI be to the area of the 
new hyperbola AFt as HI to hi, or as 
NO to no. For, if an indefinite num- 
ber of equidistant parallel ordinates be 
drawn across the two hyperbolas, the 
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areas of each will be as the sum of the lengths of all the ordi- 
nates in each, but by hypothesis, each of the ordinates HI, 
NO, are to their corresponding ordinates ni, no in the given 
ratio r ; hence, their sums in each, most also be in the same 
ratio. 

Cor. 1. Since the areas of similar figures, are as the squares 
of the lines similarly drawn in each ; similar segments of simi- 
lar hyperbolas, are as the squares of their axes, or of their like 
diameters. 

Cor. 2. Hyperbolas of the same transverse axis and abscissa 
are to each other as their conjugate axes ; but if their bases, 
or ordinates, and conjugate axes be the same, they will be as 
their transverse axes ; and generally, hyperbolas having the 
same abscissa, are as the rectangle of their major and minor 
axes ; and, consequently, having the quadrature of any one 
hyperbola, we may from it find that of any other. Thus 
knowing the area answering to any abscissa in anyone hyper- 
bola, we can find a similar abscissa in the other ; then as the 
rectangle of the axes of the squared hyperbola, is to the rect- 
angle of the proposed one, so is the area of the former, to that 
of the latter. 

Scholium. 1. It may be shown that a parabola is always greater 
than a triangle of equal base and altitude,, and that the hyperbola 
is always between the two ; since from the nature of the sec- 
tion through the cone by which the hyperbola is produced, it 
may vary from a vertical section through the cone forming a 
triangle, to the section parallel to one of its sides forming a 
parabola, each of which extremes it can never reach, but may 
approach infinitely near. 

When the section passes through the 
vertice and base of a cone, the section 
is evidently a triangle, whatever angle 
it may make with the axis. Let the sec- 
tion be removed from the vertice by 
any quantity however small, and it becomes 
one of the curves described above ; it may 
be an hyperbola or a parabola, either of 
which may agree infinitely near with the cE en B if fc 
triangle. Hence, the triangle and parabola are not opposite ex- 
tremes of the hyperbola as the limits of its dimensions, for the 
hyperbola and parabola may both terminate in a triangle at the 
same moment, or the two curves may become assimilated when 
they are infinitely removed from a triangular form ; nevertheless, 
when the hyperbola AA, parabola PP, and the triangle ACC are 
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described on the same base C C, and of equal altitude B A, the 
hyperbola may always be described between the triangle and 
parabola ; this arises from the nature of the sections from 
which they are formed. Let the axis be indefinitely extended 
as when the section becomes parallel to one of the sides of the 
cone, in which case the two asymptotes AC, AC of the hyper- 
bola CHC, become parallel to each other, as A' e, A! f, in which 
case the asymptotes may be conceived to vanisn, and the 
curve, at this point, assumes other properties, as we have seen 
in our investigations ; the axis, after being increased to infinity 
in the direction, BA, vanishes or becomes changed, and is in- 
finitely extended in the direction B ; but the same cause that 
brings the asympotes to a parallel position, may, by continuing, 
cause them to assume a greater distance toward A' A' than 
in the opposite direction, and the axis in such case becomes 
a definite magnitude, in which case the curve will be inclined 
inward, as at n i, when, by extending the axis, it will return 
into itself and become an ellipse. 

Scholium 2. As it' has been shown (Prop. IX Cor.6) in re- 
ference to ellipses, it may be also shown that all hyperbolas 
having the same centre and equal bases, and described be- 
tween the same parallels, although infinitely produced, are 
equal to eacji other, as are also their corresponding sections 
parallel to the bases, and likewise any frustum or segments 
intercepted by the parallels. 

The same may also be shown of parabolas of the same base 
and altitude, or those with the same base, and |;>etween the 
same parallels, that they are equivalent in area, &c. 

EQUATIONS TO THE CURVES FORMED BY SECTIONS OF THE CONE. 

1. For the Ellipse. 

Let d denote AC, the semi-axis major or semi-diameter ; 

c = CM its conjugate ; 

« = AK, any abscissa, from the extremity of the diam. 

y = DK the correspondent ordinate. 
Then, (Prop. XII Ellipse,) AC« : CM» : : AK . KB : DK^ 
that is, d^ : c^ :\x (d — a?) : j/^, hence d« y« =c« {d — a?*) or rfy 
=Cy/(dx — a;"), the equation of the curve. 

And from these equations, any of the four letters or quan- 
tities, d, c, a?, y, may easily be found, by the reduction of equa- 
tions, when the other three are given. - 

Or, if p denote the parameter, = c* — rf by its definition ; 
then, (Prop. XII. Cor. l)d:p: :x (rf— x) : y\ or dy*=p {d» — a?") 
which is another form of the equation of the curve. 
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Otherwise, Or, if rf = AC the semi-axis ; c= CH the semi- 
conjugate. \p ss c* -7- d the semi-parameter ; x = CKtbe ab- 
scissa counted from the centre ; and y = DK the ordinate as 
before. 

Then is AK = i-*, and KB = rf +«, and AK . KB = (*-«) 
X (d+x) = d'—x'. 

Then, i* : c« : : d^ — «» : y«, and d'y^ =s c^(d*— ««), or dy 
=^c^/(rf• — «*), the equation of the curve. 

Ot, d: p : : £?— a,* : y", and dy*=p (cP— «*) another form of 
the equation to the curve ; from which any one of the quanti- 
ties may be found, when the rest are given. 
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2. For the Hyperbola. 

Because the general property of the opposite hyperbqias, 
with respect to their abscisses and ordinates is the same as 
that of the ellipse, therefore the process here is the same 
as in the former case for the ellipse ; and the equation to the 
curve must come out the same also, with the exception of the 
signs which are sometimes changed from + to — •, or from — 
to +9 because the abscisss on the axis, lie beyond or without 
the curve, whereas they lie within it, in the ellipse. Thus mak- 
ing the same notation for the whole diameter, conjugate, ab- 
scissa, and ordinate, as at first in the ellipse ; then, the one 
abscissa AK being a:, the other BK will bed + x^ which in the 
ellipse was d — x; so the sigit of ^ must be changed in the 
general property and equation, by which it becomes rf* : c* : : 
X (d+x) : y* ; hence (P y^ ^ c" (cfc+x')'^and dy = c^idx+j?)^ 
the equation of the curve. 

Or, using p the parameter as before, it is, J :/> : : x {d+x) : 
y*, or dy^=p (dr+a:*), another form of the- equation of the 
curve. 

Otherwise^ by using the same letters d, c^p, for the semi-axis» 
semi-parameter, and parameter, and x for the abscissa CK 
counted from the centre ; then AK=a?— d, and BK=x+d and 
the property d* : c* : : (x— d) X (x+d) : y", gives d* ^ ^ c* 
(«• — i?) or dy = Cy/{a^—d^)^ where the signs of d" and ar* are 
changed from what they were in the ellipse. 
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Or, again using the semi-parameter, rf : y : 7? — d* : y", and dy 
=»(«*—(?) the equation of the curve. 

But for the conjugate hyperbola, (Prop. XII, Cor. 3, Hyp.) 
as the signs of both o^ and rf' will be positive ; for the pro- 
perty in that case being C A' : CB« : : CD«+CA* : Dp% it is £p : 
c* : : ai'+rf" : y'=Up*, or d'y^—c^ (x'+d") and dy—c x/(x'+d*), 
the equation to the conjugate hyperbola. 

Or, as d : /> : : «•+(? : y', and dy'=p (tJ*+d*), also the equa- 
tion to the same curve. 

On the Equation to the Hyperbola between the Asymptotes. 

Let CE and CB be the two asymptotes to the 
hyperbola dFD, its vertex being F ; and EF, W, 
AF, BD, ordinates parallel to the asymptotes. Put 
AF or EF=a, CB=ar, and BD=y. Then, (Prop. 
XII Hyp.,) AF • EF = CB . BD, or a'=xy, the 
equation to the hyperbola, when the abscissae and 
ordinates are taken parallel to the asymptotes. 




06A B 



3. For the Parabola. 



If X denote any absciss beginning at the vertex, andy its 
ordinate, also p the parameter. Then 

AK : KD : : KD :p : or a; : y : : y : j' ; hence ^a?=y* istheequa- 
tion to the parabola. 

4. For the Circle. 

Because the circle is only a species of the ellipse, in which 
the two axes are equal to each other ; therefore making the 
two diameters d and c equal in the foregoing equations to the 
ellipse, they become y*=^dx — a;* y being the mean proportional 
between x and d — 2?, when the abscissa x begins at the 
vertex of the diameter : and y^ =^ d* - — a:*, when the abscissa 
begins at the centre. 

Scholium. In each of these equations, we percieve that they 
rise to the 2d or quadratic degree, or to two dimensions ; 
which is also the number of points in which every one of these 
curves may be cut by a right line. Hence it is that these four 
curves are «aid to be lines of the 2d order. And these four 
are all the lines that are of that order, every other curve being 
of some higher, or having some higher equation, or may be 
cut in more points by a right line. . 
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SOLID SECTIONS OR SEGMENTS OF SOLIDS OF REVOLUTION, 
CYUNDROIDS, AND PARABOLIC PRISMOJDS AND UNGULAS. 



DEFINITIONS. 

1. Solid Sections or segments are the portions of a solid cut 
off, or out, from another solid by one or more plane or curve 
surfaces. 

2. If any portion of a cylinder or a cone, is cut off by a plane 
which is not parallel to the base, the solid section, so^cut ofl^ is 
called an ungula. 



3. Ungulas cut from a cylinder are 
called cylindric ungulas. 

Thus the section ACDBEF cut off 
by the plane ACDB ; as also the se- 
veral sections ACIH6M, 6HIK and 
HIKLBD, are cylindric ungulas. 




i 4. Ungulas cut from a cone or conic 
frustum are called conical ungulas. 

Thus the sections ECDB and AFEGAB 
are conical ungulas. 



6. Portions cut from a sphere by 
the intersection of two planes, are 
called spherical wedges or ungulas. 

Thus the spherical section 
ACBDAB is a spherical wedge or 
ungula. 
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6. A portion cut from a segment of a 
sphere by a plane perpendicular to the 
base of the segment is called a second 
segment. 

The portion CceA is a second segment of a sphere. 

7. Conical ungulas take particular names according to 
the figure of the superficial section, yiz.f parabolic elliptical 
or hyperbolic, 

8. The portion of a cylinder or cone remaining after an un- 
gula is taken, is called the complement of the ungula^ or ungu- 
lical complement, and its altitude is equal to that of the un- 
gula. 

Thus GNPKIHG (Fig. at Def. 3) is the complement of the 
ungula GKIH, and ADCEHA (Def. 4) is the complement of 
the ungula ECDB. 

9. An ungulical supplement is what remains of the whole 
solid after an ungula is taken therefrom. 

10. An elliptical cylinder is a cylindrical solid, every super- 
ficial section of which by planes perpendicular to the axis are 
equal ellipses. 

11. An elliptical cone is one, every section of which per- 
pendicular to its axis are similar ellipses, and is the solid In- 
cluded between an elliptical base perpendicular to its axis, and 
a point as its vertex. 

12. A cylindroid is a solid included between two bases of 
equal perimeter, one of which is an ellipse, and the other an 
ellipse of a different excentricity or a circle. 

13. If a solid have two parallel bases, consisting of dissimi- 
lar ellipses of different perimeters, or one elliptical and one 
circular base, of different perimeters. The solid may be 
called a conoidal frustum, 

14. A parabolic prism is a prismatic solid, whose base is a 
parabola, and each of whose sections parallel to the base is 
equal and similar to the base. 

15. A parabolic pyramid is a pyramidal solid, whose base 
is a parabola ; and is the solid included between- such base, and 
a point above as its vertex. 
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PlOPOSinON I. ^ THBOEBN. 

If a cylinder be cut by a plane parallel to its axii^ the solid 
section so cutoff will be equal to the area of its base multi- 
plied by its altitude^ and its curve surface will be equal to 
the arc of its base multiplied by its altitude. 

Let HFCGED, be a section of the cylinder, 
AD, cut off by a plane HFEG, parallel to the 
axis of the cylinder ; then will the solidity of the 
section be equal to the area GD of the base mul- 
tiplied by the altitude DC, and its convex surface 
will be equal to the arc EDG of the base multi- 
plied by the altitude DC. 

For, if a plane be passed through a cylinder 
parallel to the axis, it will divide the two bases 
proportionally, and every section dhec parallel 
to the base will be divided in the same ratio ; hence the curve 
surface of the cylinder will be divided in the ratio that the cir- 
cumference of the base is divided. But the convex surface 
is equal to the circumference of its base multiplied by its alti- 
tude, (Prop. I. B. III. EL S. Geom.^) and its solidity is equal to 
the area of its base multiplied by its altitude, (Prop. II. B. IIL 
EL S. Geom.) Hence the curve surface of the portion so cut 
off, proportional to the section of the base, is also equal to the 
arc of its base muTtiplied by its. altitude; and its solidity, for 
the same reason, is equal to the area of its base multiplied by 
its altitude. 

PROPOsrrroN ii. theorem. 

If a plane cut a cylinder diagonally ^ passing through the oppo- 
site edges of the two bases^ then the cylinder will be divided 
into two equal ungulas, and the curve surface of each ungula 
will be equal to the perimeter of its base mulfiplied by half 
its altitude ; and the solidity of each will be equal to the area 
of the base multiplied by half the altitude. 

Let ALDMA be a plane passing diagon- 
ally through the cylinder BC, cuttingthe op- j^ 
posite edges of the two bases at A and D, 
and the two ungulas ADB, ADC will be 
equal in surface and solidity, and the curve, 
surface of each is equal to the circumference 
of its base multiplied by half its altitude, and 
their solidities are equal each, to the area of 
its base multiplied by half its altitude. 

For, the two ungulas are symmetrical 
(Def. 19, R 11. EL 8. Geom.,) being so- 
lids, similarly formed, in opposite sides of B 
the i^ane ALDMA as a base, and hence 
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are equal each to each. Moreover, let a plane be passed 
through the cylinder, parallel to. and at equal- distances be- 
tween the two bases, forming the superficial section ILKHI, 
and the two ungulas will be cut by that plane in the same 
ratio, since they are similar solids, and since they are cut by 
a plane parallel to and at equal distances from their bases: 
hence the solid section, or partial ungula ALMI, is equal to 
the partial ungula DMLK, both in surface and solidity ; and 
for the same reason, their complemental ungulas ALMKC, 
ILMDB are equal, each to each, both in surface and solidity. 
Therefore, the cylindric section KB between the two parallels 
ILKM and BEDF, is equal to the uagula AHEFDA, both in 
surface and solidity ; but the cylindric surface of KB is equal 
to the circumference BEDFB of the base multiplied by IB, 
equal to half the altitude of the ui^ula ABD; and the solidity 
of KB is equal to the area BEDF multiplied by IB, equal lo 
half the altitude of the ungula. Hence, &.c 

PKOFOSITIOM III. TBEORUf. 

^ a cylinder he cut diagonally hy a plane tohich bissects the 
base, the ungula cut off by such plane will be equal to its 
cylindric surface multiplied by one-third of the radius of the 
circle of the base. 

Let AFEC be an ungula, cut off from the _ 
cylinder ABDC by the plane AFE, bisecting 
the base CFDE in FE, iRen will the ungula 
AFEC be equal in solidity to its cylindric 
surface multiplied by one-third of the radius 
IC ofthei)ase. 

For, conceive the ungula to be divided in- 
to cylindrical elementary pyramidals (Prop. 
Xlll. Schol. 1 and 4, B. Hi. El. 8. Geom.) by 
planes parallel to the axis of the cylinder, and d c 

all passing through the centre I of the base, 
then these will all be perfect pyramidals, since 
lines drawn from every point in the cylindrical base to the 
centre I, lie wholly in the solid, or in the plane surfaces of the 
solid ; and since all parts of the solid are included between 
the cylindrical base of the ungula and centre I, in right lines. 
And these pyramidals (Prop. XiV. B. III. El. S. Geom.) are 
each equal to its cylindrical base multiplied by one-third of its 
altitude, viz., one-third of CI. Therefore, the whole ungula, 
being made up of all the pyramidals, is equal to the sum of all 
their bases multiplied by ooe-tbint of the common altitude CL 
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Cor. 1. If a line ec be passed along the axis of the cylin'* 
der, and the edge of the ungula, through its whole extent, be« 
ing always perpendicular to the axis, in every position ec or 
gnioT an the solid included within the suiface described by 
the motion of this line, together with the ungula, is equal to the 
cylindric surface of the ungula multiplied by half the radius 
of the base. * 

For let the cylindric surface be divid- 
ed at pleasure, by planes passing through 
the axis, and the several divisions will 
all be elementary portions of the cylinder, 
and (Prop. Ill, Cor. B. Ill, El. 8. Geom.) 
each will be equal to its cylindrical base 
multiplied by half its altitude, or half the 
radius of curvature of the cylinder. 

Cor. 2. Hence the section included between the ungula 
and the axis of the cylinder is equal to half the ungula ; since 
the ungula, is equal by the proposition to its cylindrical 
surface, multiplied by one-third of the radius of the base, 
and the two sections together, are equal to the same sur- 
face multiplied by j+i=i the same radius. 




PROPOSmON IV. THEOBEM. 



From the compkment of two similar ungnlas whose bases are 
together equal to the base oftlie cylinder^ a cone may be taken 
of equal base and altitude to that of the cylinder^ when there 
will be left a residuxil portion equal to its cylindric surface 
multiplied by one-third of the radius of the base. 



Let DEFC be the complement of the two 
similar ungulas DEFA, and CEPB whose 
bases AEF and BEF are together equal to 
the base of the cylinder, and there may be 
taken a cone DGCHI of equal base and alti- 
tude with the cylinder, and the portion of the 
cylinder remaining will be equal to its cylin- 
dric surface multiplied by one-third of the 
radius IF of the base 



« 
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For since each of the ungulas are cut off by planes pass- 
ing from the centre I, of the lower base of the cylinder, and 
through opposite edges of the upper base, those planes just 
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pass along the tides, of the cone touching it on the two 
opposite sides, through its whole length, and be cause the 
cone terminates in a point I in the centre of the lower 
base, there exists a portion FIDHC on one side of the 
cone, and a similar portion EIDGO on the other side, in- 
cluded between the surface of the cone, and that of the 
cylinder ; and these two portions consist of regular pyramidals 
with cylindric bases and their vertices all centre in I, at the 
vertex of the cone ; for if lines be drawn from every point in 
their cylindric surface to the centre I, those lines will pass 
through every point in the solid portions to which those sur- 
faces belong. And because the cone DGCHI is supposed to be 
taken from the complement, these pyrimidals are elementary 
portions of a conesected cylinder, (Prop. XIII. Sch. B. III. El. 
S. Geom. and Def. 2,). Hence (Prop. XIII. Sch. 5, B. III., El 
8. Geom.) they are equal to their cyiindric bases multiplied by 
one-third of the radius IF. 

Cor. The opposite ungulas DEFA, CEFB and the com- 
l^ements IFDHC, lEDGC of a conesected cylinder are seg- 
ments which are in the same proportion to each other in their 
cylindric surfaces, as in their solidities. 

PKOPOSITIOM V. TBEOBBM. ^ 

The solidity of an ungula, whose baseislesa than Jialf the base 
of the cylinder, is equal to its cylindric surface, multiplied by 
one-third of the radius of the base of the cylinder, minus the 
pyramidal segment of a cone, whose base is the base of the 
ungula, and whose vertex, is thepoint where the diagonalplane 
produced forming the ungula, would cut the axis of thecylijt' 
der or iis axis produced. 

■ Let BSHK be an ungula whose base SHK 
is less than half the base of the cylinder, and 
its solidity will be equal to its cylindric sur- 
face, multiplied by one-third of the radius of 
the base of the cylinder, minus the pyramidal 
segment KSHOof a cone whose base isKSH, 
the base of the ungula ; and whose vertex 
is O, the point where the plane BSH pro- 
duced to F£ cuts the axis oi the cylinder. 



For the solidity of the ungula BFED, is equal to its cylm- 
dric surface multiplied by one-third of the radius of the base 
of the cylinder (Prop. Il£) and the section KSHFED minus 
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the conical section KSHO is a portion of a conesected cylinder, 
which (Prop* XIII, B. IlI/£/. S. Geom.) is equal to the product 
of its cylindric surface multiplied by one-third of the radius of 
the base, and because this section of the conesected cylinder 
is formed by a plane passing through the centre O, cutting it 
in such manner that every point in its cylindric surface may 
be connected by right lines with the vertice O, these lines 
being included in the. same solid ; this section is also equal to 
its cylindric surface multiplied by one-third of the distance OD 
of this vertice from the cylindric surface ; hence, the other 
two portions of the ungula, viz., the conical KSHO, and the 
ungula BSHK are equal to the remainder of the cylindric sur* 
face of the ungula BF£D, viz., the cylindric surface of the 
small ungula BSHK multiplied by one-third of the radius OD 
of the base of the cylinder. Now, if from this product we 
take awav the conical segment SHKO we shall have the ungula 
BSHK. ' Hence, &c 



Scholium. If on the diagonal plane BSHof the ungula as 
a base, the pyramidal BSHr be described, P being the vertice 
of such pyramidal situated in the centre of the circular sec- 
tion of the cylinder, and in the plane KSH of the base of the 
ungula produced, the sum of this pyramidal and ungula is 
equal to their cylindric surface multiplied by one-third of the 
radius of the base of the cylinder ; and the pyramidal BSHP 
is equal to the conical portion, KSHO. 

For the pyramidal BSHP together with the ungula BSHK, 
constitutes the regular elementary pyramidal, BSHKP, with 
a cylindrical base, which (Prop. XIV. B. III., EL S. Geom.) is 
equal to its cylindrical surface multiplied by one-third of 
the radius, PK of the base, and because the sum of the 
ungula, BSHK, and pyramidal section of a cone KSHO, is 
equal to the same product (Prop. V.) it follows that the pyra- 
midal section BSHP is equal to the conical portion KSHO. 



PBOrOSlTION VI. TEEOBEM. 



The solidity of an ungula ELMD whose base is greater than 
half the base of the cylinder^ is equal to its cylindrical sur- 
face multiplied by one-third of the radius of the base of the 
cylinder 9 plus a conical segment^ whose base is the base of the 
ungula, and whose vertice is the point S, where the plane 
ELM cuts the axis of the cylinder* 
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Or the iolidily of the unguli u equal to the same product plus 
the pyramidal ELMO, whose base is the elliptical sections 
ELM and whose vertice is O, the centre of the base of the 
cylinder. 

For through , the point S pass the plane 
IFKC, and the ungula will be divided into 
two portions, one of which, EFCK, is equal 
(Prop. III.) to its cylindrical surface multi- 
plied by one third of the radius of the base k 
of the cylinder ; and the portion FCK 
LMD, from which, if we take a conical sec- 
tion LMDS, we shall have a portion of a _ 
conesectcd cylinder remaining which is equal 
to its cylindric surface multiplLed by one third of its radius. 

Hence, the whole ungula ELMD is equal to its cylindric 
surface multiplied by one third of the radius of the base of the 
cylinder plus a segment of a cone, whose base is the base 
of the ungula and vertice, the point where the plane ELM 
cuts the axis of the cylinder. 

Again, if we pass the two surfaces MOE and LOE meet- 
ing each other in the right line OE, those surfaces will 
cut out the pyramidal ELMO, whose base is the elliptical 
section ELM, and whose vertice is the centfe of the base of 
the cylinder, which if we take from the ungula, will leave a 
portion which is equal to its cylindrical surface multiplied by 
one-third of the radius of the base of the cylinder, since it con- 
sists of a portion which may be divided indefinitely by 
planes passing through the vertice O, and each of those portions 
so divided will be perfect pyramidals, and will remain elemen- 
tary to the whole section. (Prop. XIII, Schls. B. Ill, El. 8. 
Qeom.) Hence, &c. 

Cor. 1. Hence the pyramidal ELMO, is equal to the coni- 
cal segment LMDS. 

Cor. 2. As the plane section ELM is an elhpse, the surface of 
the pyramidal ELMO contiguous to the other portions of the 
ungula BO divided is a conical surface ; for if the several 
points in the elliptical curve be connected with the vertice O, 
those lines must include a conical surface, since the section of 
a cone by a plane passing through both sides is an ellipse. 

Cor. 3. If the ungula is so cut as to include the whole of 
the base BLDM, the circumstances will still be the same, and 
. the elli^ of the section ELM becomes perfect, and the pyra. 
tnidal ELMO becomes a perfect oblique cone, and is equal to 
the conical body LMDS, which, in such case, becomes a per- 
fect right cone, whose base is the whole base BLDM of the 
cylinder, and whose altitude is half the altitude of the cylinder. 
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PIOPOBTTION VII. THEOREM. 

If in a cylindHc ungula ADB, whose base is equal to thai 
of the cy tindery a cone be described on the same base and of an 
equal altitude with that of the ungula, the cone will be equal 
to two-thirds of the ungula ; and each solid section of 
the cone made by^ planes parallel to the axis of the 
cylinder, and perpendicular to a plane passing through the 
a^is of the cone and cylinder, will be equal to two-thirds of 
the corresponding section of the ungula cut off by the same 
plane. 

Let the oblique cone ABD 
of equal base and altitude to 
that of the ungula A6DNB, 
be supposed to be inscribed 
in the ungula, and the soli- 
dity of the cone will be 
equal to two-thirds of the tT M M_P D 
ungula, and each solid sec- b 
tion IRcD, VoeD of the cone made by planes parallel to the 
axis of the cylinder, and perpendicular to a plane passing 
through the axis of the cone and cylinder, are equal to | their 
corresponding sections IRM&D, P(;N^D of the ungula cut by 
the same planes. 

For, conceive an indefinite number of parallel planes 
IRM6, N^Pv, to be passed through the cone and ungula inde* 
finitely near to each other, and the two bodies will be divided 
into an indefinite number of strata, the sum of which, in each 
solid, will be in the relation of the magnitudes of the two 
bodies ; and the corresponding strata in each solid will be in 
the relation of the superficial sections contiguous to such strata, 
in each, since by hypothesis the strata are indefinitely thin, so 
that no appreciable space intervenes between them ; hence, if 
the solidities of any stratum, or number of contiguous strata 
in each solid be represented by the superficial sections passing 
through such stratum or associated strata, they will exist in 
each in the relation of the superficial sections in each, made 
by the same planes. 

Now the superficial sections JRc, Pt^e &c., made by planes 
parallel to the side AB of the cone, are all parabolas, (by def.) 
and all the corresponding sections of the ungula are rec- 
tangles circumscribing the several parabolas, since each 
side of those sections Mb, Nr of the ungula are parallel to 
the opposite sides RI, vP, passing throi^h the oase. But 
the area of the parabola (Proposition VI, Book I,) is equal to 
two-thirds of its circumscribing rectangle or parallelogram, 
and as each of the several rectangles circumscribe their re- 
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spective parabolas, throughout the whole extent of the two 
solids, it ibilows that not only is the cone equal to two-thirds 
of the ungula, but also that each solid section, or segment of 
the cone, cut by the planes RMfrl, &c., is equal to two-thirds 
of the corresponding segment of the ungula cut by the same 
plane. 

Cor. Hence, as in Prop. VIII, Cor. B. Ill, El 8. Geom. a 
cone is equal to one-third of its circumscribing cylinder of the 
same base and altitude. 

Scholium, If the cone and ungula are cut by planes pa- 
rallel to the plane A6DN, the superficial sections of the ungula 
will be ellipses, or portions of ellipses, and the corresponding 
sections of the cone will be parabolas. 

PROPOSITION rilU THEOREM. 

Two cylinders erected on the same base, and T>etween the same 
parallel planes are equivalent or equal in solidity. 

Let ACDB and AEBD be two cylinders erected on the 
same base BD, and included between the same parallel planes 
BD and EAC, and the two cylinders will be equivalent 

For let the cylinder ABDC be divided ^ ^ 

into sections BDF/*, YfgG by planes pa- 
rallel to the base, and let each of the sec- 
tions so divided, be removed from their 
positions in the cylinder ABDC, so that 
their several bases shall a^ree with, and 
become sections of the oblique cylinder 
AEBD ; viz., let the solid sections ^FG^, 
be removed to the position HAot, and let 
the other sections be similarly posited in 
reference to the two cylinders, so that the 
bases HA, Mn, &c. of the several solid sections may be in- 
cluded in the oblique cylinder AEBD, and these several sec- 
tions will still be equal in their altitude to AB, the altitude of 
the cylinder from whence they are severally derived. Lett 
now, the number of these solid sections be indefinitelyfincreas- 
ed, and the altitude of each will be indefinitely small ; and 
hence the right cylinder will become identical with the oblique 
cylinder AEBD, and will still have the same altitude AB. 

Cor, 1. Since the base of the oblique cylinder AEBD is a 
circle, every section parallel to the base is likewise a circlet 
and equal to the base. 

Cor. 2. Hence every section of the oblique cylinder made 
by the planes perpendicular to its axis, is an ellipse. Thereforct 
if referred to its axis, it becomes an elliptical cylinder, but when 
referred to its base, it is circular. 
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PROPOSITION IX. THEOREM. 

Cylindrical ungulas of the same base and equal altitude are 

equivalent. 

Let ABD and EBD, be two ungulas described on the same 
base BD ;.and let their common altitude be AB, and tbe two 
ungulas will be equivalent, or equal in solidity. 

For each section FC or IL of the " " 
two ungulas parallel to tbe base BD, 
have tbe same relation to the re- 
spective sections of their cylinders ; 
▼iz., the ungulical section FC has the 
same relation to the cylindric section .:s,^^«, 

FA, as tbe ungulical section IL has ■'^^ l> 

to the cylindrical section IN ; and 

tbe equality of this relation remains tbroogh the whole alti- 
tude AB of the ungulas, and by Prop. VIII, it appears that 
two cylinders erected on the same base, and between the 
same parallels are equal in solidity. Therefore, the ungulas 
erected on tbe same base, and of the same altitude, are equi- 
valent. 

Scholium. The above proposition is manifestly true, whether 
the base of the ungulas is equal to that of the cylinder ia 
which it is erected, or less than that base. 

Cor. 1. As the same arguments would apply to conical un- 
Ifulas, it may be inferred that conical ungulas of the same base 
and equal altitude are equivalent, if the cones from which 
they are taken are similar. 

Cor. 2. Since cylinders with equal bases are proportiona' 
to their altitudes, cylindric ungulas on the same base are pro- 
portional to their altitudes. 

PROPOSITION X. THEOREM. 

if a cone be cut by a plane passing through the centre of the 
base, the solidity of the ungula formed by such plane will be 
ejuil to its euros surface multiplied by one-third of its dis^ 
tancefrom the centre of the base. 

Let the cone ABC be cut by the plane t)EF, c 

cutting off the ungula EFDB ; also by the 
plane EDG cutting off the ungula GEDB, or 
the ungula GEDF, and the solidities of the 
eeveral unguhs will be equal to their curve 
•orfaces multiplied by ^ of the distance IL of 
the surface of the cone to the centre of the 
base. 
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For the sections may each be divided into an indifinite 
number of pyramidals or elements (Prop. XIII and XIV, B. 
Ill, EL 8. Geom.) by dividing their curve surfaces as bases* 
and by passing the planes of division through the centre I of 
the cone's base, at which point the several vertices of the py- 
ramidals all centre ; and because those pyramidals are all 
perfect; viz., as they include all the space intercepted betweea 
their bases and vertices in right lines, each one is equal to its 
base, multiplied by one-third of its altitude, and since the alti- 
tude is equal in each, and equal to the distance of the curve 
surface of the cone from the centre of its base, IL is that 
altitude, and hence IL is the common altitude of each of 
those pyramidals; hence the sum of the pyramidals coa- 
stituting any section, is equal to the sum of their bases, con- 
stituting the curve surface of such section multiplied by one- 
third of IL. 

Cor. Hence, if a cone be cut by a plane passing through 
the centre of the base, the solidity of the cone, and its convex 
surface is divided in the same ratio, since the cone (Prop. IX. 
B. III., EL S. Geom.) is equal to its convex surface multiplied 
by i of its distance from the centre of the base. 

PROPOSITION XI. THEOREM. 

J^ a cone be described in a cylinder^ and two parabolic unfrulas 
be cut by planes passing through the centre of the con^s bass^ 
the ungulas so cut^ will he eqwal to two thirds of the unguli" 
cal complement of the cylinder^ of equal base and oMinde t0 
the parabolical ungulas. 

Let BDS be a cone described in the cy- 
linder ABDC, and let EFBrf, and EFDM be 
two equal parabolic ungulas, described on 
and incUiding the whole base of the cone, 
and the two ungulas will be equal to two- 
thirds of theungulical complement BEDFNP 
of thecylinder, of equal base and altitude. 



For let the cone BDS be brought in the position BDA. and 
the parabolic ungula lEFD of the cone BDA will he equal to 
two-thirds of the semi-ungulical complement NPEFD of the 
cylinder, (Prop. VII ;) and because conical ungulas nn the 
same base and equal altitudes are equivalent (Prop IX Cor.y) 
the ungula lEFD of the oblique cone BDA is equal to the un* 
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gula EFDM of the right cone BDS ; hence the parabolic un- 
gula EFMD is equal to two-thirds of the semi-ungulical com- 
plement NPEFD of the cylinder ; and the two similar ongu- 
]as rfEFB, MEFD are, together, equal, to | of the ungulical 
eomplement BEDFPN of the cylinder. 

Cor. 1. Hence the conical complement 
EFcfMS of the parabolic ungulas=the com- 
plement PMNrf EF+the cone PMNdS, is 
equal to two-thirds of the cylindrical uhgula 
APNB. For if the whole cone BDA or 
BDS i8=| of the ungula BDA, (Prop. VIII,) 
and if the two conical ungulas c/EFB, 
MEFD, as shown above, is = | of the com- 
plement PNBD, then must the complement 
EFdMS= I the cylindrical ungula APNB 

Cor. 2. The small cone rfMS, whose base passes through 
the vertices of the ungulas, is = to | of the cone BDS, since 
the diameter of its base is necessarily = ^ that of the larger, 
and since they are similar solids ; for similar solids are to each 
other as the cubes of their like sides, (Prop. XXXV, B. II, 
EL S. 6eom.) and cube of 1 is 1, cube of 2 is 8 ; hence 1:8:: 
cone {/MS : cone BDS. 

PROPOSITION XII. THEOREM. 

If a right cone be cut by a plane perpendicular to the plane of 
its base^ the convex surface of the cone^ and the plane of the 
base^ will be divided in the same ratio by the cutting plane. 



Let DEF be a plane cutting the cone 
ABS, perpendicular through the bs^se AEBF, 
and the convex surface of the cone will be 
divided by the cutting plane, in the same 
ratio that the surface of the base is divided. 
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For since it is shown (Prop. XXII, B. II, El. S. Geom.^) 
that the convex surface of a pyramid and its base is divided 
in the same ratio, by a plane perpendicular to its base, and 
because a cone may be considered as a pyramid, whose con- 
vex surface consists of an indefinite number of planes, which 
are indefinitely narrow, it follows that if the convex surface 
and base of a right cone are cut by a plane perpendicular to 
the base, those surfaces will be each divided in the same ratio. 

Cor. I. Hence if any portion of the base of a right cone is 
taken,, the portion of the curve surface perpendicular above 
it, will be to the whole curve surface of the cone, as such 
portion of the base is to the whole base. 
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Cor. 2. Hence, also, if a regular polygon, for instance a 
square EFHG, be described in the base of the cone, and if on 
each side of this square, a plane be raised perpendicular to the 
base, the portion of the conical surface, cut off toward the 
axis, is to that of the rectilineal polygon EFHG, which cor- 
responds to it perpendicularly below, as the surface of the 
cone is to the area of its base ; or as the slant side AS of the 
cone is to the radius of the base ; and, in fact, whatever 
figure be inscribed in the base, if we conceive a right prisma- 
tic surface raised perpendicular from the perimeter of the 
figure, it will cut off from the conical surface a portion which 
will be to it in the same ratio. 

Scholium. The solid sections DEFB, LGE, &c., are hyper- 
bolic ungulas, (Def. 7.) And if ungulas DEFB, LGE, &c«, 
are taken from the cone, the remaining portion or compliment 
will be equal to its curve surface multiplied by one-third of 
the distance of the cui*ve surface of the cone from the centre 
of the base, + the surface of the plane hyperbolic sections 
multiplied by one-third of their respective distance from the 
same centre of the base. 

Cor. Hence the portion of the cone included between the 
centre of the base, and that portion of the convex surface left 
by the ungulas, since it is equal to its convex surface, multi- 
plied by one-third of its perpendicular distance from the centre, 
the quadrature of which we have shown to be attainable, be- 
comes known in absolute terms, or its cubature is attained 
without regard to the circlets quadrature. 

* 

PAOPOSITION XIII. THEOREM. 

If an eUipticai cylinder^ and a circular cylinder^have equiva- 
lent bases and equal altitudes, they are equal in solidity ; and 
any ungulas similarly cut from each, with equivalent bases 
and altitudes, are equivalent. 

For it has been shown (Prop; II. B. III. El. Geom.) that the 
solidity of a cylinder, with circular base, is equal to its base 
multiplied by its altitude ; and because this is true of any prism, 
whatever be the form of its base, (Prop. XVI. B. II. El. S. 
Geom.) it* must be true of a cylinder with an elliptical base. 
Therefore, an elliptical and a circular cylinder of equivalent 
bases and equal altitudes, are equivalent. 
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Again» let GEFB be an uogula cot from a 
circular cylinder ABDC ; and if the base of 
this cylinder, including that of the ungula, is 
drawn out or elongated in the direction from 
BA toward DC, so as to become elliptical ; 
and if every section of the cylinder parallel 
to its base should become equal and similar 
ellipses, then the cylinder becomes an ellipti- 
cal cylinder. 

Now, if planes should be passed through the cylinder par* 
allel to its axis, and in the direction AC or BD of its elonga- 
tion, in passing from a circular to an elliptical cylinder, thi» 
transformation will have been effected by as elongation of 
these planes proportional to the elliptical elongation of the 
base, or of the solid ; and, as this wouW be true in every par- 
lillel plane, it follows that the elongation of those planes may 
be regarded as a measure of the ratio of enlargement of the 
solidity, by the same means. And as every such parallel sec- 
tion becomes enlarged in the same ratio, any specific portion 
of such section must suiler the same specific enlargement. 

And a9 the increase of any solid sections through which 
any portions of the plane sections passv may be measured by 
the increment of those planes, it follows, that both the ungula 
and its complement are each increased in the ratio of the in- 
crements of the parallel sections passing through each in their 
enlargement And the ungula which was cut from a circular 
cy I inder^ becomes the ungula of an elliptical cylinder, which* 
ungula has become enlarged in the ratio of the enlargement of 
its base ; and the solidity of the ungula from the elliptical cy- 
linder, is to the solidity of the ungula from the circular cylin- 
der, as the base of the former to the base of the latter. And the 
same would be true, if instead of an enlargement of the circu- 
lar cylinder •to form the elliptical cylinder, it should be co&- 
tractcd in the direction AC, so as to give it eccentricity in the 
other direction ; but, by hypothesis, the cylinder and an ellipti- 
cal cylinder have equivalent bases ; hence, ungulas similarly 
cut from each, are equivalent. 

Cor. 1. Hence, also, if a cone with a circular base, and one 
with an equivalent elliptical base, have equal altitudes, their 
solidities will be equivalent; and ungulas with equivalent 
bases and equal altitudes cut from each, are equivalent. 

Cor. 2. Ungulas, whose bases are the like parts of circular 
or elliptical cylinders, are as th^ir altitudes ; and it having 
been shown that they are also as their bases when their aiti- 
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tades are et^ual, it follows that they are generally as the rect- 
angle of lhe)r bases into their altitudes. 

I^t ABEC and ABED be two e c eg 

ungutas cut from any cylinders, cir- 
cular or elliptical, such that AB 
shall be the same in each, and such 

that ID, the altitude of the base in a 

the£rst, shall be equaU^E. the alii- ^ 
titude of the second, and IC the al- ^ B 

titude of the base of the second shall be equal to the altitude 
ED of the first, and the two ungulas so described will be 
equivalent 

FBOFOBITION XtV. THEOSEH. 

7^ solidity of a cylindroid is equal to the product of ike swn 
of the areas of tia two ends, and four limes the area of a pa- 
rallel section, equally distant betvieen lAe two ends muUipHed 
by } of the height. 

Demonstration same as for the prismoift, Prop> XXXV, 
Cor. B. H, EL S. Geom., w&ich see. 

PKOPOStnOM ZV. THBCSXH. 

If an ungula is cut from a sphere iy two planes which inter- 
sect each other, not in the centre of the sphere,then the solidity of 
the ungula witl be equal to its spherical base multiplied by one- 
third of the radiusof the sphere, plus the products of the super- 
ficial sections of the ungula multiplied by one-third of the per- 
pendicular distances of the planes of those sections from the 
centre of the sphere, estimatedfrom the sides qfthoseplanes op- 
posite the ungula. 

. Let ABDE be an ungida cut by the 
planes HEI and FDG intersecting 
each other in the line AB, not passing 
through the centre of the sphere, then 
will the solidity of the ungula ABDE be ^ / 
equal to the spherical surface ADBEA, 
multiplied by one-third of the radius of 
the sphere, — (the plane surface ABE, multiplied by one third 
of the distance C^ — (the plane surface ABD multiplied by 
one-third the distance CL) when those plafts include the 
centre on opposite sides of each, from that of the ungula. 

For let each point in the perimeter, ABEA, ABDA, be con- 
nected by lines to the centre C, and the solid included by sucli 
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lines will be a spherical pyramid, whose solidity is equal to its 
spherical base multiplied by i the radius of the sphere; from 
which if we take away those portions included between the 

E lanes ABE, ABD and the centre C we shall have the ungula. 
lut the pyramidal ABEC, is equal to the surface ABE X i 
CF, and the pyramidal ABDC is equal tlie surface ABD X i 
CL. Hence as enunciated above. 

Scholium. If an ungula is cut by two 
planes which pass the centre before their 
mtersection, so as to include the centre of 
the sphere within the ungula, their will its 
solidity be equal to the spherical surface 
multiplied by | the radius, plus the two py- 
ramidals erected on those plane sections, 
and whose vertices are in the centre of the 
sphere, which is agreeable to our proposition ; for the sign be* 
comes changed from minus to plus according to the conditions. 

2. Also, if the two intersecting planes 
pass the centre on one side before their 
intersection, so as to cut out an oblique 
ungula ABDG, then since the pyramidal 
erected on the plane AFBP, and whose 
vertice is the centre, C, is considered ne- 
gative, and the pyramid erected on the 

plane GIDL is considered positive, by the proposition, then 
will the ungula be equal to its (spherical surface X ^ the ra- 
dius) — the plane APBF X (i CN) -|- the plane GLDF 
XiCW. 

3. And, generally, if the planes do not intersect each other 
within the sphere, the same proposition will still hold true, 
even though ^the planes may be parallel ; in which case, the 
portion cut out will be a segment or zone of the sphere. 

PROPOSITION XVI. THEOREM. 

The solidity of the second segment of a sphere is equal to its 
spherical surface^ multiplied by \ of the radius of its sphere 
iminus each of the plane surfaces whose planes pass between 
the segment and centre of the sphere multiplied by ^ of their 
respective perpendicular distances from the centre^ and plus 
each of the plane surfaces which include the centre of the 
sphere on the same .side with the segment^ multiplied by \ the 
perpendicular distances of such planes to the centre. 

Let ABD l^ a segment of a sphere 
cut off by the plane ABCE, and if this 
segment is cut by the plane CEe perpen- 
dicular to the former plane, the two por- 
tions into which the segment is divided 
will be second segments. (Def. 6.) 
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Draw AO, EO, CO, and eO, and the spherical pyramidal AE 
C«0 will be equal to its spherical base X ^ AO or EO. Nowi 
from this pyrarnida! may be taken the pyramidal whose base 
is the aection CeE, and whose altitude is KO, and also the 
pyramidal whose base is the section ACe and altitude HO, and 
there will remain the second segment AEeC. 

Also the second segment may be shown to consist of the 
sectoral pyramid, whose base is the spherical surface, plus a 
pyramidal CEeO, and minus the pyramid CeBO. Hence the 
proposition is true, as enunciated. 

PROPOSITION XVII. THEOKKH. 

The tdidittf <^ a parabolic prism is equal to two-thirds of its 
circumscribing quadrangular prism. 

For the solidity of any prism or solid, all of 
whose sections parallel to the base are equal to 
the base, is equal to the base multiplied by the 
altitude : end hence, prisms of the same alti- 
tude are as their bases ; but the base of ihe pa- 
rabolic prism, which is a parabola, is equal 
(Prop, vl, B. I ) J its circumscribing rectangle, 
also the rectangle circumscribing the base of 
the parabolic prism, U the base of the rectan- 
gular prism. 

PK0P08ITI0N XVIII. THBORBH. 

j^an ungula be tut from a parabolic prism 6y a pUme pass- 
ing through the vertical line of the parabolic surface, and 
whose intersection forms an ordinate la the axis of thepa- 
fabola of the base; this ungula is equal to two-thirds of 
ihe ustgulical eomplejnent of the prism of the tame base and 
altitude. 

Let DECP be an ungula cut from the 
parabolic prism DEFCAB, by the plane 
CDE, from the vertical line CF of the pa- a 
rabolic surface, to the base DEF forming 
the ordinate ED to the axis FQ. of the 
base, by its intersection with the plane of 
the base, and the ungula so cut will be 
equal to ^ of the ungulical complement 
DECAB. 

For, let a rectangle DELM be describ- 
ed about the base of the ungula, and let any Dumber of planes 
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NOT parallel to the base be passed through the ungula ; and 
each of those sections made by those planes are parabolas ; 
I and if about each of those parallel sections, rectangles NRPO 
are described, those parabolic sections will each be equal to 
two-thirds of their respective circumscribing rectangles, (Prop. 
VI. B. I.) Now, if these parallel sections through the un- 
gula are infinite in number and equidistant from each other, 
they will represent the whole ungula, and their sum may be 
taken as a function of the solidity of the ungula, and the sum 
of their several circumscribing rectangles may be taken as a 
similar function of the solid DECLMC ; hence the ungula 
DEFC is equal to two-thirds of the solid CDELMC. Now, if 
we take the altitude FC of the ungula=QF, the axis of the 
parabola of the base, the side CLMC of the new solid will be 
a parabola equal and similar to the base DBF of the ungula, 
or ABC of the complement, since perpendiculars from every 
point in the perimeter of the base DEF, trace out the para- 
bolic section DEC ; and since perpendiculars from each point 
in the perimeter DNCOE to the plane CLM, includes and 
traces out the parabola CLM. And because QF or EL 
would be equal to EB, the rectangle DELM would be equal 
to the rectangle DEBA; hence, the two solids CABDEC, 
CLMDEC being similar figures on opposite sides of the same 
base, CDE are symmetrical, (Def. 19, B. 11. EL Sol Geom.) ; 
and hence they are equivalent. But the ungula CDEF has 
been shown to be equal to two-thirds of the solid CLMDEC, 
it is therefore equal to two-thirds of the ungulical complement 
CEDABC. 

Cor. 1. The above properties are true in 
whatever part of the base the plane CDE may 
cut, or whatever be the altitude of the ungula, 
provided the ungula and its complement have 
equal bases and altitudes; and because ungulas 
on the same base are as their altitudes, an un- 
gula CGED is equal . to the ungula GEDF, if d 
the altitude CG=the altitude GF, since the two ungulas insist 
on or above the same base EDF. 

Cor. 2L Hence the soKdity of the parabolic 
ungula CDEF is equal to ^'y of it» circumscrib- 
ing prism, and the complement of a parabolic 
ungula is equal to | of its circumscribing prism* 
For the parabolic prism (Prop. XVII.) is equal 
to J of its circumscribing rectangular prism ; 
and since the rectangular prism K^ircumscrib- 
ing the parabolic prism, may be divided into 
two equal triangular prisms by a diagonal 
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plane, identical with the plane which divides the ungula froin 
Its complement, it follows that the prism circumscribing the 
UDgnla DECF. is equal to that circumscribing the complement 
DECI, equal half that circumscribing the parabolic prism. Let 
U equal the ungula, and C equal the complement, and let P 
equal the triangular prism circumscribing the ungula, and 2P 
will equal the quadrangular prism circumscribing the parabo* 
lie prism. Then will U+C=|P and U=fC, hence C=liU. 
Substituting the value of C in the first equation, we have 

mr=^P or 15U=8P. 

Hence U=tVP» 

or the ungula is equal to fy of its circumscribing prism. 

And if we substitute the value of U in terms of C in the • 
first equation, we shall have 

1|C=±P or 6C=4P. 

Hence C=}P, or the complement of the ungula is equal 
to I of its circumscribing triangular prism. 

Therefore, the portion CLBFE is equal to ^ of the prism 
CFNEBL. 

And the exterior portion CLEI is equal to i of the prism 
CANELL 

PROPOSITION XIX. THEOREM. 

A parabolic pyramid or cone is equal to two-thirds of its cir-^ 

cumscribing rectangular pyramid. 

Let a pyramid be erected on a base whose figure is a para- 
bola, and if this base is circumscribed by a rectangle, it will 
=f the rectangle; and because every section of each of the 
solids erected on those figures as bases, and whose sections 
are in a common point are similar figures and similar to the 
base, the solids erected on those bases must be in the relation 
of their bases; hence the parabolic pyramid is =| its circum- 
scribing quadrangular pyramid. 



BOOK III. 



DIFINITIDNB. 



1. A RBvoLoiD is a solid generated by the continued semi- 
revolution of a polygon on axes parallel to the sides of the 
polygon respectively, and passing through its centre, which is 
fixed, and it includes all the space that is not cut off by either 
lide of the plane, in their several semi-revolutions. 

2. Every revoloid has as many axes of rotatioil, as the 
polygon from which it is conceived to be generated, has inde- 
pendent sides ; but the axes of any two parallel sides coincide 
vith each other and are identical. 

Thus, if the quadrilaterial ABDC be made to revolve on 
the two axes, Er and GH, parallel to its sides respectively, 
the solid generated by the revolutions of those sides will 
be a revoloid, as represented by BCED. 
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8. A revoloid is designated by the number of sides con- 
tained in the figure from whence it is conceived to be gene- 
rated. 

Thus a triangular reoobid is'one formed by the continued 
semi-revolution of the sides of a triangle about their respective 
axes. 

A quadrangular revoloid, by the revolutions of the sides of 
a square about their corresponding axes. 
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Also a pentagonal, a hexagonal, or other polygonal revoloid, 
, is formed by the continued «emi-revolution of the sides of a 
pentagon., a hexagon or other polygon, about their respective 
axes. 

AB represents a liexagonal b r* 

revoloid. 

4. The vertices of a revo- 
loid are its two extremities, 

where its several curve sur- _ 

faces meet at a point, as at A. 

5. The line joining these ex- E 
tremities, is its transverse or 
vertical axis ; and a section 
through this axis is a vertical 

section. - u 

8. Any diameter perpendicular to the transverse axis, is a 
conjugate axis, and any section perpendicular to the trans- 
verse axis is a conjugate section. 

7. The fieure from which a revoloid is supposed to be gene- 
rated, is called its prime ; which is always represented by a 
conjugate section through the centre of the revoloid. 

S. A revoloid formeiTby the revolutions of the several sides 
of its prime on axes that are fixed or immoveable during the 
revolutions of each side respectively, may be called ri^hl re- 
voloids ; and a vertical section through the centre of its op- 
posite sides is a circle. 

0. If, during the revolutions of the several sides of the prime 
of a revoloid, their axes are made to move in the line of the 
transverse or an opposite conjugate axis, then the revoloid 
will assume a diderent character according to the curve des- 
cribed by its sides. It may be elliptical, parabolic, or of any 
regular curve. 

10. An elliptical reooloid is one whose transverse and con- 
jugate diameters are unequal, and whose vertical section 
through the centre of its sides is elliptical. 

11. A spheroid or ellipsoid is a solid generated by the revo- 
lution of a semi-ellipse about one of its axes, which remains 
fixed. c 

If the ellipse revolve round the transverse 
or major axis AB, the figure is called a pro- / 
late or oblong spheroid ; if the ellipse revolve « 
round the shorter axis CD, the figure is called 
an oblate spheroid. 

12. A segment of a spheroid or of an elliptical revoloid is 
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a part cut off by a {dane, parallel to the major or minor axis. 

13. A frustum of a spheroid and also of an elliptical revo- 
loid, is a part intercepted between two parallel planes, and is 
a portion included between two opposite segments. 

14. A parabolic revoloidis one whose vertical section through 
the centre of its sides, consists of two parabolas on opposite 
sides of the same base. 

15. A parobolic revoloid is vertical when the 
vertices of the several parobolic sections are 
identical with the vertices of the revoloid. This 
may also be called a parabolic pyramid. 



16. It is a conjugate parabolic revO' 
loid, when the vertices of the parabo- 
lic sections are all in a plane perpen- 
dicular to the vertical axis of the re- 
voloid. 






17. A Parabolic conoid is a solid form- 
ed by the revolution of a semi-parabola 
about its axis ; it is also called a para- 
boloid. 



18. A hyperbolic conoid, or a hyperboloid, 
is a solid formed by the revolution of a se- 
mi-hyperpola about its greater abscissa, or 
transverse axis produced. Thus, the hy- 
perbolic conoid MPBGN is formed by the 
revolution of the semi-hyperbola MPB, about 
its greater abscissa BK, or the transverse 
axis BH produced. 

19. A hyperbolic revoloid is one whose vertical sections 
through its sides consists of two hyperbolas whose vertices are 
in the plane of the conjugate axes. 

20. A hyperbolic pyramid or pyramotd, is one whose base 
is a polygon, and whose vertical sections through the vertice 
oi the pyramoid, is an hyperbola. This may also be called a 
vertical hyperbolic semi-revoloid. 
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21. A circular spindle is a solid generated by the revolution 
of a segment of a circle about its chord, which remains fixed. 



22. An elliptical spindle is a 
flolid generated by the revolution 
of the segment of an ellipse about ^ 
its chord. 
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23. A paraboliCf or hyperbolic spindle, is a solid formed by 
the revolution of a segment of a parabola or hyperbola, about 
its ordinate. Thus, if the sefi[ment PBGP of t)ef. 18 be sup- 
posed to revolve about the ordinate PG, which remains fixed. 
It will describe a spindle. 

24. A revoloidal spindle is a revoloid ^ ^ 
circumscribing a spindle, a vertical section 
of which through the centre of its opposite 
sides, is equal and similar to that of the 
spindle through the same plane. It takes 
particular names according to the designa- 
tion of the inscribed spindle. j^ 

26. A ring is a solid formed by the revolution of a plane sur- 
face about an axis exterior to itself, which axis is always in 
the same plane of the revolving surface. 

Thus, if the plane 
surfaces AB,CD,or EF 
are made to revolve 
about their several ax- 
es GH, IK, LM, they 
will severally describe ^ * h 







solids, which are called rings. 

26. A ring is designated according to the figure of a conju- 
gate section, or of the plane surface from which it is genera ted. 

Thus from a rectilineal figure AB, is formed 
a prismatic ring. 

From the circle EF is formed a cylindrical ring. 

From the segment CD is formed an un- ^ ^ 

ffulical ring, which, if the line OP is equal to 
Uie radius of the circular area COD, it may 
be called a spherical ring, the curve surface 
forming a portion of the surface of a sphere. 
Rings formed from other figures or seg- 
ments of other curves, may be similarly designated. 

5 
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PKOPOSmON I. THEOREM. 



A right revohid is composed of cylindrical ungulas, equal in 
number to the sides of the revoloid; and these ungulas are 
such as are formed by plane sections^ from one side^ meeting 
in the axis of the cylinder, the intersection of which planes 
forms a diameter to the cylinder. 
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For, since the several curve sur- 
faces of a revoloid are conceived to 
be formed by the revolution of the 
sides of its prime about axes parallel 
to those sides respectively; (Def. 1,) 
the surfaces described by the revolu- 
tions of those sides, are cylindrical 
surfaces, (Def 1. B. III. El. 8. Geom.) 
And since the angles formed by the 
sides of the prime are similar, each to 
each, in whatever similar part of their revolutions they may be, 
it follows that they would form similar angles with any plane 
perpendicular to these sides. Thus, because, when the side 
AB, of the revoloidal prime ABDC, in its revolution about its 
axis EF, comes into the position LL ; and AC revolving about 
its axis 6H, comes into the position II, &c. ; the parts ce and 
ef of those sides form the same angle with each other as be- 
lore ; they must also form the same angles with any planes 
AD or CB perpendicular to the plane ABDC or cefg. Hence, 
the figure cefg is similar to the prime ABDC ; and because 
this is true in whatever similar positions, the several sides of 
the prime may be in the course of their revolutions, it follows, 
therefore, that sections through the angles meeting in the 
transverse axis of the revoloid, are plane angles ; and as these 
plane sections cut the cylindric surfaces diagonally through 
the axis of the revoloid, the segments so cut are cylindric un- 
gulas, (Def. 3. B. II.) 

Hence, each side of a right revoloid is a cylindric ungula, 
such as is formed by plane sections cutting the cylinder diag- 
onally, and meeting in the axis of the cylinder and forming a 
diameter thereto. 

Cor. 1. Hence any vertical section through the angles 
formed by the meeting of the curve surfaces of the revoloid, 
or any vertical section of the revoloid not at right angles to the 
sides, is an ellipse. 

Cor. 1^. Hence, also, the elliptical revoloid may be con- 
ceived to be made up of similar ungulas cut from an elliptical 
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t^yiinder ; see Prop. XIII. B. IL, and a parabolic revoloid may 
t^nsist of uagulas from a parabolic cylinder or prism. 

Cor. 3. Since a revoloid is composed of cylindrical ungu- 
las equal in number to the ^umber of the sides, those ungulas 
-are also such as are^<^ut froih the cylinder of altitudes or lengths 
on the cylindric surface equal to the lengths of the sides oi the 
revoloid indicated by the lengths of the sides of its prime. 

Cor. 4. AH sections of a revoloid perpendicular to the ver- 
tical or transverse axis, are similar figures, since the sides of 
its prime retain their parallel position in whatever part of their 
revplution they a^e supposed to be taken. 

PROPOSITION II. THEOREM. 

The solidity of every right revoloid, bears the same relation to 
that of its greatest inscribed sphere, as the area of its prime 
does to that of its greatest inscribed circle. 

For since the surface of the revoloid is composed of cylin- 
dric surfaces, (Pro'p. L) and since vertical sections of a right 
revoloid through the centres of its opposite sides are circles, 
(Def. 8.) it follows that a sphere may be inscribed in the re- 
voloid so as to touch its cylindric surfaces through the whole 
-circumference of those circular ^sections, viz., through the cen- 
tres of the vertical sides, so that vertical sections through the 
centres of the skies in the revoloid, will be identical with those 
of the inscribed sphere through the same planes. 

Now, if planes be passed through the two solids perpendi- 
cular to the vertical or transverse axis, those planes will cut 
the solids in the relation of their solidities through such sec- 
tions; and as all such sections (Prop. I. Cor. 4.) are similar 
figures and similar to its prime, and as all the corresponding 
sections of the sphere are similar figures, viz., circles ; and be- 
*cause the inscribed sphere touches the surface of the revoloid 
through their whole vertical sections ; each of the conjugate 
sections of the revoloid are polygons, circumscribing the cor- 
responding circular sections of the sphere. And because an 
indeffinite number of parallel plane sections may be regarded 
as a function of the solidities of the bodies through which such 
sections pass, the sum of a series of the revoloidal sections, 
equidistant and parallel to each other, is to the sum of a similar 
series of sections of the sphere, as the solidity of the revoloid 
to the solidity of the sphere ; hence the solidity of the revoloid 
is to the solidity of the sphere a^ the area of its prime to the 
area of its inscribed circle. 
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Cor. Hence, also, by a parity of reasoning in reference to 
the perimeters of all the similar polygons formed by the con- 
jugate sections of the revoloid which circumscribe and touch 
all their corresponding circumferences of the sections of the 
inscribed sphere ; the whole surface of the revoloid is to that 
of the inscribed sphere as the perimeter of the polygon of the 
revoloidal section to the circumference of its ins^cribed circle, j 

Scholium. The proposition and corollary are also manifestly 
true in reference to any revoloid, and its inscribed solid of re- 
volution, if the surfaces of the two solids correspond through 
vertical sections through the centres of the fevoloidal sides. 

PROPOSITION m. THEOREM. 



y 

R 



The area of each facial side of a right revoloid is equal to that 
of the corresponding side of its circumscribing prism. 

Let ABDA be a vertical hemisphere of a ri^ht quadrangu- 
lar revoloid, and CD its axis ; and let AEFB be a prism cir- 
cumscribing the hemisphere ; then will each facial side of the 
hemisphere of the revoloid be equal to its corresponding sur- 
face of the prism* 

For first, let a re- f \ JL^ ^ ^^ i F 

gular semi-polygon 
AGLNO,&c. be des- 
cribed about the fig- 
ure representing the w 
revoloid, and from 
the angles draw the g 
lines GH, LM, &c., 
and if this is conceiv- 
ed to be done on 
every facial side of the revoloid included within such lines as 
the boundaries of surfaces, it would be a polyedron, whose seve- 
ral faces AGHB, GLMH, LNOM, &;c., correspond with, and 
include the several faces of the revoloid. Now, since by hy- 
pothesis the polygon AGLN, &c., circumscribing the figure, 
IS regular the distance across the face of the polyedron, in the 
plane of a vertical section, is equal in each, viz., TV the width 
of the face, GLMH is equal VD the width of the face LNOM, 
and they are each equal to GL or LN; although we cannot so 
represent those spaces in the diagram in consequence of the 
curvature in a plane perpendicular to this sheet. But it is evi- 
dent that the sides GL, IN of the polygon will truly represent 
the breadth of those faces. And since those several faces are 
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trapezium, they are severally equal to half the sum of their 
parallel sides multiplied by their altitude^ or width. Thus the 
face MH is equal to (iGH+^LM)xLG or VT, and since VT 
is supposed equal to L6; and siince IK is equal ^6H+iLM, 
IKxLG equal the face GLMH ; the face LNOM=PQxLN, 
and the face AGHB=ABxAG. Now the areas of the cor- 
responding parallel spaces or sections in the prism being p^r- 
allelograms» are severally equal to their lengths multiplied by 
their oreadths. Thus the space GRSH corresponding to the 
face GLMH, is equal GHxGR, and the parallelogram REFS 
corresponding to the face LNOM is equal RSxRE. 

Now let IK be produced each way to W, X and PQ to Y, Z; 
and through the point I draw the radial lines Ca C6, draw also 
Id perpendicular to AC. Then in the right-angled triangles 
LRG, alG having an accute angle at G common, they are simi- 
lar, (Prop. XXII, B. IV. EL Geom.), and hence their sides are 
proportional ; and because the right-angled triangle CAa has 
an accute angle at a common with the right-angled triangle 
Gla, this triangle is also similar to the former, as also the tri- 
angle Cdl or UIC. Hence GR : GL : : UI : CI, and because 
IK=2UI, and AB or GH=2CI, we have GR : GL : : IK : GH. 
That is, RG which is a factor of the parallelogram GRSH is 
to GL, which is the factor of the trapezium GLMH as lit, 
another factor of GLMH to GH another factor of GRSH ; 
whence, by multijilying extremes and means, we have 
GRxGH=GLxIK:,viz., the surface of the face GLMH of 
the polyedron is equal to the corresponding vertical surface 
GRSH of the prism ; and since the same may be shown in 
reference to any other of the faces with its corresponding por- 
tion of the surface of the prism, it follows that the whole sum 
of the polyedral faces on one side, is equal to the whole cor 
responding surface of the prism. Let the number of the pol- 
yedral faces be indefinitely increased, and the truth of the pro- 
position is still manifest, but when the faces are indefinitely in- 
creased, they become assimilated to that of the body about 
which they are described; therefore, the facial surface of 
each side of a right quadrangular revoloid is equal to that of 
the corresponding side of its circumscribing prism. 

Cor. 1. Let us suppose the revoloid, instead of being quad- 
rangular, to consist of any number of facial sides ; then, by 
hypothesis, its circumscribing prism will consist of an equal 
number of vertical sides and in the same ratio each to each ; 
and hence the proposition is true for a revoloid of any number 
of sides. Let, then, the number of sides be indefinitely in- 
creased, the reveloid then becomes a sphere, and the circum- 
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scribing prism become* a cylinder. Hence like surfiwe ef a> 
sphere is equal to t^KJ convex surface of its circumscribing 

cyliBder. 

• 

Car. 2. Hence the surface' of a revoloid is equal to the pe- 
rimeter of its centeral conjugate section multiplied by the ver- 
tical axis, for the vertical surfaces of the circumscribing prism 
are equal to this product; and since in a right quadrangular 
revoloid its circumscribing prism has six equal sides, four 
of which are equal to the surface of the revoloid, it follows 
that the whole surface of the revoloid is to the whole surface 
of the prism* as 2 to 3. 

If 4" represent the perimeter of the central conjugate sectioUr 
D the vertical axis or diameter, then -^D will represent the 
surface, and if H be the altitude of any zone by sections par- 
allel to the conjugate axis, then will H4'=the curve surface of 
the zone or segment^of the revoloid or sphere. 

Cor. 3. Hence also the surface of a sphere is equal to its 
circumference multiplied by its diameter or altitude, for the 
curve surface of its circumscribing cylinder is equal to this 
product. And since the surface of a great circle of the sphere 
IS measured by the product of its circumference into half the 
radius, or by J the diameter, (Prop. XVI. B. V. EL Oeom.) 
Therefore the surface of a sphere is four times the area of its 
^eat circle : this is equal to 4^R% (Prop. XIII, Sch. 3. EL S^ 
worn.) and because the two bases of the circumscribing cylin- 
der are each equal to one of those circles, it follows that the 
whole surface of the cylinder is equal to six of those circles, 
and hence that the whole surface of the sphere is to the whole 
surface of the cylinder as 2 to 3, as before found in the ele- 
ments of solid geometry. 

Cor. 4. Since we have shown that the surface GLMH of 
the polyedron is equal to the surface 6RSH contained within 
the same parallel planes, it follows that the surface of any zone 
or segment LNOM either of a revoloid or sphere, is equal to 
the perimeter or circumference of a central conjugate section 
multiplied by the altitude of such zone or segment. 

Cor. 5. The surface of two zones taken in the same revo- 
loid or sphere, or in equal revoloids or spheres, are to each 
other as the altitudes ; and the surface of any zone, is to the 
surface of the sphere, as the altitude or diameter of the zone is 
to that of the sphere. Hence the surfaces of every parallel 
portion of equal altitude are equal. 
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PROl^OSITION IV. THEOREM. 

If a cylindrical ungula be cut by two plcntesfrom the same side 
of the cylinder^ the intersection of which planes forms a du 
ameter to the cylinder ^ and if the altitude of the ungula^ or the 
extreme length of the ungula taken in the direction parallel to 
the axis of the cylinder, is equal to the cylinder's circumfeT' 
ence, then the sections or ungulas so cut, will be equal to a 
spfiere described in the cylinder, or to a sphere whose diameter 
IS equal to that of the cylinder. 

Let ABCD be a cylinder, and let HK be a sphere of equal 
diameter described in the cylinder, and let A JB be an ungula cut 
from the cylinder by the two planes OLJ, MNJ,from the points 
A and B, whose distance AB parallel to the axis UT is equal 
to the circumference of the cylinder, and let the cutting planes 
meet in J forming a diameter to the cylinder ; then will the 
section AJB be equal to the sphere HK. 




For, let planes be passed through the ungula and sphere 
perpendicular to the diameter formed by the intersection of the 
planes LOJ and NMJ ; and these plane sections, formed by 
these planes in each solid, will be proportional to the magni- 
tudes of the solid through such sections. Now, any section 
of the ungula, by a plane perpendicular to the diameter which 
passes through the pole J of the sphere, is' a triangle ; and a 
section through the sphere made by the same plane, is a circle; 
and the area of a triangle formed by any section, is equal to its 
base multiplied by half its altitude on such base. Thus the 
area of the triangle JAB= ABx iHJ ; the area of a parallel sec- 
tion Jcc, is in like manner = the base ccXi the altitude Jd; and 
80 for the area of any other parallel section Jbb, Jaa, &c. ; and 
because these triangles are equiangular, (Prop. XXII. B. IV. 
EL Geom.) their bases are proportional to their altitudes ; thus» 
HJ : AB : : J3 : cc : : J2 : frfr : : Jl : ad, &c. The areas of the 
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several circles formed by the same planes passing tbroufi^h the 
sphere, are equal to their circumferences multiplied by i their 
several radii ; thus the area of the great circle of the sphere 
HXK Y is equal to the circumference HXKY X i the radios 
H J, the area of the circle PQ corresponding to the section Jcc, 
is equal to the circumference PQx i radius JP, and the areas of 
the circles RS, &c.. = their several circumferences multi- 
plied by ^ their several radiL And because the circumfer- 
ence of circles are to each other as their radii, (Prop. XV. B. 
y. EL Geom.) as radius JK : circle HK : : radius J3 : circle 
PQ : : radius J2 : circumference RS, &c. ; and, since this is the 
ratio of the lines AB, cc^ bb, &c., as shown above, the several 
circumferences are in the same ratio of those lines as bases of 
their several triangles ; but the line AB by hypothesis, is equal 
to the circumference HK ; hence the several circumferences 
PQ, RS, IJ, &c., are respectively equal to the several bases 
cCf bbf aa^ &c. ; hence, also, the areas of the several circles be- 
inff sections of the sphere, are respectively equal to their seve- 
ral corresponding triangles, being sections of the ungula made 
by the same planes ; and as this is true whatever may be the 
number of the parallel sections, or in whatever position they 
are taken, it follows that the solidity of the ungula is equal to 
that of the sphere. 

Cor. 1. Since the section AJB may be regarded as com- 
posed of the two unglas AJH, BJH, regarding JH as their com- 
mon base, and because ungulas of the same base are propor- 
tional to their altitudes, it follows that if we cut the ungula 
H^J, whose altitude Rg^i HB, and the ungula HJ/, whose 
altitude Hf=i HA, then the section fJg including tnose un- 

Silas together with an equal opposite section, hJi are equal to 
e section AJB, consequently equal to the sphere HK. Or if 
we take the section CTD, whose base CD=:AB, this section 
will also be equal to the sphere HK. 

Cor. 2. Since, it may be shown, that all sections of a 
spheroid or ellipsoid, by planes parallel to its axis of revolu- 
tion, are similar ellipses ; and since ellipses are to their inscrib- 
ed circles, as the diameter of the circle to the major axis of the 
ellipse, (Proposition IX of the Ellipse, B. I,) the solidity of an 
ellipsoid HwKV is to the solidity of the sphere HYKX, as 
the axis of revolution VW of the ellipsoid is to the axis of re- 
volution XY of the sphere, and hence if an ungula, whose base 
is equal to half the base of the cylinder be taken, and whose 
altitude is to that of the ungula CTD as the axis of revolution 
VW of the dlipsoid to the axis of revolution XY of the sphere, 
that ungula will be equal to the ellipsoid HWKV made by the 
revolution of the ellipse on its axis V W. 
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Cor. 3. Aa the ellipsoid HWKV is to the sphere HYKX 
as the axis VW of the elUpsoid to the axis XY of the sphere, 
and as the cylinder ^ig* circumscribing the ellipsoid is to the 
cyUnder, pqri circumscribing the sphere, as the same axis VW 
to the same axis XY, or as the length of those cylinders res- 
respectively ! the ellipsoid HWKV tears the same ratio to its 
circumscribing cyhnder/Ai^, as the sphere HYKX to its cir- 
cumscribing cylinder p^s. If S=the sphere, and E=the el- 
lipsoid, and if P=the cylinder circumscribing the ellipsoid, and 



Q=the cylinder circumscribi 
then, XY : S : 

and, XY:Q; 



the sphere, 
W:E 
VW:P, 



hence, (Prop. XIX. B. I. El. Geom.) S : Q : : E : P. 

Scholium. The segment AJB being equal to the sphere HK, 
-the annexed figure may represent me manner in which they 



are convertible into each other, as there exists no mathema- 
tical reason why the segment AJB may not be changed, as 
partly represented in the figure. ' 
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Cor. 4. It is also evident that an ungula 
BCDH, whose base BCD is the segment of a 
circle, similar to a segment AHB of a vertical 
section through this circular spindle AHBG ; 
if the altitude DH of the ungula is equal to the 
circumference of the conjugate section H6 of 
the spindle, the solidity of the ungula wiU be 
equal to that of the spindle, so also virill its 
curve surface. 

And, if a cylinder segment 
ABCDH be so cut that the length 
AB shall be equal to the circumfer- 
ence of a circle of which HG is the 
radius, and AG and BG lie in the 
planes ACE, BFD, then may the 
segment be converted into a ring whose outside diameter is 
equal 2HG ; and every section of the ring will be equal to a 
section through the segment. 

Cor, 6. Hence, also, if a cylindric segment ABC be cut by 
two planes meeting in the surface of tne cylinder at C, and 

A D B 





terminating at A and B on the opposite 
side, the distance of which points from 
each other is equal to the circumference 
of a circle whose radius is CD ; the seg- E 
ment so cut may be changed in the form 
represented by EF, which is the form of 
a cylindrical ring, but without anp opening 
through the centre. 

And if instead of the cutting planes meeting in the surface 
of the cylinder, they meet at a distance EC from the cylinder, 

A N D OB 





and at such an angle that the distance FG shall be equal to the 
circuRlference of a circle whose radius is CD, and the section 
AFGB will form a cylindric^ ring, whose inner diameter is 
equal to twice CE. 
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Cor. 6. And because the gecdon ANF, {see diagram above,) 
if cut from its position and placed in the position BGP, com- 
f^etes the cylinder N^FB, which is 
equal in length to half the sum of sides 
FG and A£. The solidity of a cylio- 
drie ring AB, is equal to that of a cy- 
linder whose base is equal to a radial ' ^ 
section of the ring, and whose altitude 
is equal to half the sum of its inner and 
outer circles. Andhence,cyliudricriQg8 

whose sections are equal, are proportional to their inner or 
outer circumferences. 



The solidity of a cyliiider circumscribing a sphere, is equal to 
the solidity (f a prism circumscribing the cylindrical ungula 
or ungulas whose solidity is equal to the sphere. 

Let MNGL be a cylinder circumscribing the sphere PK ; 
and let CRDBKA be a prism circumscribing the two similar 
ungulas QRKV, SRKV described on the base, KRV=half 



the base of the cylinder from which they are conceived to be 
taken ; and if Q8, the sum of their altitudes, is equal in length 
to the circumference of the cylinder, then (Prop. IV,) will the 



ungulas equal the sphere of equal diameter to that of the cy- 
linder, and the cylinder equal MNLG will be equal to the 
prism CRDBKA. 

For the altitude AC or KR of the prism, on the base CRD, 
is equal to the altitude of the cylinder; GLbeing^the axis, both 
of the cylinder and the sphere ; and the length of the side CD 
of the prism is equal to the sum of the altitudes VQ, VS, or 
the length QS of the ungulas taken on the surface of the cy- 
linder ; but the length QS is equal to the circumference of 
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El. Ckom.) That is, the section of the prism is equal to both 
the sections of the revoloid and pyramid. And because cir- 
cles described on the diameters SM, PN^OL, are proportional 
to the squares described on those diameters, respectively, 
(Prop. XIV, B. Y,EL Geom.) it follows that the circle OALB, 
is equal to the two circles PCND, SEMF ; that is, the section 
of the cylinder is equal to the two sections of the sphere and 
cone. And because, (Prop. I, Cor. 4,) the sections of a revo* 
loid, of its circumscribing prism, its inscribed pyramid of any 
number of sides, are similar figures ; they are, (Prop. XIV, 
Cor. 8, B. V, EL Geom.) proportional as the squares of the 
diameters of their inscribed circles, hence the section of a 
prism of any number of sides circumscribing a revoloid, is 
equal to the sum of the corresponding sections of the revoloid 
and pyramid, and as this is always true in any parallel position 
of the revolving line KL, (Fig. 1.) it follows, that the prism, 
£B, circumscribing the hemisphere DAB of the revoloid^ being 
coniposed of all the former sections is equal to the hemisphere 
DAB of the revoloid and pyramid EIP, composed of all the 
latter sections ; and that the cylinder EB, is, in like manner, 
equal to the hemisphere DAB and cone lEF. But the pyramid 
lEF is a third part of the prism DEFB ; (Prop. XXVI, Cor. 1, 
B. II, El. 8. Geom.) consequently, the hemisphere DAB of the 
revoloid, is equal to the remaining two-thirds. And the cone 
lEF, (Prop. VIII, Cor. 1, B. Ill, EL S. Geom.) is equal to one- 
third of the cylinder, DEFB : hence, the hemisphere DAB, 
is equal to the remaining two-thirds of the cylinder. 

Cor. 1. A pyramid, revoloid, and prism, are to each other 
as the numbers 1, 2, and 3, when the bases of the pyramid 
and prism are each equal to the prime of the revoloid, and 
when their altitudes are all equal. Also, a cone, sphere, and 
cylinder, are, in like manner, proportional as the numbers 1, 
2, and 3, if the base of the cone and cylinder are each equal 
to the great <;ircle of the sphere, and if the altitude of the 
cone and cylinder are each equal to the diameter of the sphere. 

Cor. 2. All spheres, and all similar revoloids are to each 
otha: as the cubes of their diameters, all being like parts of 
their circumscribing cylinders or prisms. 

Cor 3. From the foregoing demonstration, it appears, that 
the revoloidal frustum DBNP, is equal to the difference be- 
tween the prism DBLO, and the pyramid SIM, all of the same 
common height IK. And that the revoloidal segment, PAN, 
is equal to the difference between the prism, EfLO, and the 
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pyramidal frustum EFMS, all of the same common alti- 
tude AK. 

And the same is true of any parallel segment or frustum of 
the sphere, cylinder and cone. 

Cor. 4. The sphere may be regarded as a revoloid whose 
prime has an infinite number of sides, which (Prop. XII, Con 
4, B. y, EL Geom.) is identical .with a circle. 

Cor. 5. From the above de- 
monstration, and from propo- 
sition fourth, it may be shown 
that any ungula, being a por- 
tion of the revoloid, is equal to 
two-thirds of its circumscribing 
prism or wedge. Thus, if the 
tingula ABDC be such as forms ^ 
a portion of a revoloid, it will 
be equal to two-thirds of its circumscribing prism, BGFEA, 
since this ungula is the same part of the revoloid as its cir-^ 
qumscribing prism, is of the prism, circumscribing the revo- 
loid. 

Hence, if from the cylinder EF any ungulas GCH, ACB| 
GCJ, GCa, &c., are taken, whose cutting planes meet in the 
centre, C, of the cylinder or anywhere in its axis, those ungu- 
]as are each equal to two-thirds of their circumscribing prism 





-or wedges these being ungulas such as may compose a right 
revoloid, and (Prop. iX, Cor. 2, B. II.) they are proportional to 
their altitudes or lengths taken on the surface of the cylinder ; 
vi« : the ungula GH, which may be considered as composed 
of the two ungulas GCJ, HCJ ; their commpn base being the 
section through the line CJ, is to the ungula ACB, as the line 
CH to the liae AB, &c And a prism circumscribing m un^ 
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gula 18 evidently proportional to the length of those lines, fornix 
ing one of the dimensions of one of its sides. 

Cor. 6. Since all the vertical sections of a right revoloid 
except those bisecting its sides at right angles, are ellipses, 
(Prop. I9 Cor. 1.) it may be inferred that an elliptical revoloid 
is also equal to tVT'o-thirds of its circumscribing prism ; and 
hence that an ellipsoid is also equal to two-thiras its drcum- 
scribing cylinder. For the ellipsoid evidently bears the same 
relation to the elliptical revoloid as the sphere does to the right 
revoloid, since the elliptical revoloid may, by multiplving the 
number of the sides of its prime, be shaded off into the ellip- 
soid without changing its relation to its circumscribing prism, 
which in such case becomes a cylinder. 

Scholium, Lest this latter corollary should not appear suffi- 
ciently satisfactory in view of the important principle enunci- 
ated ; and as it may seem to require a more rigorous demon- 
stration, it will be made the subject of the following propo* 
sition. 



PROPOSITION VII. THSOESM. 

An elliptical revoloid is equal to two thirds its circumscribing 
prism ; and an ellipsoid is equal to two-thirds of its circum- 
scribing cylinder. 

Let us imagine the annexed ^ K E 1 b 

figure ABCD, to be a conju- 
gate section of a right quad- • 
rangular revoloid by a plane 
through its centre, and let 
dbddfhe regarded as another 
conju£;ate section of the re- H 
voloid between the central 
section and the extremity of 
the axis, and let them be so 
projected that the axis I, 
perpendicular to the plane c 
of projection may be stip- 
posed to pass through their centres; and let the circles 
JEFGH, and efgh be similar sections of a sphere of the same 
diameter and similarly posited. 

Now let it be conceived that vertical sections or ungulas 
be taken from each side of the^ revoloid and sphere ; such 
that KIL, AI/, shall be sections of the ungula from the side 
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AIB, then will the sectoral portions of those triangles be respect* 
ively* sections through the spherical ungulas ; now let the plane 
sections of the revoloid and sphere be reduced so as to close 
the spaces formed by the triangles so removed, but retaining 
their former figures. Thus let ABCD be reduced to opqr ; 
mbdc to stuv, &c., then, because (Prop. XXIIL, B. L, EL 
Qeom.) if any number of squares are proportional, the sides o( 
those squares are proportional, it follows that if P be «= the 
length of the side AB of the revoloidal section, and P' = the 
length of the sides or, and if j9 = the length of the side ab 
ando' = the length of the side st ; then will P' = the square 
ABDCand F'=the samesquare reduced, or op5rr;j9"will=the 
square ahdc and />" = the same square reduced, or stuv. 
And we have shown that P' : P" : : />' : jp" 
Hence also (Prop. XX, B. I, EL Geom.) P :F ' : :p:p' 
That is, as the side AB is to the same side reduced, so is the 
side ab, to the same side reduced, and hence the sides, or dia- 
meters of those sections are reduced by the removal of the 
ungulas, in the ratio of those sides, or their diameters respect- 
ively, and because the circumferences of circles are as their 
diameters, and their areas as their squares, the diameters of 
the circular sections of the sphere, are each reduced in the 
ratio of these diameters ; and the same will hold true with 
regard to any parallel sections of the revoloid or sphere. 

Now the several radii EI, cl, &c. of the several sections 
may be regarded as ordinates to the vertical axis, I, of the re- 
voloid and sphere ; and the radii ml, u?!, &c., may be regarded 
as the corresponding ordinates of the vertical sections of the 
solids so reduced. Now, since these latter ordinates are seve- 
rally proportional to their corresponding ordinates of a vertical 
circular section of the revoloid and sphere, it follows that the 
same sections made by the same plane, through the solids so 
reduced are ellipses, for (Prop. XII, Cor, Ellipse) this is a 
property of an ellipse, when compared with a circle ; hence 
the revoloid becomes an elliptical revoloid (Def. 10) and th^ 
sphere becomes an ellipsoid. 

Now if a prism is supposed to circumscribe the revoloid 
before being reduced, and if a cylinder is supposed to circum- 
scribe the sphere, they must in order to accommodate them- 
selves to the elliptical revoloid and ellipsoid, be reduced in 
every conjugate section, equal in amount to the reduction of 
the central conjugate sections of the revoloid and sphere ; and 
hence the prism will have been reduced in the same ratio as 
that of the revoloid; and the cylinder will in like manner, have 
been reduced in the same ratio as that of the sphere, so that if 
(Prop. VI) a right revoloid is equal to | of its circumscribing 

6 
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prism, and a sphere is equal to | of its circumscribing cylin« 
der, then also will an elliptical revoloid be equal to f of its cir- 
cumscribing prism, and an ellipsoid will be equal to | of its 
circumscribing cylinder. 

Cor. Since an elliptical revoloid is formed of ungulas, cut 
from an elliptical cyhnder (Prop. I, Cor. 2) whose bases 
are severally the semi-base of the cylinder, it follows that such 
nnguIas of an elliptical cylinder, are equal to | of their respec- 
tive circumscribing prisms. 

Scholium. Since the solidity of a cylinder may be expressed 
by •'R' X H (Prop. IL, Sch. B. III.,' El. S. Geom.,) that is 
»nce its solidity is as the square of its radius or diameter 
multiplied by its height, it follows that ellipsoids are propor- 
tional to each other as the square of their revolving axes mul- 
tiplied by their fixed axes, and hence the same is true also of 
the elliptical revoloid, If R^atH = the solidity of a cylinder, 

f R^fltH = the solidity of a spheroid 

the solidity of a prism will be 4R^H, 

and the revoloid will be | R^H, 

or if D = 2R then the revoloid is = | D«H. 

Cor. 2. As in Cor. 3, prop. VI, in relation to the segments 
of a right revoloid, or a sphere, so in relation to the segments 
of an elliptical revoloid, or spheroid, they are respectively 
equal to the difference between the corresponding sections of 
their circumscribing prisms or cylinders, and inscribed pyra- 
mids or cones. (See diagrams Prop. VI). 

Cor. 3. Since a spheroid is equivalent to a sphere drawn out 
as in the case of a prolate, or contracted, as in the case of 
an oblate spheroid, and in such manner, as that every line or 
section through the spheroid, in the direction of the expansion 
or contraction, is drawn out or contracted, in the ratio of the 
increase or decrease of the axis in such direction, it follows that 
any segment of a spheroid, by a plane parallel to its axis of re- 
volution, is to a corresponding segment of its inscribed sphere, 
if a prolate spheroid, or that of its circumscribing sphere if 
the spheroid is oblate, as the diameter of that sphere to tha 
axis of the spheroid, or as in the conjugate axis of the seg- 
ment's base to the transverse of the base, or the axis parallel 
to the axis of the spheroid. 

And any segment by a plane perpendicular to the axis is 
also proportional to a corresponding segment of the sphere 
from which it may be conceived to be produced as the axis of 
the sphere to the axis of the spheroid, or as the height of a 
similar spherical segment to the iieight or altitude of the seg* 
ment of the spheroid. 
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ScMium. Let ABCD be 
the complement of a cylinder 
from which is taken the un- 
gula GEFH=a quadrant of a 
revoloid, and also a similar 

opposite ungula, cut by I g 

planes meeting in the diame- I 
ter EF ; and there may be 
taken two cones whose bases 
are the two bases of the com- 
plement, and whose vertices D F ^ 
are in the centre J, and the 

puts remaining will be equal to the remaining cylindrical sur- 
face X i the radius of the base or distance JF. (Prop. IV., 
B. IL) 

Let the complement be divid- ABB 
ed in the line EF, and let the seg- 
ments be inverted so that the 
bases shall comprehend the line 
EF, and if the planes ABJ, DCJ ' 
cut off the segments AEBJ. 
DFCJ then there shall be left the 
pyramid AJ,BJ,C JJ)J,whoBe base 
IS equal to a central section of the 
cylinder along its axis ; viz.. 
ABCD, and its vertical height is 
equal to the radius of the cylin- E 
der ; and as each side of the cy- 
linder is supposed to be cut alike, we shall have two of those 
pyramids, which together are equal to one-third of the prism 
circumscribing the revoloid. 

It follows therefore that the two ungulas together with the 
two pyramids are equal to a full quadrangular revoloid. 

J A E „ 



Hence there remains four portions ABJFH to be determined, 
which when placed together, so that their several vertices J, 
shall coincide, their cylindric surfaces turned inward, their 
plane surfaces will be outward, forming a pyramid equal to 
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one of the former pyramids, minus a pyramidal portios 
PSQRJ, which is required to complete the pyramid. It will 
be perceived that erery section pqrs of this latter solid, pa- 
rallel to the base is a square, and = the square of pq^ the 
versed sine of the arc Jjp, therefore this solid is equal to the 
squares of an infinite series of equi- ^ 

distant versed sines drawn into 
their distance ; or is to its circum- 
scribed prism, erected on the same 
base PSQR as an infinite series of 
the squares of equidistant versed jg. 
sines to a similar series of the 
squares of radii, as will be more fully discussed in another place.^ 

FBOPOSlTIOlf VIII. THEOREM. 

If the solidity of a sphere is eqiud to one or several cylindrical 
ungulas of the same cylinder^ the surface of the sphere will 
also be equal to the cylindrical surface of smch ungrda or 
ungulas. 

Let HK be a sphere A JB a cylindric ungula equal to the 
sphere, then will the surface of the sphere be equal to the 
cylindrical surface of the ungula. 




For let an indefinite number of planes be passed through the 
two solids perpendicular to the axis J of the sphere, formed by 
the intersection of the planes LOJ, MNJ, and the sphere will be 
divided into an indefinite number of circles, from the great 
circle of the sphere down to the smallest about the axis, and 
the ungula will be divided in like manner into an indefinite 
number of similar triangles, with bases AB, cc^ bb, dec, 
which was shown (Prop. IV) to be equal to the circumfer- 
ence of the circles through the corresponding sections ef the 
sphere ; and because this is the case throughout, it follows 
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that the surface ^of the sphere, which may be represented by 
Che sum of the several circumferences of the circles; is equal to 
•the cylindric surface of the ungda, which may likewise be 
represented by the sum of the several bases of the triangles. 
And because cylindric ungulas of the same base are pro- 
portional as their altitudes, (r rop. IX, Cor. 2, B. II) and be- 
'cause their cylindrical surfaces are proportional to their alti- 
tudes, it follows fthat if several ungulas, cut from a cylinder of 
a given diameter are equal to a sphere of the same diameter, the 
^surface of the sphere will be equal to the eum of their cylindri- 
<<:al surfaces. 

PROPOSITION IX. THEORGM. 

The solidity cf a sphere as well as a revoloid, is equal to the 
product of its surface by one-third of its radius. 

For since the revoloid is made up of sections of the cylinder, 
whose several solidities are equal to their curve surface mul- 
tiplied by one-third of the radius of the cylinder, whence 
they are conceived to be taken (Prop. Ill, B. II) which radius 
is equal to the vertical height of the several elimentary pyra- 
mids of which these sections are formed, and is also the 
tradius of the revoloid, it follows that the solidity of the whole 
revoloid composed of all the sections, is equal to the whole 
curve surface of all the sections multiplied by one-third the 
radius. 

Thus, if the rcfvoloid consist of six facial sides a,6,c,i,e,/, the 

-solidity of each of which is equal to its surface X | radius 

r 
or — , or surface a X ^r = solidity «, surface ft X ^r = soli- 



•dity &, <fcc„ their surface a+b-^rc+d+e+f X ^r equal to the 
solidity of the whole revoloid, and as the number of sides of 
a revoloid may be increased indefinitely without altering the 
relation of its elimentary pyramids, it follows that the same 
relation exists between the solidity of the sphere, and its sur- 
face, as in the revoloid, viz., the solidity of a sphere, as also of 
a revoloid, is equal to the product of their respective surfaces by 
one-third of their respective radii. 

Scholium, 1. Conceive also apolyedron, all of whose faces 
touch the sphere; this polyedron may be considerd as formed of 
pyramids, each having for its vertex the centre of the sphere, 
and for its base one of the polyedrons faces. Now, it is evident 
that all these pyramids will have the radius of the sphere for 
their common altitude ; so that each pjrramid will be equal to 



78 ON REVOLOIDS. 

one face of the polyedron multiplied by one-third of the radiu^r ; 
hence the whole polyedron will be equal to its whole surface 
multiplied by a third of the radius of the inscribed sphere (Prop. 
XY. Cor. B. III. EL S. Geom.) It is therefore manifest that 
thesoliditiesofpolyedrons, as well asrevoloids circumscribed 
about a sphere, are to each other as the surfaces of those polye« 
drons or revoloids respectively. 

Now, also, as with a revoloid, the number ofpolyedron's faces 
may be inscribed till the polydron becomes identical with the 
sphere, and then its solidity is equal to the product of its surface 
with one-third of its radius ; hence the sphere may be conceiv- 
ed to be made up of an indefinite number of indefinitely small 
pyramidals, whose bases' when associated, form the surface of 
the sphere, and this surface has the same relation to the whole 
solid, or the sphere, as the base of each individual pyramidal 
has to the solidity of each. 

Cor. K Hence the solidity of any sector of a sphere or of a 
revoloid is equal to its spherical or cylindrical surface multi- 
plied by ^ of the radius, for a sector consists of an association 
of regular pyramidals^ the sum of whose bases form the curve 
surface of the sector. 

Scholium. 2. Since the axis of the cylinder circumscribing 
a sphere is equal to its diameter, its solidity is equalto its whole 
surface, including the two ends multiplied by a third of the ra- 
dius. For it n>ay be conceived to be made up of two cones, 
whose bases are two ends of the cylinder, and vertical height 
— half the axis or length of the cylinder = radius ; and the ele- 
mentary pyramids of the curve surface, whose vertices termi- 
inate in the centre of the cylinder with those of the cones, and 
hence, its solidity bears the same ratio to its surface, that the 
solidity of a sphere, a right revoloid, or polyedron, circumscribe 
ing a sphere do to their respective surfaces. 

Cor. 2. Hence we have three orders of surfaces, which^ 
taken as bases of pyramids, and multiplied by one- third of the 
distance of such base to the vertice of the pyramid, will de- 
termine the solidity of such pyramid ; but, as observed in 
Schol. to Prop. Ill, B. Ill, jB/. S. Geom. in reference to cylindri- 
cal surfaces, the vertice of the pyramid with a spherical base, 
must be in the centre of the spherical curvature. 

Cor. 3. Hence, as the solidity of a sphere is equal to two- 
thirds that of its circumscribing cylinder, and as the surface 
of the sphere is equal to the curve surface of the cylinder ; 
and as the solidities of each of these bodies are equal to the 
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products of their respective surfaces, by one-third of their com- 
mon radius, the surface of the two ends of the cylinder is 
equal to half the curve surface, for if a = the surface of the 
sphere, and x =- the two bases of the cylinder, then will a + 
X = the whole surface of the cylinder, including the ends. 
Then aX^r or radius = the solidity of the sphere, and \ra + 
^rx = the solidily of the cylinder. 

But ^ ra = (^ ra + ^ ra:) X I = f ra + f rx. 

Transposing and dividing \ a =^ \ rx. 

Hence a = 22;, therefore the area of the two ends is equal 
to half the area of the convex surface of the cylinder. 

The same may be inferred from the ratio of the inscribed 
cones^ to the remaining portion of the cylinders. 



Scholium. 3. Since the surface of a sphere whose radius is 
R, is expressed by 4«'R» (Prop. Ill, Cor. 2,) it follows that the 
surfaces of spheres are to each other as the squares of their 
radii ; and since their solidities are as their surfaces multiplied 
by their radii, it follows that the solidities of spheres are to 
each other as the cubes of their radii or diameters, and the 
same is true also of revoloids. If the diameter is called D, 
we shall have R = ^ D, and R" = |D" ; hence the solidity of 
the sphere may likewise be expressed by * * X | D* = 

PROPOSITION X. THEOREM. 



Every segment of a sphere is measured by the half sum of its 
bases multiplied by its altitude^ plus the solidity of a sphere 
whose diameter is this same altitude* 



Let BH, DL, be the radii of the two bases 
of a segment, HL its altitude, the segment be- 
ing generated by the revolution of the circular 
Eone DLHB, about the axis AG passing 
through the centre of curvature C ; from U 
draw CO perpendicular to the chord DB, 
draw also the radii CD, CB. The solid de- 
scribed by the section BCD is measured by 
t ir, CB*, LH (Prop. XXIII, Sch. 2, B. III., 
El S. Geom.) ; but the solid described by 
die isosceles triangle DOB, has for its mea- 
sure f r . CO . LH, (Prop. XVII, Cor. B. Ill, EL 8. Geam.,) ; 
hence the solid described by the segment BDO = i^ . LH • 
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(CB* — C(y). Now, in the right angled triangle CBO, we have 
CB" - CO = BO* = } BD» ; hence the solid described by the 
segment BDO, will have for its mearsure | * . LH • i BD*, 
ociir BD* LH. 

Again, the solid described by the trapezeium BDLH is 
= ^ «^LH . (BH*— DL'+BH . DL,) (Prop. X, B. Ill, EL S. 
Geom.) Hence the segment of the sphere, which is the sum of 
those two solids, must be equal to ^^ «* . HL, (2BH+2DL+2 
BH . DL+BK'.) But since BK is parallel to HL, we have 
DK = DL — BH, hence DK* = DL* — 2DL . BH + BH« 
(Prop. IX, B. IV., EL Geom.) ; and consequently BD« = BK" 
+DK« = HL' + DL» — 2DL . BH + AH'. Substitute this 
value for BD' in the expression for the segment, omitting the 
parts which cancel each other, we shall obtain for the solidity 
of the segment | atHL . (SBH* + 3DL'+HL'), an expression 
which may be decomposed into two parts ; the one } * . HL, 

(3BH'+8DH'), or HL . i_^£LZ^±Li being the half sum of 

the bases X by the altitude ; while the other \ *k . HL* repre- 
sents the sphere of which HL is the diameter. The same 
may be proved of any other segment DE, EF, &c. ; hence the 
proposition is manifest. 

Cor. 1. If either of the bases is nothing, the segment in ques- 
tion becomes a spherical segment, with a single base ; hence 
any spherical segment with a single base is equivalent to half 
the cylinder, having the same base and altitude + the sphere 
of which this altitude is the diameter. 

Cor. 2. If IC is perpendicular to AC the solid described by 
the revolution of the segment about the axis AC, is a ring, 
when if ETC or BC be the radius of curvature of the arc DB 
of the segment, it is (Def. 26) a spherical ring, and in such case 
the ring is equivalent to a sphere, whose diameter is the alti- 
tude of the segment from which the ring is taken. 

Cor. 3. We may hence infer that every segment of a right 
revoloid included between two parallel planes perpendicular 
to its transverse axis, is also measured by the half sum of its 
bases multiplied by its altitude, plus the solidity of a similar 
revoloid, whose diameter is this same altitude ; and that the 
solidity of the belt ABCD, (see diagram to next proposition,) 
taken from the middle segment or zone of a revoloid, is equi- 
valent to a right revoloid of similar type, whose diameter is 
this same altitude. 
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Cor. 4. It may be inferred also that every segment of an 
elliptical revoloid, or of an ellipsoid, cut hy planes perpendicn. 
lar to their vertical or transverse axis, is equal to naif the 
sum of its bases multiplied by its altitude + the solidity of a * 
similar revoloid or spheroid, whose vertical axis is this same 
^titude, since the spheroid is the sphere drawn out as in the 
prolate, and constructed as in the oblate spheroid, and since 
the same is true of the elliptical revoloid, compared with the 
right revoloid ; and hence that the solidity of a belt taken from 
the middlezone or segmentof an elliptical revoloid is equivalent 
to a similar revoloid, whose vertical axis i^ the altitude of the 
segment or breadth of the belt, and the same is also true of the 
ring taken from the middle segment of a spheroid, viz., that it 
is equivalent to a similar spheroid, whose axis of revolution ia 
the altitude of the segment or breadth of the ring. 

PKoroarrtoH xi. theorem. 

The angular portions of a revohidal belt taken from the mid- 
dle zone of a quadrangular revoloid, are together equal to a 
revoloidal spindle, whose verticle section through its opposite 
sides is a double segment of a circle, equal to the segment con- 
stituling a conjugate section of the belt. 

Let ABCD be a belt taken from the middle zone of a quad- 
rangular revoloid, and let its conjugate section lES or KES 
be the segment of a circle ; and the angular portions KAIB, 
LBMF, NCOG, and PDEQH will be equal to the revoloidal 
spindle RUTV whose vertical section through the centre of its 
opposite sides is a similar double segment of the same or an 
equal circle. 

For, let the prismatic cylin- ^ ' lb 

dric ungulas lESLF, FMNG, Bt 

OGPH, HQ KES, be removed, 

and let these several angular , 

spaces be brought in juxta-posi- 

tion by the contact of their cor- | i 

responding faces, thus let FLM . j 

be brought in the position lES, so 
thatLFT shall coincide with lES, 

let GNO and HQP be brought in N 

contact with FML and ElK, so c 

that GN, HQ, shall coin- 
cide with FM, EK. For since the faces of these angular 
portions are all similar and equal to each other, they would co- 
mcide when placed in contact each to each, and because the 
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corresponding faces are parallel to each other in the belt, they 
would, when placed in contact, form the same angular space as 
in the belt, and because they form all the angular space about 
the axis EI when in contact they will form a body, whose con- 
jugate section is a square, and whose vertical section through 
the centre of its sides is the double segment of a circle, which 
(Def. 24) is a revoloidal spindle. 

Cor. 1. Hence, we may infer that the angular portions of 
any revoloidal belt taken from the middle frustum or zone 
of a revoloid of any number of sides, is equal to a revoloidal 
spindle of the same number of sides, and whose vertical sec- 
tion through its opposite sides is equal to a double segment of 
the circle composing a section of the belt. And since the an- 
gular space is the same in a circular ring as in a circle or about 
a point, (Prop. XXI. B. V. EL Geom.) it follows that the an- 
gular space of a belt or ring taken from the middle zone of a 
sphere, is equal to a circular spindle formed by the revolution 
of a section of the ring, being a circular segment about its 
chord as an axis. 

Cor. 2. Therefore, a belt from the middle zone of a revo- 
loid of any number of sides, may be resolved into prismatic 
ungulas equal in number to the number of the i^ides of the re- 
voloid, the bases of which are severally equal to segments of 
the circle forming a conjugate section of the belt, and whose 
altitudes are each equal to the length of the sides of the poly- 
gon forming the inner portion of the belt ; and one perfect re- 
voloidal spindle whose vertical section through the centre of 
its opposite sides, is the double segment of the circle, each 
equal to the segment formed by a section of the belt. 

Hence, the soliditv of a revoloidal belt is equal to that of a 
prismatic cylindrical ungula, whose base is the section of the 
belt and whose altitude is equal to the perimeter of the inner 
surface of the belt, plus a revoloidal spindle whose vertical 
section through its opposite sides is the double segment of the 
section of the belt 

Cor. 3. The solidity of a ring taken from the middle zone 
of a sphere, is equivalent to that of a prismatic cylindrical un- 
gula, whose base is the section of the ring, and whose altitude 
is equal to the inner circumference of the ring, plus a circular 
spindle formed by the revolution of the segment, forming a 
section of the ring about its chord as an axis. 

i Scholium 1. Let Z == the middle zone of a revoloid, P = 
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the prism formed by taking a belt from this zone ; then will 
Z - P = the belt. 

Let S = the segment formed by a section of the belt, and 
p = the perimeter of the inner surface of the belt, and S = 
the solidity of the spindle formed by the angular portions of 
the belt ; then will sXp or sp = the prismatic cylindrical un- 
gulaSy and Z — P — *p = s — the revoloidal spindle. 

Scholium 2. Let Z = the middle frustum of a sphere, P = 
the cylinder after taking away the ring whose section is the 
segment of the circle of which the spherical surface of the 
segment is formed, and Z — P = the ring. 

Let S = the segment formed by a section of the ring and 
* = the inner circumference of the ring, and s* will = the 
prismatic cylindrical ungula which is conceived to form a por- 
tion of the ring. Let s = the spindle formed from the angu- 
lar portions, and Z — P— ^ = 5 = the circular spindle. 

Scholium 3. Let the length or perimeter of a revolidal belt or 
spherical ring, taken from the middle zone of a revoloid or 
sphere, be increased while the conjugate section remains the 
same, and the portion which may be resolved into the prisma- 
tic cylindrical ungula is increased in the same ratio ; but the 
angular portion which we resolve into the spindle, remains 
constant 

Therefore, rings formed from portions, whose sections are a 

?;imilar segment of a circle, are not proportional to the circum- 
erences of the rings, unless the chord of the segment is per- 
pendicular to the axis of rotation of the segment generating 
the rings. (See Cor. 6th. Prop. IV.) 

Cor. 4. If a belt or ring be taken from a middle frustum or 
zone of an elliptical revoloid or an ellipsoid, the belt or ring 
may, in like manner, be resolved into a prismatic ungula of 
an elliptical cylinder whose base is the section of the belt or 
ring, and whose altitude is its inner circumference ; and an 
elliptical spindle^ such as would be formed by the revolution of 
the elliptical segment, formed by a sectioi^ of the belt ov ring 
around its chord. as an axis, which spindle is equal to all the 
angula space contained m the belt or ring. 

Scholium. 4. The same remarks as were used in reference 
to segments Prop. X., Cor. 4, are applicable to the belt 
or ring from a middle zone or frustum oi an elliptical revoloid 
or an ellipsoid, viz : that a belt from a middle zone of an ellip- 
tical revoloid is equivalent to a similar revoloid whose axis 
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is equal to the altitude of that of the zone, and that a ring 
from the middle zone of an ellipsoid is equivalent to a «imilar 
ellipsoid whose axis is equal to the altitude of the segment ; 
and this is true whether it is an oblate or prolate revdoid or 
ellipsoid. 

Scholium. The middle frustum of a circular or an elliptical 
spindle, may be resolved into two portions ; a cylinder whose 
base is one of the bases of the frustum, and its altitude equal 
to the length of the frustum ; and a ring remaining after this 
cylinder is withdrawn. The ring may be computed by find- 
ing what portion it is of a spherical ring, and the cylinder 
may be computed according to its dimensions. 

PROPOSITION XII. THEOREM. 

A vertical parabolic revoloid is equal to half its circumscribing 
prism ; and a vertical paraboloid is equal to half its circum- 
scribing cylinder. 

Let ABC be a vertical section of a ^ ^ 

segment of a quadrangular parabolic 
revoloid, or of a paraboloid, and let 
BCHI be a similar section of the prism 
circumscribing the revoloid, or cylin- 
der circumscribing the paraboloid 
through the same plane HBADIC, B D v, 

and if we suppose the axis AD to be « 

divided into an indefinite number of 
equal parts through which, and through the solid, if planes 
EFG are passed perpendicular to such axis, the sections of 
the revoloid made by such planes would be squares, all of 
which make up the revoloid, and the sections of the paraboloid 
would be circles, all of which constitute the paraboloid, which, 
as those squares and circular sections are indefinitely near 
together, may be represented as a function of those squares or 
circles. 

Now, because the square described on FG is equal to J of 
the square on EG, 4FG*= the area of the square described on 
EG. But by property of parabola, (Prop. VIL, parabola,) 
yXAF = FG^ where p denotes the parameter of the pa- 
rabola ; consequently 4pxAF will also express the same 
sqjMire section EG, and therefore 4pX the sum of all the 
AF's will be the sum of all the square sections, or the same func- 
tion of the whole content of the revoloid ; and because circles 
are as the squares described on their diameters, the sum of 
all the APsX^'willbe a similar function ofthe whole content of 
the paraboloid. 
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But ail the AFs form an arithmetical progression, begin- 
ning at or nothing, and having the greater term, and the 
sum of all the terms, each expressed by the whole axis AD. 

And since the sum of all the terms of such progression is 
equal to J AD, multiplied by AD, or j AD^, half the product 
of the greatest term, and the number of terms ; therefore 
i AD* is equal to the sum of the AF's, and consequently 
4p X i AD« , or 2 X;> X AD* is the sum of the re voloid. But by 
the properties of the parabola p : DC : : DC : AD, 

orp =i -TTFT ; consequently 2Xj>xAD*, becomes 2xAD 

XDC* for the solid content of the re voloid. But 4 X AD 
XDC* is equal to the prism HIBC, consequently the parabo- 
lic revoloid is equal to half of its circumscribing prism, and 
from a parity of reasoning, with regard to the paraboloid and 
cylinder, the paraboloid is equal to half its circumscribing 
cylinder. 

Cor. Hence each of the ungulas of which the parabolic re- 
voloid is composed is equal to half its circumscribing prism, 
and these ungulas are such as are cut from a parabolic cylin- 
der or prism, by planes meeting in the vertical fdane, passing 
through the vertices of its two parabolic bases. 

PROPOSITION XIII. THEOBEM. 

The solidity, of a frustum of a polar hemisphere of a parabolic 
revoloid is equal to a prism of equal altitude^ and whose base 
is half the sum of the two bases of the frustum ; and the 
solidity of a frustum of a polar hemisphere of a paraboloid 
is equal to that of a cylinder of equal altitude^ and whose 
base is eqtuil to half the sum of the two circular bases of the 
frustum. 

For in the frustum BEGC last proposition. 
2pxAD*= the solid ABC 
and 2pxAF* = the solid AEG. 
Therefore the difference 2pX (AD* — AF*) = the frustum 
BEGC ^ "^ 

But AD*— AF*= DFx(AD+AF,) 
therefore, 2pxDFx(AD+AF) = the frustum BEGC. 

But, by the parabola j»X AD = DC, and;>XAF = FG*, 
therefore 2xDFx(DC"+FG') = the frustum BEGC, 
that is frustum BEGC = half the sum DC, FG, of the frus- 
tum multiplied by the altitude DF. 

And for the same reasons as adduced in the the last pro- 
position, this demonstration is equally applicable to the frustum 
of a revoloid or a paraboloid. 
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Cer. Elenee aaj conjagate KdioD of la aapim, hang part 
erf' a pcrfar bemuphere of a parabolic reroloiii. b eqml to a 
prixm of eqoal altitode^ aad wboae base is equal to half the 
ana t}i the two bases. 



A caitfMgiae parabolic remjaid u e^mml ta-fj tfitt ciraauerA- 
iug prism ; mmd a an^tigate paraboHc tpiaidk is e^mal to 
Yjtfits drcmmscribing eytimJer. 

Let AIBC be a parabolic revidoid 
whose Tertical axis is an wdinate 
to the several parabolic sections, 
and whose vertices are all in the 
plane made by the conjugate sec- * 
tion ARFB, and the revdoid will be 
equal to ^ of its drcomscribiiig 
prism. 

For this reroloid is composed of parabolic wigfllwf, such as 
are cot from the vertical side of a parabolical prism, which 
(Prop-XVIILCor. 2, B II.) are equal to^i^ their circomscribbg 
prisms ; hence a number of associated migulas are equal to ^ 
their associated prisms, and since the inscribed paraboloid 
bears the same proportion to its circumscribing cylinder, as 
the revoloid to its circumscntHng priam ; hence a conjugate 
paraboloid or a parabolic spindle is V'^ of its cireomsGnbing 
prisoL 

SchoKvm. The frustum of a parabolic spmdie may be re- 
solved into three portions — first, a cylinder whose base is one 
of the bases of the frustum, and whose altitude is the length of 
the frustum — second, the angular portion of the ring re- 
maining after taking away the cylinder, which is equival«it 
to a parabolic spindle formed by the revolution of the seclicxi 
of the ring on the chord or double ordinate — third, a parabo- 
lic prism, whose base is a section of the ring, and whose alti- 
titode is equal to the inner circumference of the ring. 

The first is equal to its base multiplied by its altitude. The 
second is equal to ^ of its circumscribing prism ; the third ii 
equal to ( of its circumscribing rectaogiuar prism. 
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PROPOSITION XT. THEOREM. 

If any solid, formed by the rotation of a conic section about its 

axis, that is a spheroid, paraboloid, or hyperboloid, be cut by 

a plane in any position ; the section will be some conic seC' 

tion, and all the parallel sections will be like and similar 

figures. 

Let ABC be the generating section, or a section of the given 
solid through its axis BD, and perpendicular to the proposed 
section AFC, their common intersection being AC ; and 6H 
be any other line meeting the generating section in G and H, 
and cutting AC in E ; and erect EF perpendicular to the plane 
ABC, and meeting the proposed plane in F. 




Then, if AC andGH be. conceived to be moved continually 
parallel to themselves, will the rectangle AE X EC be to the 
rectangle GE X EH, always in a constant ratio ; but if GH be 
perpendicular to BD, the points G, F, H will be in the circum« 
ference of a circle whose diameter is GH, so that GE X EH 
will be = EP ; therefore AE X EC will be to EP, always 
in a constant ratio ; consequently AFC is a conic section, and 
every section parallel to AFC will be of the same kind with it, 
and similar to it. 

Cor. 1. The above constant ratio, in which AE X EC is 
to EF», is that of KI* to IN*, the squares of the diameters of 
the generating section respectively parallel to AC, GH ; that 
is, the ratio of the square of the diameter parallel to the sec« 
tioB, to the square of the revolving axis of the generating 
plane. 

This will appear bv conceiving AC and GH to be moved into 
the positions KL, MN, intersecting in I, the centre of the ge- 
emating section. 
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Cor, 2. And hence it a|^ars» that the axes AC and 2EF 
of the section, supposing £ now to be the middle of AC» will 
be to each other, as the diameter KL is to the diameter MN 
of the generating section. 

Cor. Zi If the section of the solid be made so as to retnm 
into itself, it will evidently be an ellipse. Which always 
happens in the spheroid, except when it is perpendicular to the 
axis ; which position is also to be excepted in the other solids, 
the section being always then a circle : in the paraboloid the sec- 
tion is always an ellipse, excepting when it is parallel to the 
axis ; and in the hyperboloid the section is always an ellipse, 
when its axis makes with the axis of the solid, an angle greater 
than that made by the said axis ofthe solid and the asymptote 
of the generating hyperbola ; the secticm being an hyperbola 
in all other cases, but when those angles are equal, then it is 
a parabola. 

Cor. 4. But if the section be parallel to the fixed axis BD, 
it will be of the same kind with, and similar to, the generating 
]dane ABC ; that is, the section parallel to the axis, in a sphe- 
roid, is an ellipse similar to the generating ellipse ; in the para^ 
boloid, the section is a parabola similar to the generating para- 
bola ; and in an hyperboloid, it is an hyperbola similar to the 
generating hyperbola of the solid. 

Cor. 5. In the spheroid, the section through the axis is the 
greatest of the parallel sections ; but in the hyperboloid, it is 
the smallest ; and in the paraboloid, all the sections parallel to 
the axis, are equal to one another. — ^For, the axis is the great- 
est parallel chord line in the ellipse, bat the least in the oppo- 
site hyperbolas, and all the diameters are equal in a parabola. 

Cor. 6. If the extremities of the diameters KL, MN, be 
joined by the line KN, and AO be drawn parallel to KN, and 
meeting GEH in O, £ being the midde of AC, or A£ the 
semi-axis, and 6H parallel to MN. Then EO will be equal to 
EF, the other semi-axis of the section. 

For, by similar triangles, KI : IN : : AE : EO. 

Or, upon GH as a diameter, describe a circle meeting EQ, 
perpendicular to GH, in Q ; and it is evident that EQ will be 
equal to the semi-diameter EF. 

Cor. 7. Draw AP parallel to the axis BD of the solid, and 
meeting the perpendicular GH in P. Then it will be evident 
that, in the spheroid, the semi-axis EF = £0 will be greater 
than EP ; but in the hyperboloid, the semi-axis EF = EO, of 
the elliptic section, will be less than EP ; and in the parabo* 
loid, EF = EOis always equal to EP. 
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Sckolium. The analogy of the sections of an hyperboltrid to 
those of the cone, are very remarkable, all the three conic 
sections being formed by cutting an hyperboloid in the same 
position as the cone is cuL 

Thus, let an hyperbola and its asymptote be revolved toge- 
ther about the transverse axis, the former describing an hyper> 
boloid, and the latter a cone circumscribing it ; then let them 
be supposed to be both cut by a plane in any position and the 
two sections will be like, similar, and concentric figures ; tha( 
is, if the plane cut both sides of each, the sections will be con- 
centric, similar el hpses ; if the nutting plane be parallel to the 
asymptote, or to the side of the cone, the sections will be para- 
bolas ; and in all other positions, the sections will be similar 
and concentric hyperbolas. 




That the sections are like figures, appears from the forego- 
ing corollaries. That they are concentric, will be evident 
wBen we consider that Cc is = A«, producing AC both ways 
to meet the asymptotes in a and c And that they are similar, 
or have'their transverse and conjugate axes proportional to 
each other, will appear thus : Produce GH botn ways to meet 
the asymptotes in g and k ; and on the diameters GH, gb, 
describe the semi-circles GQH, £;RA, meeting EQR, drawn 
perpendicular to GH, m Q and R ; £Q and ER being then 
evidently the semi-conjugate axes, and £C, Ec, the semi-trans- 
verse axes of the sections. Now if GH and AC be conceived 
to be moved parallel to themselves, AE X EC or CE», will 
be to GB X EH or EQ', in a constant ratio, or CE to EQ 
will be a constant ratio ; and since cE is as E^, and aE as EA 
aE X Be or cE", will be to g^E X EA or ER», in a constaM 
ratio, or cE to ERwillbeaconstant ratio; but at an infinitedis- 
tance from the vertex, C and c coincide, or EC = Ec, as also 
EG = Eg, consequently EQ is then = ER, and CE to EQ 
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will be = cE to ER ; but as these ratios are constant, if they 
be equal to each other in one place, they must be always so ; 
and consequently CE : Ec : : QE : ER. 

And this analogy of the sections will readily be recognised, 
when we consider that a cone is a species of the hyperboloid ; 
or a triangle a species of the hypertx>la9 whose axes are infi- 
nitely small. 



PROrOBITIOII XTI. THBOSm. 

If 81 be the semi-diameter belonging to the double 

AEC of the generating plane^ AEC being the diameter of the 
section AFC, conceived to be moved continually parattel to 
itself; and x denote any part of the diameter SI, intercepted 
by ^ the middle of AC, and any given fixed point taken in 
SI ; then will the section AFC be always as k + bx + cxx ; 
a, b, c, being constant quantities ; b in some cases afirma- 
tive, and in others negative ; c being normative in the hyper- 
bola, and negative in the ellipse, and nothing in the parabo- 
la ; and a may always be supposed to denote the distance of 
the given fixed point from the vertex s. 

In any conic section, AC' is as « + &r + c«a: ; but all the 
parallel sections are like and similar figures, and similar plane 
figures, are as the squares of their like dimensions ; therefore 
the section AFC is as AC', that is, as a + 62; + cxx. 

Cor. If the given fixed point, where x begins, coincide with 
the vertex s, then will a be equal to nothing, and the section 
will be as bxdccxx, or as a; d: dxx, in the hyperbola and ellipse, 
and as bx, or as x, in the parabola. 

The subject of hyperbolic reroloids and hyperboloids will 
be considered in another place ; we will here add a few gen- 
eral scholia and formulae in relation to cylindric and conical 
ungulas. 
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Scholinm. It has been shown (Prop. 
VI,, Cor. V,) that an UDgula pertaining 
to a right revoiold is equal to | its cir- 
cumScribing prism, and Prop. Ill, that ite 
curve surface is equal to that of the adja- 
cent side of its circumsoribing prism ; 
and because the ungula FHKD is equaj 
to an UDgula of a right revoloid, if the 
intersection HK of the planeFHK, DHK 
passes through the axis of the cylinder ; 
therefore the convex surface of the ungula 
FHKG is equal to FA X FD ; let GPoD 
be an ungula cut from the former by the 
plane GPo, parallel to the base of the for- 
mer ; and the convex surface of the 
ungula GPoD is ^ the surface FHKD— the convex surface of 
the segment HKFGPo, and this may be divided into two por- 
tions ; via., the curve surface on the segment PoNn FG, and 
the convex surface of ibe segment oNji PHK, the latter of 
which is equal <rK X FD + nK X FD) = 2rKxFD, and the 
former is equal the arc PGo XGF or «N. 

It will be perceived therefore that, although we have the 
quadrature ot the whole convex surface of a revoloidal ungula, 
and also of any portion NKo in absolute terms, yet any por- 
tion oGFN, or oGPD is known only in terms of the arc oi the 
circle, and consequently depends on the circle's quadrature, 
but we are enabled by the princi|>les referred to in this scho- 
lium, to determine both the surface and solidity of any portion 
PBF, with the same degree of accuracy as we have the sur- 
face and solidity of the whole cylinder, from which the ungula 
is derived, aad siace a revoloidal spindle is conceived to be 
made up of partial ungulas, the revoloidal spindle is suscepta- 
ble of the same degree of accuracy in its determination. 

Let FD = h the altitude, and AG = HA = r the radius of 
the cylinder from which the ungula is derived ; the whole 
convex surface of the ungula is = 2rk - - ■ ~ (') 

Let A = the aKitude ot the ungula GPoD, and let oi = half 
the chord oP= c, then will the surface ONK = (r— c) X h 
= rA— cA - (8) 

Let the arc PGo = p, and the surface oNGFPn, will be = 
pX(i^k) = pk-pk {») 
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Hence the surface of the ungula PGoD = 2rh — rh+ch — 
ph+pk = rh + ch — ph + pk (4) 

Let an ungula ELMD whose base is greater than half that 
of the cylinder be considered : if EF = FG, then will the con- 
vex surface of this, equal that of the ungula FKHD + the 
arc (HFK or i *r) X EF + j^r (KL or No) — rh + cA- 
ph+pk (5) 

The solidity of the ungula FKHD is = 2r«* - - (6) 

Let a = the base FGo of the ungula GPoD, and the solidity 
will be {rh + ch—ph + pk)ir — a X i (h—k) (Prop. V, 
B. IL) = |r^A + ircA — irph + liyk — ^ah + } ak (7) 

If A equal the base of the ungula ELMD, and if S = its 
curve surface, its solidity will beSx^r + AX (^A — \k) 
= iSr + iAA — ^AA (8) 

Sch. 2. Let AEBF be the base of a ▼ 

cone or any other pyramid, right or 
oblique ; AvB a section through the 
vertex by a plane perpendicular to 
the base ; EVF, ECF two other 
sections perpendicular to AVB, 
the former through the vertex, and 
the latter through the side at C, 
between V and B. On AB let fall 
the perpendiculars VH, CI ; and on 
DC the perpendiculars VK, BL, o 
draw CG parallel to AB, meeting 
AV and VH in G and M. 

Then it is evident that EFBV is a pyramid, whose base is 
EFB, and whose altitude is VH ; let the base be called A and 
the altitude a, and the solidity will be I Aa; and it is evident 
that EFCV is a pyramid whose base is EFC and altitude VK ; 
let the base be called B and the altitude &, and its content 
will be I B6, it is evident also that the ungula EFBC = I Aa 
— I Bb. 

But, by similar triangles, ABV, GVC, it is 

AB-CG : CI or HV-VM : : AB : HV, or a = 




AB X CI 

AB- GC ' 
GCxCI 



also AB— GC : CI : : AB : HV : : GC : VM ==^jb_gc » 

and DC : BD : : (by the similar triangles ICD, DBL) CI : 
BL; : (because of the similar triangles BCI and CVM, VKC 

^ nuT X ^Tiijr GC X CI „__ .^^ GC X CI X DB 
and CBL) VM = j^-j^ : VK (b) = .^^^^^^^^^^ 
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Therefore the ungula EFBC will be 
iCI , • ^„ „ GCxDB, 

which is a general formula for the ungula of any pyramid. 

If the base be circular, or the pyramid a cone, and the 

angle CDB be less than the angle VAD ; or which is the same, 

if CD and VA, produced, intersect in N ; the section ECF 

will be a segment of an ellipse, whose transverse axis isCN, 

and conjugate V (NO X GC), NO being drawn parallel to 

AB, and meeting YB produced in O. And then the formula 

will become 

iOI ,^„ . , ^^^ GC X DB 
AB— GC ^ ^ ^ circular segment EBF ^jg — X 

'CI 
elliptic segment ECF) =TRIIrr ^ ^^ ^ circular segment 

i?T>r» GC X DB X ^/ (NO X GC) . , 

riBF — DC X CN ^ circular segment, 

whose diameter is CN, and height CD) =, since sim. seg. are 

'CI 
88 the squares of their diameters, ,g x (AF X circular 

^ „___, GCxDBx CN X v^ NO X GC 
segment EBF DC x AB> ^ ^^' 

AB X DC 
ment of the circle AEBF whose height is — ^ — ) = the 

content of the elliptic ungula EFCB - • . . (2) 
But, by similar triangles, GC— AD : DC : : GC ; CN = 

^^^p , and GC— AD : DB : : GC : NO = ^^^^° ,which 

values of NO and NC being substituted in the above expres- 
sion of the elliptic ungula, will give 

'CI GC^ DB » 

^,^^3gjgX [ABX circularsegmentEBF-^g^X^g^^ 

X segment of the circle AEBF whose height is 

AB X (GC— AD), Ih rT^ . , T^T.r^ 
^g ] = SZrf^ t^ ^ circular segment EBF— 

rf« DB J 
"D*" ^ ( pp p I ^ ) X segment of the circle AB whose 

. . . , . Dx (D B — D + d), 

height IS ;—^ ] (8) 

= the elliptic ungula EFCB ; putting h for the height of the 
ungula, D and d for the diameters of the base and end, or top, 
of the frustum, respectively. 
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If this value be taken from I kn X |V . = tbe wIk^ 

eonie frustuiii, tbe remainder will express the oomplemental 

dliptical ongula EPCGAgf^ X (D*— *) X « - D drcolar 

BD rf* / BD \» 
segment, whose height is^ + ^ X ( bi)_p ^ J * X 

BD— D+rf 4A -^ 

segment whose height is ^ , or ^v , X — «? + D X 

AD d* / BD \3 
segment whose height is^ + ^j- X I flp p i ^ j* X seg- 

BD-D+rf 
ment whose height is ^ -.------ (4) 

If the points D and A coincide, the section EFC becomes, a 
whole ellipse, and the formula above, become ^ Din X 

— fy—f — = the elliptical ungula ACB (6) 

And the complemental ungula ACG = dkn X 
D^Dd—d' 

" --W 



If the angle CDB be equal to the angle YAB, the section 
will be a parabola, whose axis is CD, and base EF =2^^ 
(ADxDB) =2^(D_^ X rf, and its area, by prop. VI, B. I, 
= |DC X EP = I DC v^^D — d) d ; and therefore the ex- 



\h _ Dd—d* 



presssion becomes =^—3 X (Dx segment EBP pc"" X 

f DCv^Drf— d» = the parabolic ungula EPBC ... (7) 

D'— d* 
If this be taken from 4 hn X^p — x> ^^^ remainder will ex- 
press the complemental ungula EFCGA, viz. 

\rh X {\dy/Dd-^ d^ ~D~d "^ D~^ ^ segment whose height 

d 
is-p) 

or jr;;^ Xl (D — d) %y/d (D— rf) — nd*+ D X segment whose 
height is -^) (8) 
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If the angle CDB exceed the angle TAB, th6 

4ecticNi will be a an hyperbola, whose trsDaverae 

. „«T . . CGx CD 
axis 18 CN, but the transverse axis = ■ — p^j ■ 

dxCD 
CP being drawn parallel to VA, or - ^ , pp 

DR DB A 

and the conjugate also =GC Vpp ~'*^ D_rfIlJ B 
and the area of the hyperbolic section substituted in the gen- 
eral formula (I) will give the solidity of the hyperbolic ungula. 

SckoUum 3. If from the perimeter of the section EFC 
there be projected, the surface EIF by * 

perpendiculars AP,CI, &c., to the base of 
the cone, the surface EBFIE on the base, 
will be to that, perpendicular above, viz., 
ECFB on the surface of the cone as OB to 
AY ; as the radius of the base to the slant 
height of the cone, (Prop. XII, B. 11.,) 
moreover the area of the section EFC is 
to the area EIF as DC : DI ; hence the "a ' 

BV 
. convex surface FCEB = S = htt x r h 

EBFIE (1) 

And the area FIE =-^^X FCEF 

Let ECEF=B and the expression for the surface of the base 
PIE of the ungula FIEC becomes -gr^ X B - - - - («) 

Let Ihe base EFB of the ungula EFBC be called A, and 
the area EBFIE will be A— ■—■ xB («) 

And consequently S = -jg x A— pC ^ ® " " ' ^*^ 
VB 

If from Gyo X base AFBE of the cone) = the convex sur- 
face of the whole cone, there be taken that of the ungula found 
above ; the remainder ^ X (FAEF+g^ X FCEF) - (5) 
will express the convex surfaceof the remaining part EFCYA of 
(he cone. And if from the value last found, there be taken ^ 

_, _^-_ .. 
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BV DI 

cone GVC, the remainder ^ X (TAEF X gg X FCEP — 

circle GC) ..--.. (ft) 

will express that of the complement EFAGC. 
If the section FCE be an ellipse, the surface of the ungula 

will be fyn X (circular segment FBE — yr^ X elliptical seg- 

VB GC* X DI 

ment FCE) ; and hence ^g x EBF- aB« x (GC-AD ) 

/ DB 

v/ pp Try X (segment circle AB, whose height is AB X 

GC-AD , /(4A« + (D-^«) ^ /„n„ d' 

^^£^ ^ > /db^(D-^ >^ "««• ''^- ^' ''••*«* 

DB — ^D — d 
teight is D X J^ O 

And the value of the surface EFCVA, (Formula 5,) will 
become, ^ X (circ. seg. FAE X g^ X ellip. seg. FCE) (8) 

Or it is - v^(^*:+(D-<^') X rPAE 4-^ X i^+^-^^ 
Or It 18 ^^^ X (I-AE + pi X rf_AB 

\/ , . p X seg. circle AB, whose height Is D X — -^ — 

(») 

And the value of the surface of the eomplemental ungula, 

(Formula 6,) will become =^ (cir. seg. FAE + gg X ellip. 
seg. FCE — circle CG) = ^('*^*^^-^") ^ (_„«?+ FAE + 

height is D X ^^— ) (10) 

When D coincides with A the expression will become. 

VB .„. .„ ,^, ^^, n v/(4A'+(D — <0«) 
gg X AB'Xn — nXABxv(AIxGC)= ^^ ^^^ '— 

X (D* —^"Dd) for the convex surface of the ungula 

ABC. - (11) 

VB /GfC 

And gg X AV(AB X GC) X n=2n X VB X AI V Tg 



ON REVOLOIDS AND UNGULAS. 97 

sas -^-i — ^ ^ — X — ^ — V^d for the oblique cone 

ACV. (12) 

VB X n 
Also ° g X (AV(AB X GC) — GC») 

= "^(^yj^-^) X (5+-^ ^(W_*)) for 

the complemental elliptic ungula AC6. (13) 

If DC be parallel to AV, or the section a parabola ; since 
its area B is i DC x DF = a DC v^(AD X DB,) the genertl 
formula for the ungula will become 

™ X »g. (PBE - , M >,(AD X DB)) = '^'^i^'' 

X [seg. FBE to height DB — | (D — d) ^/(^(D — d))] for the 
convex surface of the parabolic ungula FEBC. - - - (14) 

And the expression in Formula 5 will become, 

g X (»g. FAE + , m V(AD X DB)) = ''^*^-^^) 

X [(seg. FAE to height AE + |(D — d) ^(d(D— d))] for 
that of the part AEFCV, 

VB 

Also, that in Formula 6, will be >:r^ x seg. FAE 4- J DI 

V(AD X DB)-ADa X n) = ^/(^*'+(D-^') ^ ^^^ 

ment FAE to height AD + |(D — d) ^(d(D — d))^— nd,) 
for that of the complimental parabolic uiigula FAEDG. (15) 

If the angle CDB be greater than the angle YAB, or the 
section be an hyperbola, its area being found* and substituted 
for B in the general formulae, will give the surfaces ofthe hy- 
perbolic ungulas. 

If the hyperbolic section be perpendicular to the base, DI 
will vanish, and the expressions will become, 

^(4A«+(D — d)«) ^ . .T. ._ ..... T> — d 

— ^ — j^ J X seg. of cir. AB, whose height is — —^ 

for the curve surface of the perpendicular ungula CIB. (16) 

W4A«+(D — d)*) ^ ^ . , ATI .. . ,. D+d ^ 

— ^^ — 1^ , X seg. of the circle AB, height , for 

that of the remaining part AICV. (17) 

P , X (seg. of the circle AB, whose height is 

-— : 7id«,) for that of the complemental perpendicular un- 
gula AIGC. (18) 
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ON THE RECTIFICATION AND 



BOOK IV. 



ON THE REVOLOIDAL CURVE, THE RECTIFICATION OF THE 
ELLIPSE, AND OTHER CURVES, AND ON THE QUADRITURE 
OF THE CIRCLE, &C. 



DEFINITIONS. 



1. The revoloidal curve is the curve IbrmiD^ the contour of 
one of the facial sides of a revoloid; since this designation may 
apply to any revoloid, therefore, if the revoloidal curve is 
mentioned without reference to the species, the curve of a 
rigfU revoloid is understood. 

2. If the revoloidal surface is extended on a plane, its Con- 
tour is called a plane revoloidal curve ; and the surface is called 
EL plane revoloidal surface. 

3. The vertices of a plane revoloidal 
surface are the two angular extremities, 
as D and E. 

. 4. The vertical or transverse axis of the 
plane revoloidal surface, is the right line 
drawn through the vertices, as DE. 

5. Its conjugate axis is a line drawn at 
right angles to its transverse, which.it bi- 
sects, terminating in the curve, as AB. 

6. A quadrant of a revoloidal surface is 
a portion cut off by the two axes, as ACD 
or BCD. 

7. Any area bounded partly by curves and partly by right 
lines, is sometimes called a mixtilineal area or space. 




( 



QUADRATURE OF CURVES. 
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PROPdBITION 1. THEOREM. 



The vertical length of one of the plane surfaces of a quadran- 
gular revoloid, is eqtcal to the semi-circumference of its in* 
scribed circle, and the length of any double ordinate to its con- 
jugate diameter y is equal to the arc of that circle cut off by 
such ordinate toward the extremity of the conjugate diameter. 




Let ADBE be a plane surface from a 
quadrangular revoloid, and AFB6 its in- 
scribed circle, and the vertical length DEof 
the revoloidal surface will be equal to the 
semi-circumference FBG, and the length of 
the double ordinate HI will be equal to ^| 
the arc LBM cut off by such ordinate. 

For since (Def. 8, B. Ill,) the vertical 
section of a right revoloid through the 
centre of its opposite sides, is a circle, and 
since in a quadrangular revoloid this cir- 
cle is such as may be described on a dia- 
meter equal to the conjugate axis of the revoloidal surface, 
and because each of the fecial surfaces of a revoloid extends 
from one vertice to the other, passingthrough half the circum- 
ference, it follows that its length, JDE, is equal to half the 
length of that circumference which is also equal to the sen^i- 
circumference FBG. 

Again, since any ordinate HI drawn parallel to the trans- 
verse axis DE, is the representative of a parallel to a vertical 
section through the line DE, it follows that the section formed 
by a plane passing through the un^ula of which this face is the 
surface, is a segment of a circle whose chord terminates in the 
curve forming the edge of the ungula, and the section of this 
ungula is similar to the section of its contiguous ungula by a 
plane perpendicular to this section ; which section, through 
the contiguous ungula, may be represented by a segment 
LBM ; for a quadrangular revoloid has its sides at right an- 
gles to each other in a plane perpendicular to the transverse 
Hence, if HI is equal to the arc containing a segment 



axis. 



equal to the segment LBM. it is therefore equal to the length 
of the arc LBM. 
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ON THE RECTIFICATION AND 



Pftoposmoir ii. p&oblem. 



To make a plant projection of the facial surface of a right 

quadrangtilar revohid. 

With a radius EA, equal the radius of the circle forming a 
vertical section of the revoloid, describe a circle ACBD, and 
draw the diameter AB, and from E perpendicular to AB draw 
the lines EF, EG, each equal to one-fourth of the circumfer- 
ence of the circle, ACBD, or equal to one-fourth of the cir- 
cumference of the revoloid. Divide these lines into any num- 




ber of equal parts, as 1, 2, 3, 4, &c., on the line EF. In like 
manner divide each quadrant of the circumference into the 
same number of equal parts, 1. 2, 3, 4, &c. ; through the divi- 
sions on the circumference draw lines from 1, 2, 3, &c., parallel 
to DC, and through the divisions on the line EFdraw lines both 
ways parallel to AB, as 7^, 6f 5e, &c., and where these lines 
meet the former corresponding lines through the divisions cor- 
responding to the same numbers, will be points in the curve 
forming the boundary of the surface, through which, if a curved 
line a, A, c, d, e,/, g^ &c. is drawn, this line will reprefsent the 
revoloidal curve, and the space enclosed will represent the 
plane surface of a right quadrangular revoloid. 

Scholium 1. The nature of this curve is such, that, as it pas-* 
ses oJBT at the vertices, it reproduces itself again, passing into 



s. 
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another curve of the same character but of opposite curva- 
ture, for where it passes the vertices F and G, the signs be- 
come changed from positive to negative dnd from negative to 
positive, so that the curve is reproduced indefinitely as the 
axes EF and EG are continued. 

Scholium 2. The revoloidal curve pass$s into and becomes 
identical with the circle while passing the extremities of the 
diameter, but its fluxion carries it out of the circle as it leaves 
these points, and it becomes incorporated with and identical 
with a right line as it passes off at the extremities of the axis, 
but its ffuction carries it out of the right line as it becomes 
extended* 

For let the diameter AB be produced each way to H and I, 
so as to be equal to FG, and from the extremities of these 
lines draw HF, IF, IG, 6H, forming a square circumscribing 
the revoloidal surface ; let HF be extended to M, and IF be 
extended to L, then these lines so produced will cross each 
other at right angles in F, and form an angle with the axis FG 
of 45°. Let the revoloidal curves extend to P and P ; now 
if the vertice F be brought to its natural position, on the re- 
voloid, these curve lines evidently cross each other at right 
angles also, and at the point of contact form an angle of 45° 
with the axis, which is the same as that formed by the right 
lines ; hence these curve lines agree with the right lines, HM 
and IL, at that point both in position and inclination, and there- 
fore are identical. 

And also, as the revoloidal curve passes into and occupies 
the space of the circle at the extremities of the diameter, A 
and B having, in its original position, formed a part of the 
circle at that point, and the position of that point not having 
been changed in reference to the axis or diameter AB, it fol- 
lows, that it is still equal to and identical with the circle at 
those points, but its fluction, or the law of its propagation, 
causes it to leave the circle after passing those points. 

Cor. Each of the ordinates through the quadrant, AEF, pa- 
rallel to the axis,EF, is equal to the portions Al, A2, A3, &c., 
of the arc of the quadrant, intercepted by those lines respec- 
tively toward the point A. 

Scholium 3. Hence, this curve is generated by the locus of 
the intersection of two right lines, AC and EF equal the ra- 
dius and semi-circumference of a circle moving uniformly from 
any point E or A, perpendicular to each other, through 
their respective lengths. 
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Let A be the origin, and since CF equal 
the quadrant AE, hence CF=J'»', AC=r. 

Let arc ^' equal any arc AA, measuring 

the angle ACA, then since AA=CP it is also / [e 

^'=y ; hence, the equation to the curve is *-t^ 'y^ p 

y = arc d' y^l^- — hG 

Let F be the origin, and we have ys=QP 
5= AG = sin. 4'= sin. ACE. 

Then the equation, considering F as the 
origin, is y=siD. ^' 

PROPOSITION TII. THEOREM. 

The contour of a plane revoloidal surface from a right revoloid 
is equivalent to the perimeter of an ellipse, formed by a verti^ 
cal section through the angles of the f^evoloid. 

For the section of a revoloid through the angles is an ellipse 
by definition, and this ellipse terminates the facial surface of 
the revoloid when in its proper position. Now if the cylin- 
dric surface of the revoloid is extended on a plane, its parts 
are not altered in relation to each other ; its vertical length on 
the plane is equal to its length on the cylindric surface of the 
revoloid ; and its conjugate suffers no change, being a right 
line parallel to the axis of the cylindric surface while on the 
revoloid and a right line still when extended ; for the surface 
may be extended in like manner as we would unroll a piece 
of cloth, or a piece of paper, made to agree with its surface, 
which suffers no contortion of any of its parts in the change, 
but the whole surface is the same in reference to its edges 
eifter the change as before, and as each facial surface of the 
revoloid extends through half the circumference of the circle 
of the revoloid, viz : from one vertice to the other, each side 
of the surface is terminated by one-half of the ellipse formed 
by a section through the angles, and as the angles of the revo- 
loid cause generally the ellipses to cross each other at the ver- 
tices, forming a vertical angle also on the facial surface, the 
other side is bounded by one-half of a similar ellipse, so that 
the whole perimeter of the facial surface of a revoloid is 
equal to the perimeter of an ellipse by a plane passing through 
the angles of the revoloid. 

Cor. Hence, the perimeter of a right quadrangular revo- 
loidal surface is equal to that of an ellipse whose conjugate 
or minor axis is equal to that of the transverse axis of the re- 
voloid, and whose major axis is in the ratio to its minor axis 
as the ^2 : 1. 
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For the plane passing through the angles of the revoloid 
forming tlie ellipse, cuts the plane forming a circular section 
through the centre of the sides at an angle of 45°, therefore, 
the transverse axis of the ellipse is as the diagonal of a square 
of which the vertical axis of the revoloid or its diameter forms 
a side. 

PROPOSITION IV. THEOREM. 

If there be described two ellipses concentric urith each other^ on 
axes of which those of the outer one exceed those of the inner 
one by N, then the two ellipses will not be equidistant through- 
autf but will be nearer to each other at points in the curve be- 
tween the vertices of the axis, than at the vertices. 

Let AB, ED, and ab, ed, be the 
Iwo axes of two concentric ellip- 
ses, and let the axis a6=Q, and 
«<2==R, and let the axis AB=Q 
+N and ED=R+N, then the 
distance between the two ellip- 
ses, between the vertices E and 
A will be less than at those ver- 
tices. 

For, draw the two equal con- 
jugate diameters^ H6, FL, and 
also the two hhfl, 

Then, H6«-hFL% or 2HG*=AB-+ED« (Prop. XV, of the 
Ellipse,) and 2AP=flfft'+cd» 

Now, because the sum of the squares of the axes AB'+ED" 
are not greater than HG^+FL*, those squares cannot be pro- 
portional (Prop. XVIIl, B. I, El, Greom.) hence also. (Prop. 
aXIII. B. I., EL Oeom.) the axes themselves cannot be pro- 
portipnal. 

Now it is evident, that when the axes AB and ED are nearly 
equal, then also they will very nearly form the extreme? of a 
proportion of which the two diameters HG, FL are the means ; 
which is the more nearly true the nearer the two axes are to 
an equality, or the nearer the ellipse approaches to a circle, 
and hence they are more disproportionul, the greater the ec- 
centricity of the ellipse. 

Now it is evident, that the inner ellipse, a, e, b, d, is more 
eccentric than the outer one, AEBD, since the two axes of the 
inner one are less than those of the outer one by the same 
constant quantity N, (by hypothesis,) hence the conjugate di- 
ameters hljfl, are more nearly equal to HG and FL than ab 
to AB, or than ed to BD. Hence the elliptical ctrves are 
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nearer each other at any point F or i between the vertices of 
the major and minor axes, than at those vertices. ^ 

Cor. I. Hence, if about an ellipse there be described a- 
curve concentric thereto and equidistant throughout, such curve 
will not itself be an ellipse, but if it is described very near to 
the elliptical curve and equidistant, it may be regarded as an 
ellipse without much error in so considering it, and this will 
be more nearly correct the more nearly the ellipse approaches 
to the circle. 

Cor. 2. If about any curve except the circle, another curve 
be described, in such manner as to be equi-distant in all its 
parts from the former, these two curves cannot be similar 
curves, neither in properties nor in figure, all which may be 
shown by the same reasoning as in the proposition, viz : a 
curve described equidistant from a parabola, either within or 
without, cannot be a parabola, and a curve described equi- 
distant from a hyperbola, cannot itself be a hyperbola ; all of 
which is evident iroqi the properties of thode curves, but when 
they are drawn exceedingly near to those curves they may be 
regarded as curves of similar character as those near which 
they are so drawa 

PaOPOSITION V. THEOREM* 

If there he described two curves^ one within and the otfier toith^ 
out an ellipse^ of such kind that they shall both be equi-distant 

. from the ellipse^ or the ellipse shall he midway between the 
two, then will the space included between the two curves so 
described be equal to the circumference of the ellipse muhi- 
plied by the distance between the two curves. 

Let FGHK, fghkf be two con- 
centric curves described so as to 
be equi-distant from the elliptical 
circumference AEBD, one with- 
out and the other within, so that 
AEBD shall be midway between 
the two, then will the curvilinear 
space F/, G^, HA, KA, F/, be 
equal to the circumference AEBD 
multiplied by their common distance Ff or G^. 

For, describe about each of those curves polygons FftmG, 
&c., AnoE, &'e.,fpqgf &c., such that their corresponding sides 
will be pirallel, and draw bp, mq, &c., and the surface included 
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between the outer and inner polygon will be divided into the 
trapeziums F^^ ipq^, &c., each of which is equal to the half 
sum of its parallel sides multiplied by their distance Ff; but 
any side, An of the polygon described about the middle curve 
is equal half the sum of its corresponding parallel sides of the 
trapeziums ; hence the trapezium Ffpb is equal to An X F/** 
and the trapezium bpqm is equal to no X Ff; and since this is 
true for each of the trapeziums, it follows, that the sum of all 
is equal to the sum of all the sides of the polygon described 
about the ellipse AEBD, multiplied by the common distance 
Ff. And this would be manifestly true, whatever be the 
number of the sides of the polygon described about the ellipse^ 
but when the number of the sides of the polygon is indefi- 
nitely increased, the polygon becomes a curve similar to that 
about which it is described. (Prop. XII, Cor. 4, B. V, EL 
Qeom.) Hence as in the proposition. 

» 

Cor. It is evident, also, that if there be described curves 
within and without a parabolic or any other curve, so as to 
be equi-distant from it, then the space included between the 
outer and inner one will be equal to the curve situated midway 
between them, multiplied by the distance between the outer 
and inner curves, and the same may. be affirmed of the revo* 
loidal curves so drawn. 

Scholium 1. The polygon described about two eccentric 
curves drawn so as to be equidistant throughout, are not simi- 
lar polygons, since the figures about which they are described 
are not similar. (Prop. IV., Cor. 1.) 

Scholium 2. The last two jpropositions suggest a method of 
rectif)ring the elliptical circumference, and also of finding the 
lengths of other curves whose quadratures are correctly or 
approximately known. 

For, if about an ellipse AEBD, whose major axis AB=F, 
and whose minor axis ED=Q, another ellFpse FGHK be des- 
cribed, whose major axis FH=P+N, and whose minor axis 
GH=(.i+N, and if another concentric ellipse be also des- 
cribed within the former, whose major axis /&=iP — N and 
whose minor axis gk=^Cl — N, we shall have an elliptical ring 
Ff, 6^, HA, KA, whose area may be found by subtracting the 
inner ellipse from the outer one, then if this area is divided by 
the distance of the inner and outer circumference the quotient 
will be the elliptical circumference AEBD. 
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Lit it he requ ir ed Utfimd the jjU m t uK B(«, betmeem Abb caaam- 
tric eUip$ei, tie iiferoKK of wkoae WMJor aad mimor mam 
are eatk equal to a qmrnUiy N. 

hetHGFfi,bghkbptwo » 

coDceDtric ellipses, the di(- 
Streace of whose axes, HP 
—bk, is N, also GK—gk 
=N ; draw the eqaal cod- ' 
jumte diameters ML, Nl, 
mJ, Ml ; draw the right oo- 
ordinates MN, mn, draw 
art parallel to HP, and join 
Hm, which will be the distance between the ellipaes at th* 

Eint8M.»i; we shall have jC=JPC' and «M*=^CG', also 
7=ihC and ir=iCg' (Prop. XXL Cor. 1 of Elli pse.) a nd 
«C— EC=«Eor»)^aDd<M— jf or>nE=M(. Hence -/Me+wtf 
=Mm=tbe distance of ibe two curves at the points M, m. 
Let the axis HP =25, and GK=I9, and LrN=2, then 
6A=23 and £*=I7 
and *C^8.83175 EC=8.18172, 

hence (fR== .70003 

<M=6.T17gl and siE=6.00Sg9, 
hence Mf=. 70752 
and Min=. 995302. 

SchoHum. 1. But because the line Minis not perpendieolar to 
the curve AFRD at the point of contiict. but very nearly per- 
pendicular to MW, it is therefore greater than the true distance 
oftbecurveSfWhich we will suppose is Hv, to find which, we have 

YC=^;andWC=^ 

YE=YC — CE. and W«=WC— Cj 



tiiY=Vm&+EY: MW=%/Ma*+WA 
Therefore, we have the sides of the right-angled triangles aiEY, 
MsW given to find the angles W and Y, the di^rence of 
which, when found, is equal to the angle made by the lines MW 
and inY with each other produced. Then we have a right- 
angled triangle Mm, MW produced, and mY produced right- 
angled at M, to tind the aides MW produced, and mY pnv 
duced, and also the base uv of an isosceles triangle having the 
same vertical angle, which line uv will be the riwrtest dis- 
tance required. 
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Scholium 2. Let the equal coDJugiite diameters IN* LM, irit 
1m, be drawDy and the difference of the semi-diameters Cl—Ot 
will be very nearly equal to the distance li of the curves at 

the point s I, i. But IN ==: >/i FH«+|GK *Tand in= ^ibF+ig^, 

hence, VjPff+iGK*— '•j6A*+Jg^A'=the distance If very 

nearly. 

Let the axis AR=s24, and FD^^^IS; then, if we make PH 

«=25, and GK= 19, IN will:»;:22.2U36. 

Also, we may have 6A=23,^ft=17; hencettn or ;7i7= 20.2237. 

^. . 22.2036-20.2237 ^^^ . ..^ ^- . 

Therefore, =,9890= the difference CI and 

Ot, which is nearly equal the true distance of the curves 
through the point A, which will be more accurate as the axes 
approach equality, and will be approximately ti;|^e till the eo- 
t)entricity of the curves becomes very great. 

raOPOSITfON Til. PftOBLEM. 

To find the length of the elliptical drcnmference^ approximately. 

It has been observed, (Prop^ V. Scholium,) that the cir* 
t:umferencc of an ellipse inscribed between two other concen- 
tric ellipses, is equal to the area or apace included between the 
two divided by their distance from each other ; but since the 
distance of the curves is not constant in every part, we mutt 
take their average distance 

If G^, PA, (see tliagrani to Prop. VI,) be the distance of the 
two extreme ellipses thmugh the lines of their axes, and uv the 
distance through the point e, then the average distance will be 
very nearly equal \Gg+^uv\ hence, if the area of the ringwithin 
the exterior and interior circumferences is divided by {Gg+^u9t 
the quotient wiU be the length of the whole circumference 
AFRD ; or if a quadrant of the ring is divided in like man- 
ner, the quotent will be the length of a quadrant FeK of the 
circumference. 

If we assume the axes AR3=24, FD=sl8, as in the last pro* 
.position, and the axes of the other ellipses as there assumed, 
we shall have for the area of the greater ellipses, ^PH 
XiGHx«'=12.5X9.riXflr:i=373.06381 ; and the area of the 
smaller ellipse ^gkX^bhX'^^^n.bXS 5X^==::iQ7.09042, there- 
fore the area of the ring is equal to65.97339, 

» ... ^. .^ J . 996302+1 . 

Let this be divided by , the average distance as 

m 

found in the last proposition* and we have 60.129 for the cir- 
cumference of the ellipse AFRD, 
Let the area be divided by the distance as found in (Sch, 
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9899+1 
e. Prop. V,) and we have65,973S9-r r — = 66.31 16 =» 

the eUiptical circumferance, which is true to four places of 
figures, and very nearly to six ; hence, this mode oi compu' 
ting the elliptical circumference is sufficiently accurate for any 
ordinary calculation. 

Scholium. The length of the parabolic or hyperbolic arc 
may be approximately determined in the same manner as is 
here suggested for the ellipse. 

FHOPOSmOK VIII. PROBLBM. 



/ 



LU it be required to find the length of a revoloidal curve. 

Let ADBE be a revoloidal curve 
from a right quadrangular revoloid 
whose length is required ; let two 
other concentric curves KLMR, 
F6HI, be described on each side 
of the first and equidistant there- 
from, and if these two last des- 
cribed curves are at a small dis- 
tance only from the former, they 
will be very nearly revoloidal 
curves likewise. 

Let aa, the axis of the revoloid 
from which the surface ADBE is 
supposed to be taken, equal P ; 
and since, by hypothesis, ADBE is 
the surface of a right quadrangular 
revoloid, the conjugate is also equal 
to P, and the vertical length DE of the revoloidal surface will 
be equal j^xT? ; since DE is equal to half the circumference 
AaBa of the revoloid. Now, let N be the distance AK, or AP, 
that the concentric curves are proposed to be drawn ; and 
since the angles DLn and LDn are each=45^ in a right 
quadrangular revoloid, make the semi-circumference of the 
revoloid from which the surface KLMR is taken, equal 

JirP+2%/Dn*+Ln»=^P+2%^2N'*=^',and make the circum- 
ference of the revoloid from whic h the surface FGHI is sup- 
posed to be taken, =iflrP-2\/Dn"+Ln*=JflrP— g-Z^N =i*', 
then may P'=the diameter of the greater revoloid, and P" 
equal the diameter of the lesser, and P+2N equal the conjugate 
axis KM of the larger surface, and P — 2N equal the conju- 
gate axis of the smaller. 
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And we have (Prop. III. B. III.) the area of the surface 
KLMR=(P+2N)xF,and the area F6HI=(P — 2N)xF', 
and (PP'+2P'N) — PP"+2P"N equal the space KF, LG, 
MH, HI between the inner and outer curve. Let this area be 
divided by the distance KF or N, and the quotient will be the 
length of the revoloidal •curve ADBE very nearly. 

Scholium 1. Since the major and minor axes of the outer 
and inner curves vary in very nearly the same ratio, it follows 
that the outer and inner curves must be very nearly similar to 
the central one where the. distance KF is small^ even if the 
surface possesses a considerable degree of eccentricity, pro- 
tracted in the direction KM ; but the greater the eccentricity 
when protracted in the direction LR, the greater is the simila- 
rity ,ot the concentric figures, and the greater is the accuracy 
with which we can rectify the curve. 

2. Since the perimeter of a levoloidal curve is al^o the pe- 
rimeter of an ellipse, such as is formed by a vertical section 
through the axis and the angles of a revoloid, this mode of rec- 
Cifyinff the revoloidal curve furnishes also a mode of rectifying 
the eUiptical circumference ; and reciprocally. 

PROPOSITION IX. PROBLEM. 

To find the vertical length of the revoloidal surface^ and 
consequently the circumference of the circle. 

Let ABC be the quadrant of ^ 
one of the facial surfaces of a 
quadrangular revoloid, and BCD 
a quadrant of the inscribed cir- h 
cle; AC the semi-transverse, g 
and CB the semi-conjugate axis ; 
extend CB to F, making it equal 
to AC, draw AF, and the trian- 
angle ACF will be equal to one- 
fourth of the square circumscrib- 
ing the whole revoloidal sur- 
face. From the extremities of ^ 
the radii CD and CB, draw the 
lines DE and BE, perpendicular to those radii respectively, 
then will BCD be a square circumscribing the quadrant equal 
to one-fourth of the square circumscribing the circle. 

On the line BE take any distance Ba, and from the point a, 
draw the line ab parallel to the semi-conjugate, BC ; then set 
off from C on the transverse CA, the distance Cc equal the arc 
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i cut off by the Kne ab ; and draw cd also parallel to BC, 
cutting the curve AB, and from d draw dg parallel to AC, 
then will the rectangle CBab equal the portion of the revoloidal 
surface CcdB* (Prop. lILCor.l, B.III,) and cdszib^cosine of the 
arc Bu and Cfr=:t^=8ine of the arc. The portion of the revo- 
loidal surface CBdfc may consist of the rectangle Ccdg^ and the 
segment Bdg ; the former of which is equal to the product of the 
line Cc or dg^ into the cosine ib or cd ; and the latter may be 
divided into the two portions Big, a segment of the circle, and 
the trilinear space Bid, the space included between the circle 
and the revoloidal curve ; the former of which is equal to 
the difference between half the product of the arc Bi, or its 
equivalent Cc, into the radius CB ; and half the rectangle of 
the sine ig^ into the cosine ib ; and the latter may be approxi- 
mately estimated by considering, that the distaYice between the 
circle and the curve at any point, and in direction parallel to 
tlie base line id, is equal to the difference between the arc of 
the circle included between such point, and the radius CB, and 
its sine. Thus, the distance i(f=arc Bi or dg, its equivalent, 
— gi, its sine. Hence, it will be perceived that its value con- 
verges rapidly as we approach the semi-transverse AC. 
Though the ratio of this space is constantly changing with 
regard to its linear dimensions, as the vertical length of a 
conjugate section is varied ; yet, when the distance Ba is taken 
very small, its area may be regarded as equal to one-half the 
product of the base id, into its vertical height perpendicular to 
that base, viz., into ^B. 

Let a;=the arc Bi=Cc, 

and «=sine of the arc Bt, 

and c=:cosine. 

Then will ca:=the rectangle Ccdg, 

and Jrx— ic5=the segment Big, 

^ rz rs ex cs , _ , , 

and y — — — — +-2=the space Bid, 

and .... rs=ihe rectangle BCba. 
Hence, cx+\rx — ics+^rx—lrs—^cx+jcs^rs. 
By transposing and condensing jcx+rx=irs 

Or if we make the curvilinear space idB=^aiB, making the 
mixtilineal space Ccdb equal to the arithmetical mean between 
the mixtilineal space diniCc and diaBCc^ we shall have 

XC+ \rx — \$c^ the space diBCc 
and xc + rs — cs as the space diaSCc 
half the sum of which nuike=the rectangle 

CfroBsri. 
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Thus, 

and 

Hence, 



2cx+irx+rs — |c* 
'—^ =r. 



2cx+irz=:^cg+rs. 

^cs+rs 



z= 



(3.) 



2c+Jr 
Again, draw fG parallel to ^ 
CB or DE, cutting off any arc DL, 
and set off from A the distance, 
AH, equal the length of the arc h 
DL. and from the point H, dra\<r ^ 
the line H^ perpendicular to the 
axis AC, to cut the curve in v, 
and the trilinear space AHv will 
be equal to the rectilineal DEi/G, 
(Prop. Ill, and Cors. B. III.) 

Now, if we compute the area 
of this trilinear space AHr in . c ^B ^ F 

terms of its sides, those sides may be rectified by iU known 
quadrature. The length of the side AH equal the arc DL, and 
the area AHv is less than half the rectangle of AH into Hd, 
and greater than jvlV ; but will be very nearly an arithme- 
tical mean between the two. 

Let AH=j;=arc DL, 

Ht)= s =sine of a:, 
DG=i)= versed sine ofx. 




Then 

I. •>■ 
and 



2 — -2 — =:area AHv, 



w=area DGft^ ; 
but it has been shown that the area AHvsarea DGfE. 

Hence, vr= — ~ — 

Or, 4vr=x*+x8. 

Completing the square a?+sx+'-r=^4vr+-T9 



Hence, 



=v/ 



^tr+l- J - - (3.) 



The smaller the arc is taken, the greater the accuracy ; for 
when the arc is taken very small, the sine and arc are very 
nearly identical ; when no appreciable error would occur in 
so considering them, and the area AKv would still be found 
between«half the square of AH, and half the rectangle of AH 
into Hi ; and if the difference of x and s becomes =o, then 

a* 
the expression for the surface becomes barely — 

4» 
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and x=\^2r» - - (4.) 

Let the two arcs, DL, tB, be taken such that the diagonal 
Ai is nearlyequal the arc tB, and if we make AAt equ^ the 
rectangle DGr/'E, and nBCc equal the rectangle aBCc, the re- 
salt will be a close determination of the length of the arc of 
the circumference ; for the area AHt» in such ease, is very 
nearly as much in excess, above the area AHv, as the area 
wBCc is in defect of the area ifBCc, and if the^ arcs are 
taken very small, any error may be rendered evanescent 

For this purpose, let x=the arc iB 

and ar'ssthe arc DL. 

Then let cz— Jc*+Jra:=r5 

which reduced gives a?= * 4.1 "" ------- (5.) 

And lx^=rv 

Then z'=>/2i>r (6,) 

Whence, if we take an arithmetical mean between the re- 
sults of these two equations, we shall arrive at a very approxi- 
mate determination of the circumference, if the arc is taken 
very small. 

For an example, let us take an ^c^-§^rs P^^ ^^ ^^ ^^' 
cumference. We have, by trigonometry, the sine of that arc 
=.00025566346=^ and its cosme=.99999996732=c. Hence, 
by formula 1, we have 

__ ir$ 

Therefore. 00025566346 X J =|r5=.00038d49819 
and 1 +9999996782-r2=r+^c=: 1.4999998366 

AMd^^=.00038349819-rl.4999998366=.00025566346278 

r+fc 

hence a:=.00025566346.278, which multiplied by 24576, gives 
the whole circumference=628318526133 when the diameter 
ig=2, or 3.1415926306=4r, when the diameter js 1, which 
result is true to eight places of figures, but the 9th should be 5 
instead of 3. 

If instead of this arc, we take that of ttHt o^ the circumfer- 
ence, the sine of which is=.000157079632033, and the cosine 
S.999999987462994 

|r«=: .0002356 1 9448060 
r+ic= 1.499999998831497 

^^=000 1 57079632676 
r+jc 

40000 
whence r=.0001 57079632676 X —^7—= 3. 141 6926635.2, 
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which is true to eleven places, but the last figure should be 8 
instead of 2. 

Hence^it will be perceived, that, by taking a veir small arc, 
we can rectify the circumference to any degree of exactness. 

Cor. 1. Since in formula (6) ^3^=^vr% if r=l, then v—\a^ (1.) 
Hence, the versed sine may be taken as half the square of 
the arc, which is approximately true when the arc is small^ 
and if very small, may be taken as an accurate determination, 
but as the arc is increased, if we proceed as in formula (8,) 
where rv=^\a?'^\»x^ we have the value of v or the versed sine, 
equal to \ of the square of the arc+ j- the rectangle of the arc 
and sine; which is approximately true for any arc of the quad- 
rant, and may be taken for an accurate determination when 
the arc is small. 
Hence this general formula v=^\a?+{B^ .... (2.) 

In 
Cor. 2. Hence, also, from formula (1,) ag= we may 

deduce expressions for the sines, of small arcs, in terms of the 

cosine and arc ; and also for the cosine in terms of the sine and 

arc. For from this equation we obtain 

^=i«+Jca; (1.) 

Zs 
tmd c= 2 (2.) 

X 

Scholium. I. If « is taken equal to the sine of 30?, we shall 
avoid in some measure the inconvenience of using imperfect 
decimal terms ; for the sine of 30^ is equal to half the radius, 
and we then have only one decimal term entering into the ex- 
pression, viz., the cosine which is, 866025, &c. ; but we have 
a more difficult determination of the area of that portion of the 
revoloidal curve existing without the circle^ viz., tne space BtJ; 
which, if determined^ would lead to. the true determination of 
the arc of the circumference. 

2. If the ratio between the ouadri^nt of the circle and the 
portion of the revoloid without the quadrant, viz., if the portion 
ADB is determined, then the ratio of the circumference may 
also be determined. 

Thus, if ^rxssthe area of the quadrant CDB, and z=the area 
of the space included between the quadrant and the curve, 
viz., ABD, and if the ratio between these ^terms are known, 
that is, if \rx iziimin 

then iirx+z=zr (Prop. Ill, B. III.) 

by uniting extremes and means, 
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^rnxsstm 



z=:r^ — Jra? 



By substituting, this value of z in the former equation j 
=mr^ — Irmx; by dividing and transposing lnx+lmx=mr; 



hence 



mr 



c= 



In+lm 



=1 of the circumference. 



8. Or if the ratio between the quadrant of the revoloidal 
surface and its circumscribing parallelogram is determined, 
the circumference may be computed also. 

For the revoloidal quadrant being equal to the square of the 
radius, (Prop. III. B. Ill,) it is in the same ratio to its circum- 
scribing parallelogram, as the radius to one-fourth of the cir- 
cumference, seeing the parallelogram is equal to the product 
of the radius by one- fourth of the circumference. 



PKOPOSITION X. THEOREM. 



If a quadrant ABC of a plane revoloidal surface from a rif^ht 
quadrangular revoloia he described^ and a rectangle ACBD 
circumscribe the quadrant^ then if the axis AC he divided 
into any number of equal parts^ and if ordinates he drawn 
from the points of division across the rectangle^ then the 
parts of those ordinates included between the axis AC, and 
the revoloidal curve BA, will be equal to the sum of a series 
of sines of arcs of the quadrant EB, of a circle in arithmetu 
cal progression^ equal %n number to the number of the ordi" 
nates f and the parts of those ordinates intercepted by the curve 
AB, and line CD / will be equal to the sum of a similar series 
of versed sines^ and the sum of the whole ordinates unit be 
equal to an equal series of radii cfthe quadrant EB. 

Draw any ordinate as KG, and from m, 
where it cuts the curve, draw mVL paral- 
lel to AC, and let it cut the circumference 
of the circle described on the ordinate jg^ 
CB, in n draw nji parallel to mK, and the 
line i7iK=the line nA, is the sine of the 
arc tiE, and because (Prop. II,) the line ^ 
AC=the quadrant EB of the circumfer- 
ence, and the line mM=KC is also=the 
arc nB, the line KA equal the arc nE ; 
take Kdf=KA, and from (Z, draw the ordi- 
nate (ZH parallel to the former ordinate, 
and from the point i, where it cuts the curve* draw iL, and 
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from the point a where the latter line cuts the qiiadrant, draw 
oft, which will be the sine of the arc aE=to the pariid of the 
ordinate dH ; and because tL is equal to aB (Prop. I,) and mM 
=nB, and AC=EB. and because AC — i«M=wM — iL, En 
=:na ; and since the same may be shown in reference to any 
other ordinate, drawn from a point on the axis AC, whose dis- 
tance from d toward C is equal to Kd or AK, it follows, that 
the parts of equidistant ordinates drawn across the rectangle 
intercepted between the curves AB. anjl the axis AC, are ^ual 
to the sum of a similar sdries of sines of arcs of the quadrant 
EB taken in arithmetical progression; which is the first branch 
of the proposition. 

And since au=iH, is the versed sine of the arc aB corres- 
ponding to the sine aL with its complement 06, and nw^mG 
versed sine of the arc nB, its complement being mK; and since 
they have been shown to be at distances from each other pro- 
portional to the arcs E«, na, &c. ; and since the sape may be 
shown in reference to the portion of any ordinate intercepted 
by the <:urve AB, and line BD, wherever drawn, it follows that 
the sum of the portions of the equidistant ordinates intercepted 
by the curve AB and line CD, is equal to the sum of a sinriilar 
series of versed sines of arcs taken in arithmetical progression ; 
which is the second branch of the proposition. And since the 
lines CA and BD are parallel by hypothesis, the ordinates are 
all equal in length, and equal tq the radius CB, hence the whole 
series of ordinates is a similar series of radii. 

Cor. 1. From the preceding demonstration, it appears that 
any line or ordinate drawn from any point on the axis AC, 
parallel to the conjugate CB, and terminating in the curve AB, 
is equal to the sine of the arc on the quadrant BE, cut off by a 
line drawn from the point of termination of such ordinate in 
the curve parallel to the axis AQ. 

Cor. 2. Hence, also, the sum of the series of sines is to th^ 
sum of a similar series of radii as the square ECBF, described 
on the radius, to the rectangle CB, AC, of the radius and arc 
of the quadrant. Since the square ECBF is equal (Prop. ill. 
B. III.) to the surface ABC. 
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The area of a plane revohndal nafaet is to that of its circum- 
scribed paraUelogram^ as the sum of an indefinite series of 
sines in the circle^ to the sum of an equal series of radii. 

Let ACBD be a parallelogram circum- 
scribing the quadrant of the revoloidal 
surface ABC, and let EBC be a quadrant 
of the circle, then will the area of the 
quadrant of the revoloidal surface ABC 
be to that of a parallelogram ACBD, as 
the sum of an indefinite series of sines of 
the quadrant BCE, to the sum of an equal 
series of radii. 

.For, since all ordinates vfr, <fH, &c., 
cut the surfaces of those figures in rela- 
tion of their magnitudes in the sections 
through which such ordinates pass ; and since (Prop. XI,' if 
ordinates be drawn through those figures equidistant from 
each other, the portions of the ordinates intercepted by the 
curve and axis, are equal to the sum of a series of sines of an^ 
in arithmetical pros^ression for the whole quadrant equal in 
number to the number of the ordinales, and if these ordinates 
are equidistant from each other, the sum of the portions passing 
through either surface, drawn into their common distance, may 
be taken for the surface ; and since the distance of the ordinates 
is equal by hypothesis, both for the parallelogram and revo- 
loidal surface, the portions of the ordinates intercepted by each, 
will be in relation to their surfaces respectively, when their num- 
ber is indefinitely increased, and their distance becomes indefi- 
nitely small. Hence, as the sum of a series of sines of arcs of 
the whole quadrant taken in arithmetical progression, is to the 
area of a quadrant ACB of the revoloidal surface, so is the 
sum of an equal series of radii to the area of the parallelogram 
ACBD ; and what has been shown for one quadrant of the 
revoloidal surface, is also true for the whole. 

Cor. Hence, the spade BDA without the revoloidal surface, 
is to the revoloidal surface, as a sum of an indefinite series of 
arcs in arithmetical progression to the sum of a similar series 
of sines. 
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raOPOMTION XU. TBBORBM. 

If the quadrant AB of a revohidal curve he made to revolve 
about its axis AC, and if a plane hemisphere of a quadrant' 
gular revoloid be described about the solid so generated^ haV" 
ing the same axis AC, then the revoloid will be to its circum-* 
scribing prism^ as the sum of the squares of a series of sines 
of the quadrantf to the sum of the squares of an equal series 
if radii. 



■ 



B 



Let an indefinite number 
of planes be passed through 
the revoloid perpendicular 
to the axis, and at equal dis- h 
tances from each other, and 
the sections made by these 
planes will all be squares, 
(Prop. 1, Cor. 4 B. III.) and 
their sides will all be equal to 

the ordinates Hm, An, &c., 

drawn through the intersec- f 
tion of such planes with the vertical sections ; and hence the 
side of each parallel section, is equal to twice the sine nh of 
the quadrant corresponding to such section, being = nn. 
Now let each of those parallel planes be extended to H6 pass- 
ing through the prism, and it is evident that each of the sec- 
tions of the prism will be squares, whose sides are severally 
equal to twice the radius CB, of an inscribed circle. Now 
the magnitudes of these solids through each section, are evi- 
dently in the relation of the magnitudes of such sections ; ai)d 
if the number of these equidistant planes are indefinitely in- 
creased, and they are indefinitely near together, their sum will 
represent the whole of each; of the solids in the relation of 
their whole magnitudes, and since each conjugate section of the 
revoloid is the square described on double the sine, answer- 
ing to the ordinate in reference to the quadrant CEB, and each 
section of the prism is the square described on the line H6, 
equal twice the radius, it follows that the solidity of the revo- 
loid, is to that of the circumscribing pris^i, as the sum of the 
squares of a series of the sines of the qnadrant, to the sum of 
the squares of an equal series of radii. 



Cor. Hence, the solidity of the space between the surfaces 
he revoloid described as above, and that of its circum- 
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scribing prism, is to that of the revoloid, as the sum of the 
squares of a series of versed sines of the quadrant, to the sum 
of the squares of an equal series of sines, and this space is to 
that of the prism, as the sum of the squares of tne versed 
sines, to the sum of the squares of an equal series of radii. 

• Cor. 2. Let the prism and also the revoloids, be divided 
into four quadrants by planes through the vertical axis, and 
passing through the centres of the opposite sides ; and the so- 
lid so described, will be truly represented by the value of the 
conjugate parallel sections, passing through them, viz : the 
segment of the revoioid, will be represented by the sum of the 
squares of the sines ; the space between the revoioid and sur- 
face of the prism, by the sum of the squares of an equal series 
of versed sines, and the prism by the sum of the squares of an 
equal series of radii. 

Cor. 3. Since the revoioid has the same, ratio to its circum^ 
scribing prism, as the solid of revolution about which it is des- 
cribed, has to its circumscribing cylinder ; the solid formed 
by the revolution of the revoloidal quadrant AB, will be to its 
circumscribing cylindcT, as the sum of the squares of a series 
of sines of the quadrant, to the sum of the squares of aa equal 
series of radii. 



raorosiTioif ziii. problbm. 

Ltl it be required to find the circumference of the circh from 
the raiio of the sum of the series of sines for every minute 
of the quadrant to the sum of an equal series of radii. 

The number of the series of sines to every minute is 5400 
= the number of minutes in the quadrant, which is the num- 
ber of radii to be compared with the series of sines, and if the 
radius = 1, then 5400 is the sum of the series of radii ; and 
the sum of the series of sines to every minute is by Trigono- 
metry = 3438.2467465. 

And (Prop. XI,) the area of the revoloidal surface is to 
that of its circumscribing parallelogram, as the siim of an in- 
definite series of sines to the sum of an equal series of radii ; 
but the series of sines to every minute being a definite number, 
and such that the surfaces between the lines may be render- 
ed appreciable, they do not represent those spaces or tra- 
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peziums in their exact ratios, but represent the longest sides of 
those trapeziums, mailing up the revoloidal surface, but in or« 
der that they may be true indices of those trapeziums, they 
should be such as pass through the centres, when each would 
be reduced, by a quantity equal to half the difference between 
itself and the next greater one, and as the sum of all their 
differences, is evidently equal to the radius, halt of the sum cf 
^their several difierences is equal to half the radius ; therefore, 
the sum of the natural sines must be reduced by that quantity, 
viz : 3438.2467165 — ,5=3437.7467466, when if we make 

r = radius 
aQd x== { o{ the circumference, we shall 

have, (Prop. IX., Sch. 3.) 

rizi: 3437.7467465 : 5400 
Hence, «= 1.570.796337= J the circumference whea 

the diameter is 2, which is true to 8 places of figures, viz : to 
1,5707963, but the 9th figure should be 2 instead of 3. 

Cor, 1. Because the cosine of 60^ is equal to half the ra- 
dius, and because the surface of any conjugate section of the 
revoloid is equal to the radius multiplied by the cosine corres- 
ponding to each section, (Prop. XI, Cor. 1.) the sum of the 
sines for 60° is equal to half the sam for 90* or the whold 
quadrant ; and consequently, is equal to the sum of the series, 
for the arc from 60° to 90°. 

Cor. 2. Hence, by proceeding as in the proposition, using 
the sum of the sines for an arc of 60° m comparison with a 
corresponding portion of the circumscribing parallelogram, 
the ratio of the circumference of the circle to its radius, may 
be determined by this arc, in the same manner as by the 
whole quadrant. 

Scholium. It will be perceived that the sum of all the nattt* 
ral sines of the quadrant, to any number denoting the series, 
may be calculated by reversing the operation, viz : x : r :i 
nr : sum of series of sines minus ^r, when n = the number 
denoting the series : and this may evidently be ^ected for the 
whole quadrant or any portion of it 
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If there be any number of equidistant ordinates of different 
lengths drawn from a right line AB, and terminated by the 
vertices of a polygon, th^ thfi area comprehended between 
the greatest and least ordinate, and the right line AB and 
polygonal line CDEF is equal to the sum of all the middle 
orainates + half the suni of the extreme ordtnates drawn into 
the common distance AG. 



For the quadrilateral ACDG 
is = i (AC+GD) AG, 
the quadrilateral EDGH == 

J (GD+HE) AG or GH, and the quadri- / 
lateral HEPB = ] (HE+BF) HB; hence c/ 
by addition we have 

(1 AC+ GD +EH+i BF) AG. 




▲ 6 fl 
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PROPOSITION XV. THEOREM. 



ijfa right line AK be divided into any even number of equal 
parts AC, CE, EG, 4^. ; and at the points of division their 
be erected perpendicular ordinates AB, CD, EP, 4*^., termu 
noted by any curve BDPS ; and if^be put for the sum of 
the first and last ordinate AB, 8K, hfor the sum of the even 
ordinates CD, GH, LM, FQ ; and c for the sum of all the 
re«/,EP, IR and NO ; then (a+4b+2c) X \ofthe common 
distance AC will be the area, ABSK very nearly 



Through the first three points 
BDP, let a parabola be con- 
ceived to be drawn, having its 
axis parallel to the ordinates; 
the parabolic area ABPE, (Prop. 
VL Schol .B. I.) will be (AB + 
4CD+EP) X i AE = (AB+ 
4CD+EP) X i AC ; and when 
the points of BDP are at no 
great distance from each other 

3ie parabolic curve will very nearly cioncide with any other 
regular curve, drawn through the same points. 

Let us now take the ordinates EP, GH, IR ; then will (EP 
+4GH+IR)X i EG=the area EPRI ; and (IRi 4L Vf +N0) 
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X i IL=area IRON. Also (Nd+4FQ+KS)>: i NF=area 
NOSK, whence by addition, we have [(AB+KS) + (4DC+4 

GH+4LM+4PQ)*|-(aEP+2lR+2N0)]xiCA=(o+46+8C) 
X^AC. 

Cor. This theorem may be applied for computioj^ the con- 
tents of solids, by using parallel section^ instead of the ordi* 
nates, as will appear in Prop lY., Corollaries and Scho- 
lium, B. I. 

# 

SchoL It is evident that the greater the number of ordinates 
•and the nearer the points DBP, ^kc, are to each other, the 
nx>re nearly wiU any curve, drami through them, agree with 
the parabola, and hence the greater accuracy wUl be ob- 
tained ; the same remark will also apply to solids. 

Cor. 2. Hence if the area of any space AB, KS is known^ 
and the ordinates AB, IR,KS, the value of the line AK may be 
determined. 

For if AB + KS = m and IK = b^ we have, by considering 
the curve as a parabola, whose axis is parallel to KS, the area. 
A =5 (tf + 4*) X i AK, let AK =5 ^,hmce we have 

Or, if the number of ordinates is increased, we have by 

the proposition, A = (a + 4ft + 8c) ^ p -r n, n bein^ the 

number of divisions in the line AK,or the number of ordmates 

SnA 
less 1, andwehavef = ^^^^g^ ... (2) 

PROPOSITION XVI. PROBLBM. 

Tojinddeven equidUtant ordinates to hyperbola between the 
asymptotes J and by means of those ordinates to find the 
area. 

Taking the equation a*^xy, and assuming a » 10, and the 
first value of x, or the distance from the centre to the first 
ordinates = 10, and if the lower distance is I ^ d^ we shall 
have for the ordinates. 

1^12.12 H12.J2 ^® l?il? i?l? 

10 11 12 13 14 15 fO 17 18 10 20 

10 10 
the sum of the first and last or ^^f^ + ^n ^ 1*^ 
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the sum of the even ordinates or b 

10 10 . 10 10 10 ^ ,^«,««« 
= H — I = 3.4595393 

11 ^ 13 ^ 15 ^ 17 ^ 10 ^'•^•'''•'^^ 

The sum of all the recurring ordinates or c 

10 10 10 10 

Th erefore, hj the proposition, 

(a + 46 + 2c) ^(2=6,9315021, is the area required* 
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PBOfosmoir xvti. problem. 

To find the value of^by equi-distant ordinates to^the revohidat 

curwe. 

If A =3 the area of a quadrant, 
AIR of the revoloidal curve, and a 
^ the minor semi-axis, AI = the ra- 
dius of a circle inscribed in the curve, 
and i «* = the semi-major axis, IR ; 
and if a = an ordinate EN to the 
major axis, equi-distant from I to the 
vertex R, then will the area of the 
curve, considering it as a parabola, 

be = a+4 iXi^^ and if A equal the area of the revoloidal 

. . . * A 6A , ^ 

quadrant, the semi-transverse ^ -^ T^^^+ift) = i+ifc- (1) 

Let a=l, and ft = x/J=70712, &c. 

and A will = r* = 1, 

A It 

hence we have ... = 1.5672239 = — 

a+4ft 2 

this is true to two places of figures only, but the third should 

be 7 instead of 6. 

Let now two other ordinates, CL, 6P, be taken in addition to 

this, equidistant therefrom, and from the extremities of the axis, 

and we have by Prop. XVI, Cor. 2, . _^^ =« \* 

Let the two ordinates ft be the sines of 22"" 30' = .382683, 
and 67** 30' = .923880, and c =: sine of 45^ = .707107, and 
we have a = 1, 4a = 5.226252, 2c = 1.41424, A = r* = 1. 

Hence , .. . .^ = ^ t..t..tut = 1.5705848, &c. = — 
a+4ft+2c 7.640466^ 2 

which is true to four places, viz : 1,570, but the fifth should be 

7 instead of 5. 
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Let, now, seven ordinates be taken between the two extremes, 
and the distance of the ordinates will be reduced ^. 

Thus the ordinates will be the sines of 11'' 15', 32'' 30', 33"" 
45, 45°, 56? 15', 67° 30', 78° 45', 90° = .195090. .382683. 
555570, .707107, .831470, .823880, .980785, 1. 

sin. 11° 15' = .195090 

_ , sin. 0° te 0)1 33° 45' =* .555570 

^ - \ sin. 90° = + 1 i ' ^ -- i 56° 15' = .831470 

78° 45' = .980785 



sin. 22° 30' ^ .382683 

c^ \ 45° 0' = .707107 

67° 30' = .923880 



2.562915 



2ai867Q 

Hence, a=«l, 46=10.251660, 2c:i=4027340, and »=^8. 

37iA 4' 

Therefore, in the formula ., , ^ = — we have J «* — 

1.5707833, which is true to five places, but the sixth should be 
9 instead of 8» 

By comparing each of the results obtained above with the 
true numbers, we shall have the ratio of its approximation. 

Thus, the difference between the first result and the true 
number is, .0035724 

that of the second, .0002 115 

that of the third .0000130. 

Hence, it will be seen that the result approximates in nearly 
a geometrical progressicm, to the true value of ^r as we in- 
crease the number of ordinates, or as the distance between 
the ordinates is decreased. We may, therefore, determine the 
number of ordinates that must be taken, in order to give an 
accurate result to any number of decimal places ; for it will 
be perceived that the ratio of the above variations are nearly 
16 to 1. Hence, we may safely infer, that it will approximate 
at the rate of three decimal figures in every two subdivisions. 
Instead of computing the value of 4- «* from the ordinates drawn 
in the whole quadrant, we may take anv small arc of the 
quadrant, and having found its quadrature let it be called A' ; 
and if we proceed as before, by drawing one ordinate equi^ 
distant from its extremes, we shall have, accordmg to the for- 

*A' 
mula, \w = *' = the assumed arc, which, multiplied by the 

number of times this arc is contsdned in the quadrant, will 
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give the same result as though the ordinates are taken for the 
* whole quadrant 

Let the formula ^ s= r' be applied to a segment of the 

revoloidal surface whose arc is 80^, and whose greater ordi- 
nate is the radius. 

Hew, A'^sin. 80^ X r= J ; hence, A'ss^A, 

«=r + sin. 60** s= 1.866025 
b^ sin. 75'' = .965926 
6A' 3A 

Z+S, = 5?729709 = •^^^^^•'^ = ^' = ^'^^f ^^ 
radius 1 ; hence the arc of 90^, or i c «= 1.57076010 ; 
which is true to five places of figures. 
Let there be tw6 other ordinates drawn across the segment, 

3nA' 
then by the formula, « ^^ . og ^^* '^^ * — j^-^3, we shall 

9nA' , J 

( sin. 60- = .866025 j _ 
^ == I sin. 90^ = .100000 \ = 1-S«««5 

, ( sin. 67^ 30' = .923880 ) , ^, ^^^ 
* = } sin. 82** 30' = .991445 J ^ 1915325 

c » nn. 75'' » .965926 

Hence, . a+4&+2c r= 11.459157 

and, 9»A' « 18, 

9ftA' 
, ,, ,^ = 1.57079616. 

which is true to seven places, which is ai far as the sines are 
oedculated, on whidi the value is predicated. 

Let tfie first and second results be compared, and we shall 
have the difference of the first result and the true value, 

1.57079632 > rinnoafiQft 
-1.57076010 \ =" •W>^<>3«22 

that of the second, 

1.67079632 ) oooonoifl 
—1.57079616 \ ^ -^0000016 

Divide the first error by the last, and we have the quotient 
= 226 =s the ratio of the approximation, or the proportional 
accuracy of determination, oy varying the number of the or- 
dinates. It will be perceived, therefore, that this portion of 
the revoloidal curve approximates much faster than the Whole 
quadrant, and is, therefore, more nearly similar to a parabola 
than the whole curve ; it may hence be inferred, that if any 
small segment of the revoloidal surface is tak^i adjacent to 






QUADRATURE OF THE CIRCLE. J25 

the conjugate diameter» such segment will be very nearly a 
portion ofa parabola, and that, by so considering it, the. value 
of the length of the arc may be determined with any reqtiir^ 
degree of accuracy. 

For, in taking the whole quadrant, we found the ratio of 
convergency, by doubling the number of the ordinates, to be 1 
to 16 ; and in the segment embracing the arc of 30^, adjacent to 
the conjugate diameter, we find the ratio of convergency to be 
1 to 226 ; and if an arc is taken still smaller, the ratio of con- 
vergency will become proportionally greater. 

Let any segment of the revoloidal surface be taken, and if 
the value of its arc, or the value of *, be computed by any 
number of ordinates, and if the number of ordinates is then 
increased so that the common distance *is reduced one-half, 
and the value of r is again estimated bv the increased number 
of ordinates, and if the variations of the two results from the 
true value be compared with each other, they will show the 
ratio of convergency of the process for that arc by increasing 
the number of its ordinates, or the rate of approximation by 
any specific increase of the ordinates for such arc or segment. 

Hence, we may at all times determine the value of «' to any 
required degree of exactness ; for if we wish to determine its 
value to any given number of decimal places, we have onlv to 
^sume some given arc and find its rate of convergency, then 
take such an arc as, according to this rate, will give the re- 
quired result 

The arc of 90^ ^ve the true result only to 2 places, that of 
80^ to 5 places, with three ordinates ; and we may expect a 
still greater ratio of convergence for a smaller arc ; let us 
take an arc of 10^ ; we may, according to this ratio, only have 
the value to 8 places, and by proceeding to decrease the arc, 
we should, by takmg 1% have the value to 16 places; but 
since the curve approaches more and more to a similarity with 
that of a parabola as we approach the vertices of the conju- 
gate axis, the ratio of convergency increases also rapidly as 
we approach that point, or as the arc assumed is decreased ; 
so that, by taking an arc of one minute of a degree, the accu- 
racv of cietermination would extend to many places of deci- 
mals ; and if the arc should be reduced still further, to seconds 
and fractions of a second, the result would come out true to 
several hundred decimal places ;. all of which is manifest by 
pursuing the investigation. 

Let a distance be taken on the axis equal the arc of 2 mi- 
nutes of a degree from the conjugate diameter. Then having 
the sine Sd"" 58' = .9999998308 

that of 89"" 59 = .9999999577 
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PEOPOsrrioK xi. theoeem. 

2%e area of a plane revoloidal surface is to that of its circum- 
scribed parallelogram^ a^ the sum of an indefinite series of 
sines in the circle^ to the sum of an equal series of radii. 

Let ACBD be a parallelogram circum- 
scribing the quadrant of the revoloidal 
surface ABC, and let EEC be a quadrant 
of the circle, then will the area of the 
quadrant of the revoloidal surface ABC 
be to that of a parallelogram ACBD, as 
the sum of an indefinite series of sines of ^ 
the quadrant BCE, to the sum of an equal 
series of radii. 

For, since all ordinates vfr, (iH, &c., 
cut the surfaces of those figures in rela- 
tion of their magnitudes in the sections 
through which such ordinates pass; and since (Prop. XI, • if 
ordinates be drawn through those figures equidistant from 
each other, the portions of the ordinates intercepted by the 
curve and axis, are equal to the sum of a series of sines of an*^ 
in arithmetical progression for the whole quadrant equal in 
number to the number of the ordinates, and if these ordinates 
are equidistant from each other, the sum of the portions passing 
through either surface, drawn into their common distance, may 
be taken for the surface ; and since the distance of the ordinates 
is equal by hypothesis, both for the parallelogram and revo* 
loidal surface, the portions of the ordinates intercepted by each, 
will be in relation to their surfaces respectively, when their num- 
ber is indefinitely increased, and their distance becomes indefi- 
nitely small. Hence, as the sum of a series of sines of arcs of 
the whole quadrant taken in arithmetical progression, is to the 
area of a quadrant ACB of the revoloidal surface, so is the 
sum of an equal series of radii to the area of the paralIelofi[ram 
ACBD ; and what has been shown for one quadrant of the 
revoloidal surface, is also true for the whole. 

Cor. Hence, the space BDA without the revoloidal surface, 
is to the revoloidal surface, as a sum of an indefinite series of 
arcs in arithmetical progression to the sum of a similar series 
of sines. 
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Jf the quadrant AB of a revoloidal curve be made to revolve 
about its axis AC, and if a plane hemisphere of a quadran-^ 
gular revoloid be described about the solid so generated, hav* 
ing the same axis AC, then the revoloid will be to its circum-* 
scribing prism, as the sum of the squares of a series of sines 
of the quadrantf to the sum of the squares of an equal series 
if radii. 






Let an indefinite number 
of planes be passed through 
the revoloid perpendicular 
to the axis, and at equal dis- h 
tances from each other, and 
the sections made by these 
planes will all be squares, 
(Prop. 1, Cor. 4 B. III.) and 
their sides will afl be equal to 

the ordinates Hm, An, &c., 

drawn through the intersec- F c B 

tion of such planes with the vertical sections ; and hence the 
side of each parallel section, is equal to twice the sine nh of 
the quadrant corresponding to such section, beins = nn. 
Now let each of those parallel planes be extended to H6 pass- 
ing through the prism, and it is evident that each of the sec- 
tions of the prism will be squares, whose sides are severally 
equal to twice the radius CB, of an inscribed circle. Now 
the magnitudes of these solids through each section, are evi- 
dently in the relation of the magnitudes of such sections ; ai)d 
if the number of these equidistant planes are indefinitely in- 
creased, and they are indefinitely near together, their sum will 
represent the whole of each; of the solids in the relation of 
their whole magnitudes, and since each conjugate section of the 
revoloid is the square described on double the sine, answer- 
ing to the ordinate in reference to the quadrant C£B, and each 
section of the prism is the square described on the line H6, 
equal twice the radius, it follows that the soliditv of the revo- 
loid, is to that of the circumscribinff prispi, as the sum of the 
squares of a series of the sines of the quadrant, to the sum of 
the squares of an equal series of radii. 



Cor. Hence, the solidity of the space between the surfaces 
he revoloid described as above, and that of its circum- 
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EL Geam.) ; but the altitude of the triangle AHC is HI, equal 
to LC, equal to half the altitude CD of the triangle ACD ; 
therefore, the triangle ACH is equal to half the triangle ACD; 
but the triai^le ACD is equal to the quadrant ACE; therefore, 
the triangle ACH is eq^al to half that quadrant, or is equal to 
the sector ACT, which is the first branch of the proposition. 

Now, because the triande ACH is equal the sector ACT, the 
segment Ab cut off from tne sector by the line AH, is equal to 
the portion HTft included in the triangle and without the seo- 
tor, (Prop. XVIII. Cor.) which is the second branch of the 
proposition. 

And because the line CD is equal to the arc AE of the quad- 
rant, and because the arc AT is equal to half the arc. AE, it is 
also equal to half the line CD=:CL==HI, which is the last 
branch of the proposition. 

Cor. If BA be extended to a, so that Ca shall be equal CH, 
and if a line Ha be drawn and bisected by Ce^ and a line ba 
drawn from e to A, forming the triangle AUe, this triangle so 
formed will be equal to the sector of the circle intercepted by 
the lines CA and Ce ; and the line Ae will cut off a secment of 
the circle without the triangle equal to the space included in- 
the triangle without the sector, and a perpendicular ei let fall" 
from e on the radius AC, is equal to the arc intercepted by the 
lines CA and Ce. And the same may be inferred from any 
further divisions or subdivisions of the circle. 

PROPOSITION XX. THBO&Bll. 

With the radius C A let there be described a circle AEBF, afut 
from the centre C draw the Kne CD perpendicular i& 
the diameter AB, or radius C A, and equal in length to ther 
arc of the quadrant AE, let the line CD be divided into any 
number of eqtcal parts, as 1, 2, 3, 4, 4^., and let the arc of 
the q'fiadrant be divided in like manner into a similar number 
of equal parts 1, 2, 3, 4, 4^. From the divisions on the line 
CD draw the lines la, 2b, 3c, 4*^., parallel to the radius CA ; 
and .through the divisions 1, 2, 3, ^c, on the arc draw the, 
radial lines Ca, Cb, Cc, Ac. Then, if from the points of tV 
tersection a, b, c, ^., of the radial fines, with their respec* 
five parallel lines according to their respective members, lines 
be drawn as fA, to the extremity^ the radius CA, then wilt 
this line, together with C A and Ctform a triangle which is 
equal to the sector C A6, included within the radial Kne Ciand 
the radius C A. 
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And the segment Amcutvfffrom the sector by the line fA ts 
equd to the portion fin6 included in the triangle without the 
sector ; and if Unes be drawn from the several points of i«- 
iersecHon of the parallel and radial lines perpendicular to the 
radius as fK> the lines so drawn will be respectively equal to 
the arcs intercepted by the radial lines from the extremities 
of which they aredrawn^ and their radius CA. > 

For each of the radial 
lines Ca, C6, &c., cut the 
arc AE in the same ratio 
that the corresponding pa- 
rallel lines la 26, dtc, cut 
the perpendicular CD ; thusj 
the radial line C^, passing 
through the point or divi- 
sion 7 on the arc, cuts off 
one division from the arc, 
and intercepts with the ra- 
dius CA all the rest, and the 
corresponding line 7£r pa- 
rallel to the radius C A cuts 
offD7 on the perpendicu- 
lar CD, so that if the whole 
line CD is equal to the arc 
AE, the portion G7 of the line CD = Hg- is equal tO" the arc 
A7 of the circle. And the radial line C6f cuts the arc AE in 
the same ratio as the linefd parallel to uA, cuts the line CD, 
Tdz., the radial line €6f cuts the circle through the division 
marked 6, and the line /S parallel to C A, cuts the line CD in 
the division marked 6, so that if the whole line CD equal the 
arc AE, then will the portion C6 of that line=/K be equal to 
the portion A6 of the arcr Now, the area of every sector of 
the arc AC6, is equal to the arc of the sector multiplied by half 
the radius C A ; but the triangle AfC is equal to the line /K 
multiplied by half the base or radius CA ; therefore, the 
triangle A/C is equal to the sector AC6, and hence the seg- 
ment Am, cut off from the sector by the lineAf, is equal to the 
portion /m6 included within the triangle, but without the circle, 
and, as has been shownt/KsCS is equal to the arc Ad. And 
as the same holds true in each of the points of intersection a, 
6, c, df &C., it follows that the result corroborates the affirma- 
tion expressed in the proposition. 

Cor. If a curve line be drawn through the several points afi^ 
c4% &c., and a triangle be formed byj two lines from any point 
in the curve drawn to the two extremities of the radius, the 
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triangle so formed, will be equal to the sector included between 
the radius and the other line terminating in C, and the same 
relation of areas and lines will exist wim regard to the trian- 
gles and lines drawn from any point of the curve, as though 
they were drawn through the p<MBts a, i, c, d^ &. 

Scholium 1. The curve BD may be described about the 
quadrant BE in a similar manner ; and since from any point 
in this curve, if a triangle is constructed on the radius as a 
base, this triangle is equal to the sector of the circle included 
between the raidius and one of its sides, the curve may be 
called the curve of the circle's quadrature. This curve varies 
from the revoloidal curve, inasmuch as the revoloidal curve is 
formed by drawing a line through the points of intersection of 
a series of lines parallel to the radius drawn through their re- 
spective divisions on the perpendicular, with an equal series 
of lines perpendicular to the former, drawn through their re- 
spective divisions on the arc (see Prop. II.) 

Scholium 2. This curve is generated 
by the locus of the intersection Q. of the 
two right lines CF,H6; HG being made 
to pass uniformly along from A to C, 
being always perpendicular to AC, while 
CF revolves about the centre through 
the arc £D. 

Let the origin be at A. 

Let AH = «, HQ = y 

AC = DE = < an^le ACQ=4, tS = 

sine 4 =^Sf tM = cosine d = r 

Then c : s: : ^ — « : y 




Hence y = which is the equation to the curve. 



PROPOSITION XXI. THEOREM. 

If from the extremity of the radius of a circle^ a chord he drawn 
cuUing off any segment less than a semi-circle, and if from 
iheicemre of the circle a secant be drawn through the opposite 
^extremity of the segment, and if the secant be produced so that 
a line drawn from its extremity, perpendicular, to meet the 
diameter produced, shall be eqtuzl to the arc qf the seg- 
ment, then the area of the segment wiU he equal to that 
of a triangle formed by the chord of the segment, and the 
part of this secant line without the circle, and a line joining 
the opposite extremities of this line with that of the chord. 
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For it 18 evident from the converse of Prop. XYIII Cor.^ that 
if CE be 80 drawn that the perpendicular m shall be equal to 
the arc Aa, then the triande CEA virill be equivalent to the 
quadrant AaC^ take away the triangle ACa, then there will re- 
main the triangle AaE = the segment A/a. 

First, let Aa be a chord cutting off the 
■segment A/a ; from the centre C through 
the extremity of the segment at a, draw a 
secant line Ca produced to E, so that the 

Eerpendicular £^ on the diameter, shall 
e equal to the arc A/a cut off by such 
secant ; then will the area of the seg- 
ment A/a be equal to that of the trian- 
gle AaE formed by the chord Aa, with 
the part aB of the secant without the circle, and the line AE 
joinmg the opposite extremities. 

Secondly, let the chord Ab extend E 

into the second quadrant, cutting off 
the segment ADA, draw C&, and ex- 
tend it to iE, so that the perpendicu- 
lar EF drawn from the point E to the 
diameter AB, produced, shall be 
equal to the arc ADb cut off by the 
chord Ab, or the secant CE, and the 
area of the segment ADb will be 
equal to that of the triangle Ab'E 
formed by 'the chord Aft, the part of 
the secant AE, and the line AE join- 
ins their opposite extremities. 

For, in the triangle ACE, the area is equal to the base AC, 
the radius of the circle multiplied by half the altitude EP, or 
the arc ADb of the segment, but the sector ADbC\ is 
equal to the radius AC multiplied by half the arc ADb ; hence 
the triangle ACE = the sector AD6C, therefore, if we take the 
triangle ACb from each, we shall have the segment ADb = 
the triangle A6E« 

PROPOSITION XXII. IIBBCABH* 

If from the extremity of the radius of a circle^ a chord be 
drawn cutting off a segment greater than a semi-circh, and 
if through the opposite extremity of the segment^ a secant be 
drawn from the centre of the circle^ and if the secant be 
produced^ so that a line be drawn from its, extremity on the 
diameter^producedt if necessary , shalllefqual to the arc of the 
segmentf then the area of the segment will be equivalent to 
the triangle formed by the radius^ secant line, and a line 
joining the opposite extremities of these lines^ plus a (rt- 
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angU formed by the radius and the dwrdf unih the Kne 
joining the opposite extremities of those linee. 

For, let the chord extend into 
the third quadrant, cutting off the 
segment ADB(2A, greater than a 
semi circle, draw Ca, and produce 
it to E, so that the perpendicu- 
lar EF, on the diameter AB pro- 
duced, shall be equal to the arc 
ADBd of the segment, and join 
AE, and the area of the triangle 
ACE, plus ACd will be equal to 
the segment ADBdfA. 

For the area of the triangle 
ACE is=the base AC, or radius, 
multiplied by half the perpendicu- 
lar FA, which is equal to the arc 
ADBdf by hypothesis ; but the 

area of the sector ADBrfCA is 

equal to the radius CA multiplied 

by half the arc ADBcT, hence the 

triangle ACE = the sector ADBdCA. Adtf to both the tri- 
angle ACJ, and we have the segment ADBCA^ = the triangle 

ACE + the triangle ACd. 
Secondly, let the chord 

Ae extend into the fourth 

quadrant, cutting off the seg* |^ 

ment ADBFE. Through the* 

point 6 draw tiie line CE 

producedr so that the line EF 

perpendicular to BA produc- 
ed, shall be equal to the arc 

ADBFe. Then the segment 

ADBFe will be equal to the 

trian. ACE + the trian. AeC. 
For the area of the trian- 
gle ACE is equal to the base 

AC, or radius multiplied by 

half the perpendicular FE, 

which is, by hypothesis,^ 

equal the arc ADBFe ; but the^ 

area of the sector CADBFeC! 

is equal to the radius AC~ 

multiplied by half the arc 

ADBFe ; hence the triangle 

ACE is equal the sector 
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CADBFeC. Add to each the triatigle ACa, and we have the 
segment ADBFe = the triangle ACE + the triangle ACe. 

Scholium. It may be observed, that» as the termination of the 
segment approaches the point B, or as the segment becomes 
equal to the semi-circle, its equivalent triangle becomes infi- 
nitely extended in the line AE, and at the same time the sine 
becomes infinitely small, and while it passes the point B, the 
sine is equal to 0, and AE is infinite. The same may be said 
as it approaches the point A on the fourth quadrant, and be- 
conies equal to a complete circle, 

PROPOSITION XXIII. THEOREM. 

T%e area of a segment of a circk is equal to half the product 
of the difference between the arc of the segment and its sine 
multiplied by the radius. 

First, let A/a ^ee first diagram to Prop. XXI) be a segment 
of a circle cut on by the radial line Ca, and produce it to E» 
so that the perpendicular E^ on the radius will be equal to the 
arc of the segment ; join EA and (Prop. XXI.) the area of the 
triangle AEa will be equal to the segment Afa ; from the point 
a draw the perpendicular as, which is the sme of the arc Aa 
of the segment, and the area of the triangle AEa will be equal 
to {Et—as) J AC (Prop. XXXI, B, IV, EL Geom.) Hence, the 
segment being equal to the triangle, AEa is equal to half the pro- 
duct of the diroreDce of the arc, and its sine multiplied by the 
radius. 

Secondly ,Jet the chord Ab (see second diagram to Pit>p. XXI) 
extend into the second quadrant, draw CE, making Er ^ the 
arc ADA ; draw AE, and the triangle AEfr will be equal to the 
segment ADb ; draw te, the sine of the arc AD6 of the seg- 
ment ; then wUl the area of their triangle AEfr^be equal to 
(EF ~ bs) iAC ; (Proposition XXXI, Book lY, Elements 
Geom.) ; hence the segment, being equal to the triangle^ is 
equal to half the diflkrence of the arc and its sine multiplied by 
the radius. 

Thirdly, let the chord Ad (see first diagram to last prop.) 
extend into the third (j^uadrant, cutting off me segm^it ADBd^ 
greater than a semi-circle. 

Draw Cd and extend it to E, making EF equal to the arc 
ADBd ; join E A, and the area of the segment ADB<f will be 
equal to the triangle ACE+AC4, (Prop. XXII) ; draw <& per- 
pendicular to the radius CB, and this line will be the sine of the 
arc ADBd ; and since it is a sine of an arc greater than a^ 
semi-circle^ its value is to be ocmsidered negative, by Trigono* 
metry. 
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From EF sabstract — dS, and we have EF + dS, which, 
if we multiply by AC, will give the area of the triangle AEC 
+ ACd, which (rrop. XIL) is also equal to the segment ADBcL 
Hence the area of the segment ADB^f is equal to the di&r- 
ence of the arc, and its sine multiplied by the radius. 

Fourthly, let the chord Ae (see 2d fig. last prop.) extend into 
the fourth quadrant, cutting off the segment ADbF^; draw EC 
so that EF shall be equal to the arc ADBFe of the segment joinE A, 
and the area of the segment ADBFe will be equal to that of 
the triangle ACE + the triangle ACc (Prop. Xll) ; draw «, 
the sine of the arc ADBFe, which, by TriTOnometry, is nega- 
tive, being below the diameter, and in the fourth quadrant, 
which sine substract from the line EF, and we have EF + es^ 
which, multiplied by half AC, gives the value of the segment 
ADBFe. Hence we have, as before, the segment equal to half 
the product of the difference of the arc of the segment, and 
its sine multiplied by the radius. 

Hence we may infer, that a circular zone or a portion of 
the circle included between two segments is equal to half the 
product of the difference of the arc of the zone, and one of 
the segments included, and the sine of such arc, — the dif- 
ference between the arc of the included segment, and its 
sine multiplied by the radius. 

For if ABDE be a zone, and ABL 
be a segment of the circle C, the seg- 
ment E^LBD equal to the zone ABDE, 
and segment ABL ; but these segments 
are respectively equal to the excess of 
their several arcs above the sines mul- 
tiplied by half the radius. Therefore, 
the zone ABDFE, is equal to the differ- 
ence of the excess of the arcs EALBD, 
and ALB, above their respective sines, multii^ied by half 
the radius. The same may be shown in relation to the 
area ABDFE in reference to its external segment EDF, or 
AEFDB, regard being had to the positive and negative^va- 
lue of the sines. 

Scholium. Let A represent the area of the segment of a cir- 
cle ; let 07 = the arc of the segment, and s = sine of that arc, 
and let r = radius, and the segment may be expressed as^ in 
the following formula • 

A = i(r« - r^) - . . ^1) 

Ifr = 1, then the expression becomes 

A = i{x^s) . • . (2) 
whence the segment is expressed in terms of the arc and sine 
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Let A' = the area of a circular zone ABDE 
and a:' = the arc EALBD 

s* = the sine of that arc. 
Then will the area of the zone be expressed by 

A'=J(r«'— r^)— J(ra5-^r*) .... (3) 

Ifr=lA'=J(a:'— s')— i(a>-«) - - - - - (4) 

The arc may be expressed in terms of the numbers represent- 
ing the segment, and the sine of the arc, by the formula, « = 

2A+5 - (5) 

And the sine, in terms of the arc and segment by 

$ = «— 2A - 

Sch. That the area of the segment of 
a circle is equal to half the difference of 
the arc of the segment, and its sineX by 
the radius may also be shown as follows. j^\ 
Let AE be the segment of a circle, 
whose radius is AC, draw ES perpendi- 
cular to the radius, and ES will repre- 
sent the sine of the arc AE ; let AC be 
represented by r, and ES by «, and the arc AE by x^ then will 
^ rjc = the sector ACE, and ^s = the triangle AEC, and 
i rx — ^rs = the difference of the sector and triangle = the 
segment AE, viz., the seg. is = half the^difference of the arc, 
and its sine multiplied by the radius. 

Also, in the segment EFB let CB, be represented by r, and 
the arc EFB by x, and ES will be the sine of the arc EFB, 

rx = the sector ECBP, and ^$ = Uie triangle ECB. \rx 
— Jr* == their difference = the segment EBF. 

PROPOSITION XXIV. THEOREM. 

The area of the space intercepted by a tangent and secant with* 
out a circle^ is equal to half the product of the difference of 
the tangent and arCf intercepted by the secant^ multiplied by 
the radius. 



Let ATF^ be the space intercepted by 
the tangent AT, and the secant CT, with- 
out the circle ; and the area of that space 
will be equal to half the product of the 
difference of AT and the arc AF, multi- 
plied by the radius AC. 

For the arc of the triangle ATC is equal 
toJ^TxAC, and the area of the sector 
ACF is equal to half the arc AFxAC. 



Let t=^ihe tangent AT, and «=the arc AF, r= 
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Then we have for the triangle ACT, jrt^ and for the sec 
tor AFC, ^rx; if from the triangle we take the aector, we 
have |r<— ^rr=:the space AFT, hesoe as in propoaitioK. 

Scholiwn, Draw Fi, FA, and Fv ; then F« will represent the 
sine of the andie ACF, and sA or Tv, the versed sine; hence the 
traingle ATFequals one-half the product of the dii^rence of Uie 
tangent and sine multiplied by rsulius equals one-half the pro* 
duct of the tangent and versed sine ; draw Ay perpendicular 
to CF, and this will also represent the sine of the angle ACF 
on the radius CF ; hence, also, the triangle ATF is equal to 
one-half the difference of the secant CT and radius multiplied 
by the sine. 

PROPOSITION XXV. TBXOREM. 

If about a plane revohidcU surface from a quadrangular revo- 
loidf a square be described^ the space enclosed by the square^ 
but unihout the revoUndal surface, will be to that contained by 
the squarCf as the sum of an infinite series of segments of the 
quadrant of the circle^ whose arcs are in arithmetical pro^ 
gression, to the sum of a similar series of sectors subtended 
by the same arcs. 

Let ACD be a quadrant of a plane 
revoloidal surface, and let HCI) be 
a triangle forming one-fourth of a 
square circumscribing the whole re- 
voloidal plane surface. Divide the 
axis CD into any number of equal 
parts as 1, 2, 3, 4, &c., and through 
the points of division draw ordinates 
la, 26, 3c, &c, parallel to HC, and » 
these ordinates will cut the surface Jf^ 
of the quadrant of the revoloid and H A C , 

its circumscribing triangle, in the relations of their magnitudes', 
through the portions where such ordinates pass ; and if the 
number of those ordinates be indefinitely increased, the sum 
of those drawn across the triangle HCD, will be to the sum 
of those drawn through the revoloidal surface ADC, as the 
area of the triangle to vie area of the revoloidal surface. Now, 
the ordinates al, 62, c3, &c., are equal to the arcs represent- 
ed by numbers on the arc AF of the quadrant, corresponding 
to those on the axis, (Prop. II, and Cors.) ; and the portions 
f 7, 1 6, i7i5, &C9 of those ordinates, are severally equal to the 
sines of those arcs, (Prop. XIII, Cor. 1,); hence the portions of 
those ordinates, intercepted by the curve AD and line DH, are 
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severally equal to the difTerence of the arcs nod sines repre* 
sented by these ordinates. And since we have shown (Prop. 
XXIIL) that the area of the segment of a circle is equal to half 
the difierence of the arc of the segment and its sine multiplied 
by radius, and since the area of the sector of a circle is equal 
to half the arc of the sector multiplied by radius» it follows 
that the sector and segment containing the same arc, are to 
each other, as the arc is to the difference of the arc and sine. 
Let a equal the arc, s equal the sine, r equal the radius. 
Then ira= the sector, 
and jra—irszsihe segment containing the same arc, which 
are to each other in the ratio of 

ira : ira — ^r«, or of a : a — s. ^ 

And since this is true for a segment and sector, contained 
by any arc in that quadrant, that is, the sector of a circle is to 
the segment containing the same arc as the arc is to the arc mi- 
nus the sine, or as the ordinates g7 to gi^ orasfQ : / /, &c. ; and 
as this relation evidently exists in reference to each of the par- 
allel ordinates, and as the ordinates represent arcs of the cir- 
cle in arithmetical progression, it follows that those ordinates 
drawn across the triangle, may also represent a series of sec- 
tors of a circle, while the portion of those ordinates intercept- 
ed by the curve AD and line HD, may represent a similar se- 
ries of segments of the circle. And as we have shown above 
that the surfaces HCD and HAD are to each other in the re- 
lation of the ordinates passing through each, it follows that 
the trilinear space ADH will be to the triangle HCD as the 
sum of an infinite series of segments of the circle whose arcs 
are in arithmetical progression, whose fir:5t term is equal to 
the common difTerence, and whose last term is the quadrant of 
the circumference to the sum of a similar series of sectori 
with the same arcs. And since the whole plane revoloidal 
surface consists of four quadrants, ADC, and its circuipscrib- 
ing square consists of four triangles, QCD, it follows that the 
whole revoloidal surface will be to the whole circumscribing 
square in the same ratio. 

Cnr. The revoloidal quadrant ACD, may be represented by 
a similar series of isosceles triangles formed by the chords of 
the series of segments with two radii drawn from the extremi- 
ties of those chords. For we have shown that the series of 
sectors may be represented by the area HCD, while the series 
of segments are represented bv HAD ; if we take the seg- 
ments from the sectors, we shall have the triangles, evidently 
equal HCD — HAD= ACD. 

10 
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ON TBE RECTIFICATION AND 



The area of a qmrndroMgular reealaidal smrface^from a right 
^uubrangnJar retohid, is to that of its cvrcMBurUnng square^ 
as the sam of am lignite series cf sines cf the qua A-arU whose 
arcs are taken tm arithmetical progression^ and whose com^ 
worn diference is equal to the first tenUj to a similar series of 
arcs ejsuehsines. 

Let DHEI be a square circumscribiiig the plane reToIoidal 
surface DAEB, and let ADC be a quadrant of that sarface, the 
triangle HDC being its corresponding portion of the sqoare ; 
divide the semi-axis CD into any number of equal parts, as 1, 
%Zf49 dcc^ and through the points of division draw the ordi* 
nates la, 2fr, 3c, 6lc^ parallel to CH, those lines wilt each be 
equal to such arc of the quadrant AF as corresponds to tfte 




point of division on the line CD, in reference to similar divi* 
sion3 of the quadrant AF; thus the line la equal the arc Fl on 
the quadrant, since it is evidently equal to ID cm the axis CD ; 
and (Frop. II, Cor.) 1D=1F ; also, if we take the line 2fc=2D, 
this is also, for similar reasons, equal to the arc 2F; and heacie 
each line pardlel to CH, terminated by the lines CD, HD, are 
equal to the arc, corresponding to the divisions on the fine CD, 
through which it passes. 

Again, the portion of these lines or ordinates intercepted by 
the axis CD, and the curve AD, (Prop. X, Cor.) are severally 
equal to the sines of the arcs, corresponding to the divisions 
from which they are drawn on the axis. And since, by hypo- 
thesis, the arcs are taken in arithmetical progression, they 
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must be equidistant ; hence, if the number of such ordinates 
are indefinitely increased, the sum of the portions of them in- 
tercepted by the axis CD, will represent the area or th6 sur- 
face ADC, as the whole ordinates drawn across the triangle 
HDC represent the area HDC. Therefore the surface ADC is 
to the surface £[DC as tlie sum of the series of sines, to the 
sum of a similar peries of arcs taken as above. Now, since 
this is the case with one quadrant, it must also be true in rela- 
tion to the whole revoloidal surface and its circumscribing 
square. 

Cor. 1. Hence, if a square KLMN be described on the di- 
ameter of the inscribed circle, the square so described will be 
to the square DHEI as the sum of the series of sines of the 
quadrant, to the sum of a similar series of arcs of the sines ; 
smce the square KLMN (Prop. Ill, B. Ill,) is equal to the 
area of the revoloidal surface D AEB. ' 

Cor. 2. Each of the ordinates al, &2» c3, &C.9 drawn across 
the triangle HCD parallel to HC, is equal to the arc of the cir- 
cle represented by the corresponding numbers in the divisions 
of the quadrant AF. Thus, al equal the arc iF, b2 equal th^ 
arc 2F, and gl equal the. arc 7F or the quadrant. 

1 

ON SPIRALS. 



There is one class of curves which are Called spirals, from 
their peculiar twisting form. They were invented by the an- 
cient geometricians, and were much used in architectural or- 
naments. Of these curves, the most important as well as the 
most simple, is the spiral invented by the celebrated Archif 
medes. 

This spiral is thus generat- 
ed : Let a straight line SP of 
an indefinite length move uni- 
formly round a fixed point S, 
and from a fixed line SX, and 
let a point P move uniformly 
also alonff the line SP, start- ^ 
ing from B, at the same time 
that the line SP commences 
its motion from SX, then the 
point will evidently trace out 
a curve line SPQRA, com- 
mencing at S, and gradually 
extending further from $. 
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When the liae SP has made one revolution, P will have got to 
a certain point A, and SP still cunliDuing to turn aa before, we 
•ball have the curve proceeding on regularly through a series 
of turnings, aiuJ extending further from S. 

To examine the form and properties of this curve, we must 
express this method of generation by means of an equatitm 
between polar ordinates. 

Ut SP = r. SA = 6. ASP = * ; 
then sincethe increase ofr and 'is uniform, we have 
SP : SA : : angle ASP: four right angles : : « : 2« 



From this equation it appears that when SP has made two 
revolutions or ' ^ 4r, we have r ^ 26, or the curve cuts 
the axis SX again at a distance, 3SA ; and Bimilarty after 
8, 4, n revolutions it meets the axis SX at distances 3 ; 4, n 
times SA. 

Let any number of concentric circles be described, whose 
radii lAflC are in arithmetical progression, and if the cir- 
cumference of the outer circle is divided into any number of 
equal parts, and radii are dmwn from ea<*h of the points of 
division in the circumference of the circle to the centre I, 
lines drawn from the centre in such manner as to pass through 
the points of intersections, of the several radii with the curves 
in consecutive order, will be spirals similar to thoso of 
Archimedes. 

If Ihe curve line pass from ^ 

I, through rpB, or through 
r^A, the curves Ir^A, IrpB 
will be spirals ; su also the 
lines IsdmV, UdriD. and IvbfC 
and Epirals ; all generated by 

the same Inws, but with differ- \ ^ 

eat ratios of their angular, 
compared with their rectilinear 
motion ; or their circular, with 
their radial motion. The two 
spirals UdmD, UdnD, com- 
mencing on the line IC, and 
terminating at D. form the h< art-like figure UdmDndtl. 

These spirals, and especially the one with a heart-like form, 
are extensivelv used in mechfln.cal operations ; to communi- 
cate a uniform rectilenear, reciprocating, from a rotary motion; 
it is therefore important that they receive some consideratioB. 



ON THE QUADRATURE OF CURVES. , *. *14r 

« 

The area of any portion included between the spiral and 
its circumscribing arc of the circumference terminated by the 
radius, its origin^ is equal to two-thirds the sector^ having thi 
sam€f arc of the circumference as its base. 

For let Iff, Ifr, Ic, &c., be the radii of circles in arithmetical 
progression, then will the arcs of these circles intercepted by 
two radii, be also in arithmetical progression, and since the 
value of ^ also increases uniformly in arithmetical progression 
along with r or ^r, hence the value of the intercepted parts of 
the several arcs will be a series of arithmeticals multiplied 
into another corresponding series of arithmeticals, therefore 
their products will be a series, of the squares or a series of 
numbers proportional to a series of squares of a series of arith- 
meticals. 

It has been shown (Prop. IV, Cor. 3, B. I) that the sum of an 
infinite series of the square of a series of numbers in arith- 
metical progression increasing from 0, is equal to | of the last 
term multiplied by the number of terms. 

But the arc intercepted by the spiral with the radius, as its 
origin is the last term, and the radius represents the num- 
ber of terms ; hence the area Iit^BCI is equal to ^ of the pro- 
duct of the arc BC X IC ; and the area IsdmDBCl is = | 
arc CBD X IC ; also the area Ii?A/CADBCI is = \ circumfer- 
ence ACBD X IC. But the area of the whole sector IBC, 
ICBD, or ICBDAC in either case is equal to half the product 
of their respective arcs, multiplied by the radius ; hence the 
space intercepted by the spiral in each case is f that of their 
respective sections. 

Cor, 1. Hence the space IrpBI, is = J the sector ICB; 
the area IsdmDl is = ^ the sector ICBD or | the semi-cir- 
cle ; and the area IvhfCl is = ^ of the whole circle, 

Also the heait IsdmDndsl = |of the whole circle. 

Scholium 1. The spiral of Archimedes is sometimes used 
for the volutes of the capitals of columns, and in that case the 
following description by points is useful. (See first diagram.) 

Let a circle ABCD be described on the diameter CSA, ana 
draw the diameter BD at. right angles to AC ; divide the ra- 
dius SC into four equal parts, and in S6 take SP= jSC, in SA 
take SQ= » SC, and in SD take SR= JSC ; then from the eaua- 
tion to the curve these points belong to the spiral ; by subdi- 
viding the radius SC and the angles in each quadrant we 
may obtain other points as in the figure. In order to com- 
plete the raised part in the volute, another spiral commen- 
ces from SB. 
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Scholium. These spirals are of the same kind, as those 
formed by finding achord around a conical spire, from the ' 
vertex to the base, in such manner, as to encircle the sptre at 
equal distances ; the exact length of such curve is of difficult 
determination. 

The same spiral would be represented by the convolutions 
of a conical screw ; also, by a screw represented on a disc. 
. If the origin of the spiral is ^ 

at any point M, not in tne cen- 
tre of the concentric circles, 
then the area AFCMIS3A 
between the spiral and the 
outer circumference is— J of the i 
product of the arc ACB through 
which the curve would have 
passed from the centre I, mul- 
tiplied by the radius — ^ofihe 
arc LMxIM — J (arc LM + 
arc BC) xMC. 

If PQM be a triang-Ie, whose base PQ = the semi-circum- 
ference ACB = the angular space passed through by the two 
spirals MA, MB, then either portion PC5f, QCM of the tri- 
angle may be expressed by J PC or } ACxCM = J arc CBx 
10— I arc LMxIM— |{arc LM + arc BC) X MC, from this 




substract the expression for the area included within the spiral, 
and the arc AB, and we have } ACB X IC — j-Utf X IM = 
the difference of the areas. 
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THE crciiOio. 



If a circle EPF be made to roll in a given plane upon a 
straight line BCD, the point in the circumference which was 
in contact with B at the commencement of the motion, will, ii^ 
a revolution of the circle, describe a curve BPAD, which is 
called the cycloid. 

This is the curve which a nail in the rim of a carriage-wheel 
describes during the motion of the carriage on a level road. 
The curve derives its name from two Greek words signifying 
** circle formed.** 

The line BD whirii the circle passes over in one revolution 
is called the base of the cycloid ; if AQC be the position of the 
generating circle in the middle of its coui'se, A is called the 
vertex and AC the axis of the curve. The description of the 
curve shows that the line BD is equal to the circumference of 
the circle, and that BC is equal to half that circumference. 
Hence also, if EPF be the position of the generating circle, 
and P the generating point, then every point in the circular 
arc PF, having coincided with BF, we have the line BF = the 
arc PF, and Ft! = the arc EP or CQ ; 




B K. 



Draw PNQM parallel to the base BD. 
Let A be the origin of the rectangular axes, 
AC the axis of a?, and O the centre of the circle AQC. 
Let AM = a?, AO = a, 
MP = y, angle AOQ = 4 : 
then by the similarity of the position of the two circles, we 
have 

PN = QM,ondPQ = NM; 
,-. MP = PQ + QM = NM + QM= PC + QM = arc CQ 
+ QM that is, y = oA + a sin. A = a (B + sin. d) (1) 

a? = a — a cos. ^ = a vers, d - (2) 
The equation between y and a; is found by eliminating ^ be- 
tween (1) and (2) 



» 
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COS. i = - .*. sin. ^ = 

a « 

and y = ai + a sin. ^ 

==acoSb I ^/ "^ ^ «« 

But yre can obtain an equation between x and y from (1) 
alone ; that is from the equation, AP == arc CQ + QM. 

For arc CQ = a circular arc whose radius is a and versed 
sinex 

ss a j a circular are whose radius is unity and vers, sin.— t 

= a vers. — 
a 

.%y = iivers. _+ ,^2aa:^=^ 

If the origin is at B, BR = x and RF =? j^ the equations^ are 
X = a6 — a sin. ^ 
y =z a — a cos. ^. 

We shall not discuss these equations at length, as the me- 
cbanica) description of the curve sufficiently indicates its 
form. 

The cycloid, it not first imagined by Galileo, was first ex- 
amined by him ; and it is remarkable for having occupied the 
attention of the most eminent mathematicians of the seven- 
teenth century. 

Of the manypropertiesof this curve the most curious are, that 
the whole area is three times that of the generating circle, that 
the arc OP is double of the chord of CQ, and that the tangent 
at P is parallel to the same chord. Also that if the figure be 
inverted, a body will fall from any point P on the carve to the 
lowest point C in the same time ; and if a body falls from one 
point to another point, not in the same vertical line, its path 
of quickest descent is not the straight line joining the two 
points, but the arc of a cycloid, the concavity or hoHow side 
oeing placed upwards. 



BOOK V. 

m 

ON THE PRODUCTION AND RESOLUTION OF GEOMETRICAL 

MAGNITUDES, CONSIDERED AS LINES, SURFACES, AND 

SOLIDS, EXISTING IN THEIR SPECIFIC RELA. 

TIONS OF FORM AND PROPORTIONS. 

CHAPTER 1. 

DEPINITI0N8 AND PRINCIPLES. 

A&T. 1. We have hitherto referred lines, Burfacef and solidSff 
in all their varieties of figures and species, to some specific 
quantities and relations which were cognizable in such mag- 
nitudes, and whose properties were rendered evident to our 
consideration. Magnitude we have compared with magni- 
tude ; figure with figure ; and we have thereby established 
their relations, under arbitrary considerations. 

We will now consider magnitudes in the relation of their 
organization, or in the relation of their laws of production ; 
and instead of referring majg;Ditudes to specific magnitudes ar- 
bitrarily chosen, we will refer them to others^ only in the rela- 
tion of their laws of generation. 

2. Since a point by definition is locality without extension, 
any number of associated points cannot possess magnitudet 
hence a magnitude is not a multiple of one, or any number of 
points. 

3. Neither can any number of lines, however associated, 
constitute a surface, since lines are supposed to possess no 
breadth or thickness, one of which is essential to a surface ; 
for if one line does not possess breadth, neither can any num- 
ber of associated lines ; and if a line be multiplied by any ab- 
stract number, since it is expressed only in relation to its length, 
it can only be multiplied or increased in that relation. 

4. So, also, if a surface be multiplied by any number, in 
itself considered, the product cannot be a solid ; for since the 
surface possesses no thickness, it does not possess the charac- 
teristic of the solid, and hence any number of such surfaces, 
or multiple of such surfaces in themselves considered, cannoi 
be a solid. 

5. The distance between any two points is a fine. For a 
point being locality without extension, if there be two locali- 
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ties, they must be aeperate from etch other, and their distance 
from each other is necessarily extension in space, which agrees 
.'with our definition of a line, viz., "extension in one dimension." 

6. Space is a medium in which all positive objects, and all 
local relatioBB exist ; its existence is only indicated by its uni- 
versal property of extension ; it is infinitely divisible in each 
or all ita three dimensions of extensions, and infinitely exten- 
aible. 

7. Any definite portion of space, or any extension in space, 
is magnitude. 

Magnitude may possess extension in one, two, or three di- 
mensions, but space can properly exist only in its three dimen- 
sions of extension ; if it can be divested of extension in one 
dimension, it can in another, and so on till ita extension is ex- 
tinguished. Magnitude may be properly applied to extension 
in whatever degree it exists ; but space cannot properly exist 
independent of its three dimensions, which are its cBsential 
properties. 

8. If there be two points A, B, the first point A, drawn 
through the distance AB, produces or describes 

the line AB ; that is, the distance from A to B A B 

in the portion of space passed through by the 

point A, or the locality occupied by the point Ain its passage, 

is the line AB. 

9. If a line be moved through any space in a direction not 
ajgreeing with its length or extension, the locality passed 
through by the line is a surface. 

Thus, if a line AB, be moved from its position AB to CD, it 
will, by that means, generate the surface ABDC, for the tine 
will have occupied every portion of the extension between the 
two lines AB and CD, which cannot be said of any limited 
number of lines placed in juxtaposition across the figure ABDC. 

If, in this motion, the line AB always maintains its parallel 
position, and if any point A " A a C A C 

in the line, describes a right * 
line AC, the surface will be 
a rhomboid or parallelo- 
gram; and if, in addition to 
fliia, the line AC, or the di- 
rection of its motion is per- 
pendicular to AB, then will the rhomboid be a rectangle. 

But if the line AB in its motion should not preserve its par- 
allel position, or if the distance BD, passed through by the point 
B, is greater than AC, then the figure generated will depend on 
the nature of the lines which serve as its boundaries, but in 
£^eral, hi such case, one or both of the lines AC, BD will be 
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curves, the nature of whicTi will depend on the specific varia-f 
tion of the coufse and inclination of the generating line. 

If instead of oDe line AB being drawn through the whota 
distane AC, a series of parallel lines AB,^ ab, &c., are drawn 
through their respective distances from each other, the result 
will be similar; or the same surface will be described by the 
series drawn through their several small distances, as by the 
single line draws through the greater distance. 

The geometrical operation of drawing a line through a given 
distance to produce a surface, is equivalent to that of multi- 
plying a line by a line, the product of which we have shown 
in the elements of geometry to be a surface. 

The measure of the surface generated by the motion of a 
line, is the length of the line multiplied by the distance passed 
through by the line ; which distance may always be regarded 
as the distance moved by the centre of the line. 

10. If the point A remains fixed while the line revolves 
around it till it, comes again into the position AB from whence 
it started, the surface generated is a circle ; and the line des- 
cribed by the point B, will be the circumfer- 
ence of the circle. If it moves only from the 
position AB to AD, the surface will be a sec- 
tor of a circle, and the line described by the / 
point B, is the arc BG of the circumference, I 
and because the circumference CEFC des- ' 
cribed by the centre C of the revolving line 
represents the whole motion of the line AB 
in its revolution ; hence, AB drawn into the circumference 
CEFC, represents the whole surface generated. 

11. If the line AB be conceived to de- Bj^. 
crease uniformly, as it is moved forward, 
always in a parallel position, till it termi- 
nates in a point, the figure generated by the 
motion of the decreasing Tine AB, will be 
a triangle ABC. 

We may, instead of supposing the tri- ^, 
angle to be generated by tne line AB, de- 
creasing as it advances toward C, sup> 
pose it to generated by an infinite series 
of decreasing ordinatea, parallel to AB ; 
each of which may be supposed to be drawn througfi the dis- 
tance, between itself and the next one. Thus, let oA, ef, &cc, 
be a series of decreasing ordinates situated equidistant from 
each other on the line 'AC, and let ab, be dr&vm into the 
position Al oa the line AB, ed, into the position al,ef, into the 
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^sition elf &C.9 through the wboletseries. Now, since at the 
extremity of each of the consecutive ordinates^ triangle BI69 
hldj &C.9 is left without the triangle ABC, which has not been 
described or passed over by the ordinates, the triangle is there- 
fore not perfectly described by the decreasing ordinates ; but 
if the number of the ordinates, are infinitely increased, those 
spaces become indefinitely small, and hence may be omitted 
as being of no appreciable value. Moreover, if the motion of 
the ordinates is reversed, or if they are moved fron^ A toward 
C, taking AB as the first ordinate, the surface thus described 
would exceed the triangle itself, in the same amount as it would 
fall short in the former case ; thus, let AB be brought in the 
position a2, a&, into the position c2, &c., and the small trian- 

fles formed above the hvpothenuse BC, by this means, would . 
e equal to those falling Leiow it in the former case, and half 
their sum would be a correction to be added or subtracted in 
either case ; but since this correction is equivalent to the sur- 
t^ce generated by half the line AB drawn through the distance 
An, it follows that the sum of all the ordinates a6, ac, &c.y 
+half the line AB drawn into the common distance Aa, gene- 
1 ates an area equivalent to the triangle ABC. 
ir But when the number of ordinates are indefinitely increased 
one-haif, AB is infinitely small in regard to their sum, and 
hence may be omitted. 

12. Hence, if an infinite series of equidistant and parallel or- 
dinates to a right line AD, decrease uniformly from AB to 
AC, then will the surface generated by drawing those ordi- 
nates through or into their common distance, be a trapezium. 

13. If a surface be drawn through any 
space not in the direction of a line parallel 
to the surface, the product will be a solid. 

Thus, if a surface ABFD be drawn 
through the distance DG, till it comes into 
the position lEGC, it will thereby generate 
a solid AC. 

If the surface is always parallel to its first 
position, and if any point A, moves through a right line AI, 
the solid will be a pristn^ which will also assume a character 
according to the figure of the generating surface: thus, a rect- 
angular, a triangular, or a polygonal prism, may be generated 
by the motion of a rectangle, a triangle, or a polygon; and in 
the same manner may a chrcular prism, or cylinder, be gene- 
rated by the motion of a circle, always parallel to its first po- 
sition, and in a direction perpendicular to such generating 
surface. 
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1/ instead of one surface being drawn through the whole 
distance AB, there be a series of similar surfaces parallel to 
each other, and if each be drawn through their respective dis- 
tances, the same solid would thereby be generated. 

The same principles may also apply to solids of revolution 
of any figure about a fixed axis, and the partial revolution of a 
series of similar figures, one of whose several sides is the com- 
mon axis. 

14. If a plane quadrilateral surface ABGF, 
be conceived to move uniformly along in a 
direction perpendicular to itself, and to de- 
crease uniformly in one of its dimensions 
during its motion, till it terminates in a line ; ^ 
it will, by that means, generate a wedge or 
a triangular prism, ABEFHD. 

If, instead of the decreasing plane, there be an infinite series 
of quadrilateral planes equidistant from each other and de- 
creasing in one of their dimensions in consecutive order, and 
in arithmetical progression till one of them terminates in a line, 
then the series of planes drawn through their infinitely small 
distance will generate a wedge or a triangular prism ; all of 
which becomes evident by reference to Art. 11, for the same 
reasoning will apply here as in that case, since this prism may 
be conceived to be generated by the perpendicular motion of 
the triangle, which was there found to be the product of an 
infinite series of decreasing lines. 

15. Hence, if across any plane figures, A, B, C, an infinite 
number of parallel and equidistant ordinates are drawn, the 
sum of the ordinates intercepted by each may be regarded as 
a measure of their surfaces when compared with each other ; 
although lines, however associated, cannot represent surface in 
absolute terms, yet an infinite number of parallel lines drawn 
equidistant across two or more surfaces, will represent the ra- 
tios of those surfaces to each other, and may hence represent 
those surfaces in relation to their forms and comparative mag« 
nitudes. 

Hence, for the purposes of investigation, the properties of 
geometrical magnitudes and their relations, an infinite series 
of parallel ordinates drawn across any plane figui-e, may be 
regarded as the measure of that figure. 

And also, for the same reasons, may an infinite series of pa- 
rallel and equidistant planes passed through a solid, represent 
the capacity or value of the solid. 

Neither will this mode of investigation leiad to any error, 
seeing, we do not thereby establish any absolute measure for 
the surface or solidity^ in terms of superficial and solid units. 
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but only the relations of certain surfaces or solids through this 
medium, to certain other surfaces or solids with which they 
are compared ; and since they are compared with each other 
under the same circumstances, the result of that comparison 
must hence be correct. 

16. Let the rectangular prism AH, whose 
base ABDC is supposed to be a square, be 
divided as at ?rop. IV. B. L, into the pyra- 
mids ABDCE, EFHGD, CDGE, BEFD, 
through which let a plane hodc be passed, 
cutting the several pyramids in the sections 
f^ig^f ^g^^9 iopgf gpdn^ parallel to the base 
ABDC. Let hi or A^ssa, and ia or dn^b^ 
then may the section hode be expressed by 
a'+2aft+6', that is, the section hi gs^a\ 

{sgnc+icpg)=2ab9 and gpdn^V ; Va^+ab is a mean propor- 
tional between a and a+b. Let an indefinite number of planes 
be passed through the solid parallel to the base, and each seq- 
tion may be expressed in the same manner, but the value of a, 
it will be seen, is constantly decreasing in ai*ithmetical pro- 

fressipn, as we ascend from the base to the vertex E ; and 
ence, represents successively a series in arithmetical progres- 
sion ; the value of b is aho increajsing in the same order du- 
ring the successive ascent of the series of planes ; but a+b is a 
constant quantity during the whole change of the relative va- 
lues of a and b, and hence a+b represents a successive series 
which is constant Now, because a^+2abf the square of the 
proportional mean between a, one of the series of arithmeticals, 
and a+bf one of the series of constants, which repsesents a sec- 
tion hine through the two pyramids ABDCE, CDFE ; it fol- 
lows that since an infinite series of parallel sections represent 
the whole of these pyramids, that the sum of the squares of 
the whole series of geometrical means will represent the whole 
of the solid ABDCSSG. But it has been shown, (Prop. IV. 
B. I,) that the solid ABDCGE is equal to one-si^th of the pro- 
duct of the sum of the squares of the two bases je^Zt^ four times 
a middle section drawn into its altitude. Hence, if there be any 
infinite series of quantities, such that the terms are severally 
geometrical means between the several terms of a series of 
arithmeticals, and of a similar series of constant quantities ; 
then will one-sixth of the sum pf the square of the first and 
l^ast Xevms pltis four times the square of the middle term drawn 
into the series, be equal to the sum of the squai;es of the series. 
Hence.if an infinite series of quantitii^s varying in arithmetical 
progression, be drawn into a similar series of constant quantities, 
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then w31 the sum of the series of rectangles be equal to the 
product of the first, plua the last term, plus four times the mid- 
dle term drawn into one-sixth of the series. 

17. It will appear that since the solid ABDCGE represents the 
sum of all the, a*+ab, viz., the squares of the whole series of 
mean proportionals between -the corresponding terms of two 
other series ; if there be a series of quantities, decreasing 
from 2 to in arithmetical progression, and another equal se* 
ries of z a constant quantity, the sum of the aqusres of a series 
consisting of mean proportionals betw^n the corresponding 
terms of the two series, will be equal to half the sum of the 
squares of the series of x, or equal to half the square of z drawn 
into the series. 

18. It will also appear, that if there be an infinite series of 
quantities decreasing fromxto^ in arithmetical progression, and 
another similar series of constant quantities, z, the sum of the 
squares of a series of mean proportionals between the cor- 
responding terms of the two former series, will be equal to 
half the sum of the squares of the series of x,plus one-Iulf the 
sum of a similar series of rectangles of vX z. 

For, let AE be a prism, the length AB ^ 
or AC, of whose side is equal z, and if 
we make IG and LO=0, and construct 
the plane LIBD, we shall have the pris- 
moid ABDOCGIL, which may be repre- 
sented by the sum of the squares of a se- 
ries of geometrical means between the , 
terms of the series of the decreasing arith- 
meticals, and those of the constant quan- 
ties. But this prismoid may be further 
divided by the plane GOCB into the wedge ABCDOG, which 
is equal to half the sum of the squares of the series of z, and 
the wedge GOLIBC, which is equal to half of a sinular series 
of the rectangles of z into p. 

1 0. Let a series of s, be the series of constant quantities, (and 
let >=AD,) while another series v&ries from z top in arithme- 
tical progression, (making z=AB, and paGl.) Then will the 
smn of the squares of the series of geometrical means between 
the terms of the two ftirmer series oe equal to half the sum of 
a similar series of rectangles of 5Xt+a series of rectangles 
of*X;i. 

For the prismoid ABCDOGIL equals the series of mean pro- 
portionals as before, and the wedge ABDCOG will be equal to 
half a similar series of rectangles of the series s with a similar 
series of z, and the wedge IGHLCB will be equal to half the 
sum of a similar series of a, drawn into an equal series of ^. 
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Hence, a wedge may be conceived to be generated from a 
series of squares of mean proportionals between a series c^ 
constant quantities, i or 2, and an infinite series of lines in 
arithmetical progression from z to o, or from o to ?« 

20. Let AD, ad, ad &c., be an infinite 
series of lines, increasing in arithmetical pro- 
gression fnim to z, or from E to BA, and 
the arithmetricals will generate or constitute 
the triangle ABE, and the sum of their squares 
will generateordescribe the pyramid ABCDE^ 
For if an infinite number of parallel lines or 
ordinates be drawn across a plane figure* 
those ordinates will represent the figure in the relation of its 
magnitude and form ; (Art. 12,) but the lines or ordinates, 
ad, ad, are infinite in number by hypothesis, and increase from 
to z, or they commence at E and terminate at AB ; hence 
the sum of the ordinates constitute, or are a function of the 
triangle. Also if an infinite number of parallel planes be 
passed through a solid, the sum of those planes drawn into 
their distance, may be regarded as the solid when compared ; 
for the solid consists of an infinite number of parallel planes 
drawn into their infinitely small distance ; (Art. 16) and hence 
this series of planes would represent the solid in the re- 
lation of its magnitude, as the ordinates represent the tri- 
angle. 

But if CB ss AB, then each of the parallel planes, adc, adc^ 
&c., will be the square of its corresponding ordinate, ad, and 
all the planes will be the sum of the squares of all the ordi- 
nates. Hence, the sum of the squares of the series represents 
the pyramid, ABCDE, in the same manner as the sum of the 
ordinates represents the triande, ABE. 

21. If the series of lines be a constant 
series of z, then in the same manner us the 
series of arithmetricalft would describe or 
generate the triangle ABE, the constant 
series of z would ffenerate the circumscrib- 
ing rectangle ABFE, and the series of 
squares of z, woOld generate in like man- 
ner the prism ABGDEFHG, ctrcumscrib* 
ing the pyramid. 

If instead of the squares of the several terms of the series, 
in the proposition generating the pyramid, there be taken the 
series of circles described on the several terms as diameters, 
those circles would generate a cone = the cone inscribed in 
the pyramid. And if instead of the squares constituting the 
prism. Art. 1, there be taken a similar series of circles, then 
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would the solid generated be a cylinder equal to a cylinder in- 
scribed in the prism. Also, if we take auy other figure, Trhich 
we constitute a similar function of each successive term of ths 
series, we may generate pyramids, prisms, or frusta, of difiei^ 
«nt character, but of the same general species. 

SI. If a line be made to increase from p to >, and if its va* 
nation be represented by an infinite series of arithmetjcals^ 
then the series will truly represent a trapeeium, and the series 
of the squares of the first, may represent a frustum of a .py- 
ramid. 

S3. If a be made to pass successively through all the values 
from to t, while b is made to pass in like manner through 
•H the values from ijop, then the two series drawn into each 
other will generate a pyramid with a rectangular base. 

33. If there are two variable lines a and p q 

h, and if a be made to pass in succession 
from^ to Z|Or from z to ^, in an infinite series, e 
while b remains equal to z or s, representing 
a similar series of constant quantities, then 
will the solid produced by drawing the cor- 
responding terms of these scries into each 
other represent a prismoid AG ; but in this 
case the pnsmoid will have two parallel 
sides ABIE, CDFG. But if, while a is 
passing from x\o p,b at the same time varies successively 
|rom X or 9 to/, then will the solid generated by the series of 
rectangles of the corresponding terms of the variable quanti- 
ties, be a prismoid, neither of whose sides would be parallel 
except the two bases. 

24. If one of the variable magnitudes should be made to 
pass successively in an infinite series from to i, while the 
other should pass from z or s to p, then the solid generated by 
the rectangle of the corresponding terms of ihe scries would 
be a wedge. 

If a be an infinite series of lines, vary- ^ ** 

ing from to z in arithmetrical progres- 
sion, and A be a like seiies varying from ^ 
s or z to 0, then if the corresponding terms 
of the series be drawn into each other, ^ 
their product will be a triangular pyra- 
mid which may be resolved into the two 
wedges jcjieCD, and jcm^EG ,■ all of 
which is evident by inspection. 

Let the ordinates drawn across the triangle CD, parallel 
to its base, be a series of ordinales increasing from 0, at tho 
TOrtice E, to x=CD ; and let this series be called a : let the 
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ordinates drawn across the triangle EGD» be a series decreas* 
ing in the same time from EG or ^ to ; call this series b i 
then the series represented by a, drawn into that represented 
by fr, will generate the solid EGCD. 

25. Let the ordinates drawn across the triangle ABC be a 
series decreasing in arithmetical progression irom z, or AB 
to 0, and let those drawn across the triangle BCD be a sim- 
ilar series of ordinates increasing from to z, then may 
the series of proportional means between the corresponding 
terms, represent a series of equidistant ordinates, drawn 
aeross a semi- circle, whose diameter is z=DB, and the rectangle 
of the corresponding terms may represent a similar series 
of equidistant ordinates, drawn across such portion of a 
parabola whose axis is AB, as is intercepted by the curve, 
and a diagonal from the vertex B to the extremity of the 
base, the axis of the parabola being equal to z. 

For the ordinates dn drawn across a ^|^ ^^ 

semi-circle are severally mean propor- 
tionals, between the abscissae of the 
diameter ; that is, any ordinate dn^ is a 
mean proportional between dR and 
dD ; now if their be a series of ab- 
scissae dB taken in arithmetical pro- 
gression increasing, then their cor- 
responding abscissae rfD, rfD, &c., "^ 
will be a series of decreasing arithmeticals ; and if BD is 
equal to CD or AB, then will the abscissae dD, rfB be severally 
== to their corresponding ordinates de, c/*, in whatever position 
they are taken ; hence the series of ordinates, across the semi- 
circle is a series of proportional means between the several 
corresponding terms of the increasing and decreasing series. 

Again, it has been shown (Prop. VII, Sch. B. I,) that the 
expression for any ordinate cc, drawn across the parabola, 
CBA, between the curve and the diagonal, parallel to the axis, 
is equivalent to the rectangle de X ef, and since this is true of 
every parallel position of the ordinate ec ; hence the sum of 
the series of ordinates, is equivalent to the sum of the series 
of rectangles of the series of variables, = the sum of the se- 
ries of squares, of a series of ordinates dn, &c., across the 
semi-circle. 

• Let DB be greater than CD, or AB and the ordinates d«, 
will be equivalent to those drawn across a semi-ellipse, whose 
major axis is BD, and minor axis CD • but if CD is greater 
than BD, then will BD be the minor axis of the ellipse, &c. 

Hence the solid ABCD formed by drawing the correspond- 
mg terms of the increasing and decreasing lines into eacb 
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other ia equivalent in its esprewion to the area CBA of the 
parabola, and the semi-circle DBk is equivalent to the sum of 
a aeries of square roots of an infinite fleries of parallel or- 
dkiatesec acrossthe parabola, orof parallel sections ^e^ through 
the solid. 

2fl. The elements contained in the forego- 
inc fH'opositioBfl, may be applied also to 
floTids of revolution ; for inst^td of a ptism 
and its inscribed pyramids in Art. 16, we 
may substitute a cylinder, and its inscrib- 
ed cones, &G. ; and if planes HPNQ be 
passed through the cylinder, the cones 
:and their complements, these will be cut 
in the relation of their magnitudes, respectively, in each section; 
which will be in all cases, the same as that of the prism, and 
the inscribed pyramids, of equal base and altitude. 

If the senit-ctrcle or semi-ellipse CIN be made to revolve 
about the axis CI, and by its revolution to produce a sphere, 
OTflpfaeroid, thea, because every section described by the pa- 
rallel ordinateON, would be proportioDal to the squares oftheir 
circumscribing lines respectively, the sum of the sections de- 
scribed, would be proportional to the sum of the squares of 
the generating lines ; hence the sum of an infinite series of those 
sections, and consequently the solid generated by the semi- 
circle would be equal to four times a middle section, multiplied 
by i of the aeries. And any segment or zone of the sphere 
or spheroid, will be equal to the sum of the bases + four times 
« middle section X J- its altitude. 

27. If every section (fc^ through the pyramid ABCB (Art. 25) 
-should be contracted in one of its dimensions till it becomes a 
square, and if the edge DB should continue to be a right line, 
then will the sides BCD, ABD, be plane surfaces, and the 
uide ACD, ABC will become curved, and the whole solid will 
be equal and sinilarto aquadrant of a revojoid ; and four of 
4uch pyramids, would constitute a perfect right revoloid ; 
moreover the sides ABC, and ACD would become semi-cir- 
cles. 

For it has been shown that the square 
root of eveiy section defi, through the solid, 
is equal to an ordinate drawn across the 
semi-circle DnB through the same pa- 
rallel ; but the square root of the section, 
is the side of a square equivalent to the 
section ; henc^e, if the sides of the sections 
«re severally the ordinates belmging to a 
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aemi-cirde, then the solid must acquire a form, similar to 
that of a quadrant of a rectangular revoloid, such as would be 
formed by passing planes through the axis^ bisecting its oppo« 
sides. 

If, when the sections of the solid become squares, its vertices 
are conceived to be at the extremities of an axis, passing 
through its centre ; then the solid would become an elliptical 
revoloid ; its conjugate axis being = to } its vertical or trans* 
verse axis. 

The pyramid ABCD is equal to j- of the prism, whose base 
is the square of AB, and altitude BD ; four such solids, or the 
whole right revoloid is = | = f the circumscribing prism. 
Also, the prism, circumscribing the elliptical revoloid, whose 
base = defi^ and altitude BD, oeing = j^ of the former prismy 
is the prism circumscribing the elliptical revoloid ; hence, the 
elliptical revoloid is =£ l its circumscribing prism. 

If from a cylinder of equal base and altitude, two equal 
cones be taken, one on either base, and of an altitude equal to 
that of the cylinder, the two remaining portions would be each 
equivalent to the cylinder; and every section through each of 
these portions, by planes parallel to the cylinder's base, would 
be equivalent to a corresponding section through the quad* 
rant of the sphere ; each oi* these portions are = j- of the cyK 
inder ; hence, four of these portions = the sphere, are = | the 
circumscribed prism as found in the Elements of Geometry. 

Scholium. We may, from the preceding investigations, 
draw the following deductions and conclusions^ 

First, that any series of quantities in arithmetical pro- 
gression, varying from x to 0, drawn into any series of 
constant quantities, will produce a quantity whose value is = | 
the sum of the base or maximum product of the variable + 
four times the value of the product of half the maximum value 
drawn into the series. Also, that the value of any multiple of 
this series may in like manner be determined. 

Second, that if any series of numbers varying from z to 0, 
in arithmetical progression* be drawn into another similar 
series, direct or reciprocal, the value of the product is = ^ 
the sum of the two bases produced + four times a middle base 
formed by drawing ^ the maximum values of the terms of the 
series into each other. 

And that this is true for any multiple, or power of the va- 
riable series, whose exponent is an integer or when, any 
number of variable quantities are drawn into each other, whe- 
ther direct or reciprocal, and this is the ba^is of the Integeral 
Calcuhs, as will appear in the subsequent pages. 
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CHAPTER IL 



ON THE CON8TRTCTION OP QUANTITIES WHOSE ELEMENTS ARE 
A SERIES OF CONSTANT OR VARIABLE QUANTITIES. 

' Art 1. Having proceeded thus far, in analyzing the (wo- 
duction of geometrical magnitudes, showing the manner and 
law of their generation, we are enabled, by having the ele- 
ments and the law of the production of any magnitudes, to 
give a geometrical construction of sueh magnitudes. 

We were taught, in the application of algebra to geometry, 
the mode of constructing integral algebraic quantities or ex- 
pressions geometrically ; we are now to represent a series of 
quantities, under a single construction ; or to construct quanti- 
ties whose elements are a series, either of constant, or variable 
quantities. 

'2. 'In considering the relations which exist between different 
quantities, those which, during the whole of any investigation 
are supposed to retain the same value, are called constant 
quantities; those to which different values are assigned, are 
called variable quantities : constant quantities are usually re- 
presented by the former letters of the alphabet, as «, &, c, &c., 
and variable quantities by the latter, as uxyzj &c. 

•3. When two or more variable quantities are connected in 
suc1i a manner, that the value of one of them is determined 
by the value assigned to the other, the former is said to be a 
function of the other varijiblcs. 

Thus, in the equation y=ax+ha^+Cf where the value of y 
depends on the value assigned to 2; ; y is said to be a function 
of ar, which is usually expressed by ^'(a?), 9(x), -^{x), or similar 
abbreviations. 

Also, if an mfinite series of equidistant ordinates are drawn 
across a surface, the sum of those ordinates is a function of 
the surface. So, also, the sum of ah infinite series of planes 
through a solid may be regarded as a function of the solid, or 
the solid or surface a function of the planes or ordinates. 

4. When any quantity or magnitude as the element of other 
quantities o^ magnitudes is variable, the sum of a series of the 
variable quantity, within its variable limits, may be represented 
by a dash drawn below or above the letter representing the 
variable quantity. 

Thus z or z may represent a series of the variable quantity, 
z. If the incipient value of the variable is z, and the series is 
decreasing to s, or 0, the dash must be placed below the let- 
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ter ; but if its incipient valae is or s, and its terminate Valoe 
is z, being an increasing series, the dash mast be placed above. 
Thus z indicates a series decreasing from z to i or ; and % 
indicates the series increasing from on to z. 

5. If it is required to express a series of quantities in arith-' 
metical progression from x to i, or from < to x, it may be tbusr 
written — x - *, or x •• * ; or which is the same,^ "x'otx •• a/, 
z being the incipient and x' the terminate value of the series. 

The condition of questions involving these variables, gene- 
rally indicate the incipient and terminate values of the increas- 
ing or decreasing variables. 

6. The expression z is equivalent to that of z, when consi-> 
dered independent of other variables ; but the product arising: 
from drawing z into z is not equivalent to that of drawing z 
into t ; for zz' indicates that the greatest value of z is drawn 
into its least value, and consecutively ; and zz indicates that 
the greatest value of z is drawn into the greatest, and so on 
through the series. 

A series of the squares of z or z, is represented by z* or P ; 
a series of roots by y/z or y/z. 

7. When it is designed to express, a series either of con- 
stant or variable quantities, without regard to their progres- 
sion or law of variation, a small capital, of the letter denoting 
a single term of the series may be used. 

Thus in the equation y = Vdx^ if we would express a series 
of y, it may be written t, and the equation will be Y^^dx ; 
this, unless otherwise restricted, expresses an infinite series of 
the quantity represented by y. If y = V{dx) is the equation 
of any figure, then y, is a function of the surface, or y= V{dx)x 
is the equation to the surface. 

Hence the equation to a surface consists of the equation of 
the figure considered as a series, drawn into the axis or ab- 
scissa. 

8. If a be the magnitude AD of any series whose number 

is n, of lines AB, and whose length is the constant quantity z, 

then the sum of the lines will oe nz ; and their magnitude 

a 
made by drawing them into a surface, will be — zti = cz. 



n 



For we have shown that if an infinite series 
of lines are drawn into their respective dis- 
tance, the product is a surface ; hence, we have 
the following construction, viz: a rectangle 
ABDC. 
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0. Let a be a series of lines z, con- . 
stantly decreasing in arithmetrical pro« 
gression from z to 0, or from the line AB 
to the point D, while the line BD repre- 
sents the number or magnitude of the se- 
ries ; and the series of z drawn into the 
quantity a, will be equivalent to the tri- 
angle ABD. 

If a be a series of lines, AB decreasing from z to s, or from 
AB to EC, then if AD=a = the magnitude of the series, the 
construction will be the trapezium ABCE. ^ 

10. If a be a series of z', where z decreases uniformly from 
AB, to a point D ; or from z to 0, then az* may be constructed 
by the exterior space of a parabola AcDB, lor while az ge- 
nerates the triangle ABD, a.z* will generate the parabola 
AcDBA, (Prop. VII, Sch„ B. 1,) whose axis is CD. 

C D 



If a be a series of v^z, then may ay/z be 
put under the construction of a semi-parabola, 
AcDB, whose axis is DB=a, and whose base 
AB=z, the series of z being a series of ordi- 
nates across the triangle ABD, parallel to AB. 



A ^ 

12. Let it be required to construct a quantity <f \/(z.z), or a se^ 
ries of mean proportionals between the corresponding terms a( 
two equal increasing and decreasing series drawn into J, the 
number of the series. 

I( d = the line AB, and if z =s the same line, the surface 
generated by drawing d into \/(z.z)» would be the semicircle 
ABD. 



For the equation to the circle is y*= y/(dx — jf) 
or DC=^AC'+CB' 



But if z be greater or less than cf, then the construction will 
be a semi-ellipse ; which if z is less than d^ will have AB foi* 
its major axis ; but if z is greater than d^ AB will be the minor 
axis. 

For the ellipse by its equation, d* : c : : x(d'-x) : y* or d*yf 
z=e\dx — 3f) is only the circle expanded, or contracted, in the 
ratio of the major and minor axes. 

The equation for the surface of a circle or an ellipse, may 
more properly be expressed by dy/{oab) for a semi-circle or 
flemi-eHifMe, and if x = d^ then the equation will be that of a 





180 . PRODUCTION AND RESOLUTION OF 

• 

^cle ; but if d and x are QQequal, the equation becomes that 
of an ellipse, and d will be the major or minor axis, according^ 
as it is greater or less than x, and x will be its conjugate ; and 
its equivalent in either case is |<£rX«', or for the whole circle 

or ellipse JrfxX«': hence ^r is a function of \/(2S) orjy/f^x^. 

Hence we have a finite expression for the circles quadrature 
in algebraic terms, viz : 2dy/{x.x) or 2xy/{x.'x)=^r^*^ where x 
is equal to the diameter. And *= (2x-r- r") -/ (x.^) — the circum- 
ference of any circle whose diameter v&x\x and x being series 
of increasing and decreasing quantities. Hence, «'=2dv'(£a:) 
-rirf*= (8-rd) %/(^), or (8-f-a:) y/{3^). 

13. Let ABD be the segment of a 
circle, the height of the segment D£ 
being . equal z ; and if the diameter 
= X, then will the chord AB= ^/(a:'z ;) f 
and if EG = x—x = x', then will the 
equation to the surface be 2yz=2z 
V^((2-x')2). (1) 

Also, let CE = ^a:— z=M, then if AB in a decreasing series 
is drawn into CE, or if {uy/{xx)) be constructed, it will be equal 

to the triangle ABC ; and the sum of the segment and tri- 
angle, = 2zy/{{x •• x')z) + u{y /{xz) ) = the sector ACBD. (2) 

In the triangle ABF the side AF is equal 2CE=x— 2z ; and 
BF : BA : : AF : AS, or x : ^xx : ix — 2x : AS the sine of the 
angle, BCA, or sine of the arc of the segment 

= v^(zx) — 2zx/(2a:)-ra:. (a) 

Let AS=5, and let the arc ADB=«'' and the area of the 
•egment, (Prop. XVIII B. IV) will be (*'—«) X Jar, hence the 
expression 22 \/ ((^r • • x*)z) = \x^' — \xs* - • - - - (4) 

Therefore the arc ADB of the segment may be expressed 

2z^((x'*x')z)+s ,,_, , , 2zy/ixz\ ^ 
= i^ = 2xy^{x-x')z)+V{xx) ^- (5) 




«" = 



^x . x- . , - , . ^ 



14. If a series of variables consisting of two or more fac- 
tors, as its elements, are drawn into the number denoting the 
series, the construction can more conveniently be represented 
vy a solid. 

Surfaces properly consist only of factors, equivalent to the 
second power ; cubes of factors equivalent to the third power, 
or the product of three factors. 

But we may, under certain conditions, construct quantities 
representing solids as surfaces ; those whose factors are con- 
stant, by any surface arbitrarily chosen, and those which are 
variable by such curves as yield to the conditions of the ex- 
pression ; and we may thence propeed to construct such solids 
as would result from drawing such surfaces into a series ; or 
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audi ss would be the result of drawing the variable Bcrie* #f 
elements of such surface into a constant, or a variable quaa- 
tity ; and the quantity so constructed may, by being put under 
a Buperficial construction, become the base of another quantity 
or magnitude, made by drawing this quantity into another 
given quantity or into s series ; and we may proceed, in this 
manner, to construct quantities geometrically, converting one 
construction into a base for the nest, and so on. 

This may be performed algebraically, and with greater fa- 
cility, inasmuch as a quantity involving any power of the va- 
riable may be assumed as a base for a higher power of the 
series, and thus the powers and roots of variables may be 
extended at pleasure ; and the laws of variation or their in- 
crease or decrease in value, may be determined by geometri- 
cal construction xind analytical deductions. 

15. If it were required toconstruct a series, a, of the quantity 
be, drawn into each other, b and c being constant quantities ; 
here it is evident that, for the purposes of construction, tc may 
represent either a line or a surface ; if the scries of Ac be re- 
presented by a line, then be, drawn into a, or abc, will re- 
present a rectangle. But, if be represents a surface, then abc 
will represent a prism. Andibr the purposes of investigation, 
the conditions of the quantities would be similar in either case; 
for the line would have the same relatioft-to the rectangle ge- 
nerated by drawing the line into th^ series, as the surface to 
the prism, generated by drawing tiie surface into the series. 

16. Let it be required to construct a series a, of fa or a.bZf 
where i is a series decreasing uniformly to o. 

This would evidently be represented under 
the form of a wedge ABCDEF, whose base 
ABCD is represented by bz, and the perpendi- 
cular ED represents the value of a. 

If z decrease only to t, then the construction -would be the 
prismoid ABCD abed, whose greater base, ABOD, is repre- 
sented- by bi, and whose lesser base, abed, is represented 
hy bt. 

17. If u be also a quantity j 
decreasing uniformly with s, 

in 8«ch ratio as to reach o at 
the same time, then the ex- 
pression a.uz would generate 
a pyramid ABCJ ; which 

willoe its proper construe- „ 

tion ; and if u=x, or if the ■*■ 
expression can be but under * 

the form a.z\ then the pyramid will hare a square bate. 
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t8. Let a series aJzz, be oonstnicted. This qaantity, repre- 
senting the products of the corresponding 
terms of two series, one increasing from o to p] 
%j while the other decreases from z to o, drawn 
into a, the quantity denoting the namber of the 
series, generates the double wedge ABGD, ^ 
where AB, or GD, is equal to z^ and the per- 
pendicular ADr=a. 

If u represent a series of ordinates drawn a^ 
across the triangle AD6, then a» will re- 
present the triangle; and if these ordinates are severally drawn 
into a series of u, the result would be the same as before. 

19. Let it be required to construct y*=/ix, which is the 
equation to the vertical parabolic revoloid, y= \/(px,) being the 
equation to the parabola, p being the parameter, is a constant 
quantity, we have x variable. 

First, we may draw|) into a series of x, which gives us the 
triangle DEA (see diagram to art 16,)=px,/? being equal to 
DA, x=the axis of the revoloid=DE the altitude ; and if this 
triangle, as a base, is also drawn into x, the axis of the revo- 
loid, we shall have the solid ABCDEF. 

Or, more properly, if we first draw the axis x into the se- 
ries of the variables, we shall have the triangle as before, with 
a base AD; and if we multiplv this by/i=DC, we shall have 
the solid described as before, then will any section abed of this 
solid parallel to ^he base ABCD, be equivalent to a similar 
section through a parabolic revoloid, or pyramoid, which it is 
designed to represent. 

The expression for a cube may at all times be constructed 
on a surface by means of curves ; but every different species 
0f solid requires some peculiar construction, according to the 
equations for the ordinates or sections of the solid, the expres- 
sions for which may be transferred to expressions for ordi- 
nates to a surface, or equations to some curve ; and since any 
multiplei or power of a series x, whose exponent is an integer, is 
known, when the series or root is known ; we can hence dis- 
cover an innumerable variety of curves, which are quadrable ; 
but, in general, in descending powers, it is not certain that the 
series of roots of a given series may be so. Thus, the cirde is 
equivalent to a series of square roots, of the ordinates to a pa« 
rabofa ; the series of the parabala is quadrable, but not the 
circle, except in certain functions of given quantities; we may 
get an expression for its value, but it will be under an incom- 
mensurable form. 

Let ABD represent the vertic^al segment of a rectangular 
spherical revoloid ; and its equation considered in relation to 
its figure, will be y" = (x .• a/)* - - - • (I) 
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the eqiidtion considered as a sdid, will t'« = z{x .. «')5 (2) 
which from its organization will readily be discovered to 

be cubable, for its value is — (x'z + 4 (}a: + ^x*) ^z) = ^xt? 

+ix^z\ (3) 

i ts convex surface will be 4a:z - - • - - (4) 

Hence, the solidity of a spherical segment will be = 
{ixz*+ix'z*)i^ = iarzV + Ja^'xV . . - . (5) 
and its surface will be *xz (6) 

20. Let it be required to construct Y''=^(ir+a?',). the equation 

to an / hyperbolic revoloid, y' being a series of parallel jrfanes, 
being the squares of the ordinates to the axis. 
Because this equation involves powers higher than the 

square ; that is, because the terms (rfx+x*,) multiplyed by ^f 

produces a solid, the series represented by these quantities 
drawn into a, would be of a higher power than a cube ; hence^ 
in order that our construction shall be under a cubic form, a 
(iS+gf) must be represented on a plane. Let a=CB. 

Hence, we have a.2'=the exterior pa- 
rabolic surface ABC, AB being the axis 
ef the parabola, and also dS = CBE ; 

c* 
now, if this is drawn into -^' we shall have 

a* 

the solid ABECFDG, for the construe- 
tion of a solid equivalent to the quadrant Di 
of an hyperbolic pyramoid or revoloid ; ^^ ^ ^ 

every section NIKL through this solid a^ b E 

is equivalent to a corresponding section through a hyperbo- 
lic pyramoid of the same altitude and equivalent base. 

Hence, it will be perceived' that the hyperbolic revoloid is 
cubable; for this, its representative is equal to one-sixth of the 
product of the sum of the base AEFD plus four times a mid- 
dle section KIKL drawn into^ the altitude BC. This is also 
true in relation to the parabolic revoloid. 

And since a paraboloid or hyperboloid is to its respective 
circumscribed revoloid as a circle to its circumscribed square, 
or as rV : 4r*, it follows that the paraboloidf and hyperboloid, 
are also cubable in terms of at. 

21. It may be perceived that in constructing the quantity ax^ 
where ^ is a series decreasing to 0, we have a triangle ; hence 
the value of a^ is jax; or the value of ar^ may, in like manner 
ke shown to be ja^. , 

Also, since gfx is equivalent to a pyramid whose base is x\ 
and whose altitude is «; hence» gfx is equal to ix\ 
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And if we have a series of ^ to be drawn into x or a, we 
may also construct ^ by art 20» and we shall here have ^x 

=te*; aIsox"x= — rr^J*"^* 
* n+1 

Hence, the law of the progression of the powers of the va- 
riable quantities is manifest, lor the value of the continued pro- 
duct of any series of power, of a series of variable quantities 
drawn into any constant quantity, is equal to the same power 
of the maximum value of the variable drawn into the same 
quantity, divided by a number denoted by the index of the 
power /?/ii5 1. 

If the variable has a fractional exponent, the fiame consi- 
deration will also apply. Thus, xxva equivalent to \x *' and 

1 * ii X. 1 J. 

J^x is equivalent to \x and ^ * x equivalent to J^fi^*"^* &c. 

Where the product of any power of a variable quantity is 
made the base of another construction, according to its deter- 
minate value* the mai;aitude constructed on this base, is no 
longer considered as a function of the variables, entering into 
the former constructions as elements of this base; but this 
new construction is subject to the laws of its own organiza- 
tion; and if raised to any power, or multiplied by any number 
of factors, either as constants or variables, the different powers 
depend on, or are a function of the base assumed, and not of 
its original constituents. 

Thus, if we have the quantity ^a:, its value is Jx* ; jipw, 
if \^ is assumed as the base of another construction, as {^^)x^ 
or |x*a; the product is not =^jx\ but is =ta;*. 

If a series uxz are drawn into a, the product is equivalent 
to iuxza ; the co-fficient being the same as that for the pro- 
duct o{ afXf which gives ix* as its equivalent. 

When the terms of the variable series denoted by a: or x, 
are drawn into each other according to their reciprocal value* 
or where an increasing series is drawn into a decreasing se- 
ries, the value of some power of the product of the seriea may 
be obtained ; and the other powers and roots of this value are 
subject to peculiar le^ws for their development. For the eontin- 
uecf products of these series, are not subject to the same ratio, 
or the same order in the variation in their successive changes 
from one power to another, as is observed in the products 
of such as are either all increasing or all decreasing. Thus, 

if we have ;z;n/x^, let 4his /quantity be involved till its radical 
is removed, and we have ;r'£^, .the xvalue of which may be de-* 
termined by a construction. Thns, ^.a;, which is equivalent 
to a double wedge, (Art. 24, Chap. I,) or which will be more 
available for our present purpose, it may be put under the 
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conBtructioD of the parabola cut off by a diagonal, (Art. 35, 
Chap. I,) the value of which is evide'nlty equal {x'X^Xj^ 

sj**, which is equal to one-half the value of P ? 

ifx; andif this value is again put into a series, 

and drawn into x, we shall have i^j:, or 

^x,x, whose proper geometrical construction ■ ' 

will be the solid CECI, which is the solid of a 

prism circumscribing a parabolic complemen- 

tei ungula, which {Prop. XVIII, Cor. 3, B. II.) » 

is equal to one-fiflh of the prism CANELI 

^^ G H 

Let there be a series of ^x, a series of 
^x, and two series xxx, and the sum of the 
series will be equivalent to x*, as may be 
reOTesentcd by the prism AH. 

For 3^x equals the pyramid ABCDE, 
Px equals the pyramid EFHGD, and ^xx 
equals two wedges CDEG completing tbe 
pnstn whoso value is x*. 

A a 

Let there be a scries a of z drawn into a reciprocating se- 
ries of S, the terminate value oiz being 2', and the incipient value 
of X being 0. Since' the product of these series a.iz-z')x 
gives us for a construction a solid hinoCTS, whose value i* 
equal to iai(2z'+i); and this also represents a segment of 
a quadrant of a revoloid where z and x increase and decrease 
in the same arithmetical ratio, equal to a segment of a cylin- 
drical ungula, 

AlsOrifwe have a series of the products ^ 

of reciprocating variables, or zi drawn in- 
to a series of A or z, its value has been 
found equal to JAi' or ji', let this be drawn 
into another series of 2, and we have the i 
following construction, which is a parabo- 
la whose vertice is D ; and we have 222' 
equal the parabolic ungula ADBC equal 

iABxHAxiBC3=|(zx(i2Xit)Xiz)=TVi'j 
nence, the series 222' is equivalent to ^^x*. 

Let this be drawn into another series of z, and we shall 
have 2Z2'=iz(z'-l-4(}z'xiz))=^z*.t.j'j2'; if this is drawn into 
another series of 2, we shall have z2z'=Jt(z'+4(Y'(';'Xiz)) 
=li*+i'jz'; hence the law of progression is manifest. 

If we have a scries of zz*?, its value will be J2(22'4-J2') 
3:lz'+,yi'- Hence, the law of tbe progesnon of this series 
will easily be discovered. 
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JScholiunL The resalts obtained by the preceding notations 

and geometrical constructionst are similar to those obtained 

^ by tne integral calculus, the same (Hrinciples as here used serr* 

' ing as the foundation of that science ; and in order that a com- 

j^ison between the two modes of notation may be instituted, 

0l Ve will present some of the elementary principles of the cal* 

• * cuius,. as the subject of the next chapter. 



CHAPTER in. 

DIFFERENTIAL AND INTEGRAL CALCULUS. 

Art. L As a basis of the deferential calculus^ we may premise 
that if y be a function of x, and if a change takes place in the 
value of f (x) so that x iiecomes x+A, x being quite indetermi- 
nate, ana A any quantity whatever, either positive or negative, 
a corcesponding change must take place in the value of y, which 
may then be represented by y'. If the quantity/ (x+h) be 
now developed in a series of the form 

/(a:)+AA+BA'+CA*+ * 

which is always practicable, in which the first term is the ori- 
ginal function/ (x), and the other terms ascend regularly by 
positive and integral powers of A, and A, B, C, &c., are inde- 
pendent of A ; then the co-efBcient of the simple power of k 
m this series is called the first differential co-diffident ofy orf 
(x). This is the fundamental definition of the differential cal* 
cuius. 

2. Let us now examine the change which takes place in 
the function for any change that may be made in the value of 
the variable on which it depends. 

Let us take, as a first example, 

u = ax*, 
and suppose x to be increased by any quantity A. Designate 
by u' the new value which u assumes, under this supposition* 
and we shall have 

n' - «(«+*)% 
or by developing 

u' =s ax!^+2axh+ah\ 
If we subtract the first equation from the last, we ahalL 
have 

1^ — u^2axk+ah* ; 
hence, if the variable x be increased by A, the function will 
be increased by 2(M;A+aA*. 

If both members of the last equation be divided by A, we 
shall have 

U' — II 

— T — = 2az+ak^ (1) 
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» 

which expresses the ratio of th^ increment of the function to 
that of the variable. 

The value of the ratio pf the increment of the function to 
that of the variable is composed of two parts, 2ax and ah. 

If now, we suppose h to diminish continually, the value 6f ^ 
the ratio will approach to that of2ax, to which it will becomQ* *m 
equal when A=0. The part 2ax, which is independent of-Aj ^.•^ 
is therefore the limit of the ratio of the increment of the func- 
tion to that of the variable. The term, limit of the ratio de- 
signates the ratio at the time h becomes equal to 0. This ra- 
tio is called the differential co-efficient of u regarded as a func- 
tion of X. 

3. Then let y be a function of Xy such that 

Let X become x+h and y become y' 

y'^a{x+hy 
expanding =ar*+2aa: . h+ah 

This, it will be perceived, is a series of the required form, 
the first term ax^ is the original function y, and the other 
terms ascend by integral and positive powers of A ; hence, 
accordinj^ to our definition, 2ax the co-efi!icient of the simple 
power of A in this series, is the first difierential co-efl[icient of 
yorf{x) 

4. Again, let 

y=:x' 
Let X become x+h and y become y' 

y'=(x+A)' 
expanding =a:"+3x' . h+3x . A*+A* 

Here, therefore, Sx% the co-efiicient of the sim{fe power of 
A is the first deflferential co-efficient of x*. 

5. Again, let 

y^ax*+bx!*+cx+d 

Let X become (x+h) and y become y' 

.-. y'=a(x+A)«+ft(x+A)*+c(a;+A)+rf 
expanding = a3i^+Sax*h+Saxh*+h*+bx*+9bxh+hlf+c36+ch 
+df arranging according to powers of A, 

^{ax^+hx^+cx+d)+{Sax''+2bx+c)h+{Sax+b)h*+h, 
a series of the required i6rm» for the first term is ax*+bx*+cx 
+dj the original function, and the succeeding terms ascend 
regularly by powers of A. 

Hence, 3aar*^2te-f-c the co-efficient of the simple power of 
A in the development of y' is the first differential co-efficient of 
y or ax*+bx*+cx+d. 

6. We have now to introduce a notation by which this ratio 
may be expressed. For this purpose we represent by dx the 
last value of A, that is, the value of h which cannot be dimin^ 
ished according to the law of change to which h t> subjectedf 
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without becoming ; and let us also represent by du the cor- 
responding value of tt : we then have 
du , ^ 

The letter d is used merely as a characteristic, and the ex- 
*} presstons du, dar, are read, differential of tt, differential of x. 

It may be difficult to understand why the value which h as* 
sumes in passing from equation (1) to equation (2), is repre- 
sented by dx in he first member, and made equal to in the 
second. We have represented by dx the last value of A, and 
this value forms no appreciable part of A or x. For, if it did, 
it might be diminished without becoming 0, and therefore 
would not be the last value of A. By designating this last 
value by rfx. we preserve a trace of the letter x, and express 
at the same time the last change which takes place in A, as it 
becomes equal to 0. 

7. Let us take as a second example, 

u = ax*. 

If we give to x an increment A, we shall have, 
tt' = a (x + A) • = ax" + 3a Ax* + 3a A'x + aA*. 
hence, w' — M=3aAx'+3aA*x+aA', 

and the ratio of the increments will be 

— £— = 3ax'+3aAx+aA', 
n 

and the limit of the ratio, or differential co-efficientf 

du „ . 
-J- = 3ax*. 
dx 

In the function 

du 

u = nx*, we havcT- = 4jtx% 

dx 

And if y=/ (x) 

the first differential co-emcient of y is denoted by the symbol 

dy 

^, thus in the above examples (Arts. 4 & 5.) 

y = ax' 
hy 

dx 
y =x* 

dx 
y = ax*+6x"+cx+rf 

^ 5= 3<ix*+2te+c 
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in like manner if u=f(z) the first differential co-efficient of ^ 

du 
orf(x) will be represented by -j-. 

iVbte.-Since a constant quantity is not susceptible of change, 
it is manifest ttiat it can have no diiferential co-efficient, or if 



2, To^nd the first differential co-efficient of any power of a 

simple algebraic quantity. 

Let y=a:» 

Let X become x+A 

••. y'=(a;+A)'» 
Expanding by the binomial 

• n(/i — 1) „,. n(n — l)(ii— 2) 

or 
From this it is manifest that 

The first differenticd co-efficieni of any power of a simple 
Algebraic quantity is found by muttiplying the quantity by the 
index of the power, and then diminishing the exponent by unity. 

£ir. L y = x' ^ = 7x' 

dv 

2. y = oxH^ dr^ ^ (-P+9) ^'^"^ 

3. y = a+X-^ ^ "^ "~ 5rx-"<*H-i) 

4. y 3c a+7x-a ^ == — '^■^ 

INTEGRAL CALCULUS. 

The object of the Integral Calculus is to discover the pri- 
mitive function from which a given defferential co-efficient has 
been derived. 

This primitive function is called the integral of the proposed 
differential co-efficient, and is obtained by the application of 
the different principles established in finding dirorential 
efficients and ny various transformations. 

13 
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When we wish to indicate that we are to take the integral 
of a function, we prefix the symbol 8. Thns if 

y =^ azi*- 

We know that dy = Aax^dx 

If then, the quantity 4ax' dx be given in the course of any 
calculation, and we are desirous to indicate that the primitive 
function from which it has been derived is ox*, we eaipress thiv 
by writing 

S ^osf dx =o ax* 

The characteristic 8 signifiestWe^a/or sum. The word 

wum^ was employed by those who first used the diflferential and 
and integral calculus, and who regarded the integral of x^dx 
as the sum of all the products which arise by multiplying the 
mth power of x, for all values of x, by the constant dx. 

When constant quantities are combined with variable quan- 
tities by the signs + or — they disappear in taking the diflfer- 
ential co-efllcients, and therefore they must be restored m 
taking the integral. 

Thus, if y ^ ox' + & 
or, y = ox* — h 

or, y = ox* 

In each three cases equally 

dy 3s dax' dx 
Hence in taking the integral of any function it is proper al- 
ways to add a constant quantity, which is usually represented 
by the symbol C. Thus, if it be required to find the integral 
of a quantity such as 
dy = Sox' dx 

y = S 3ax' dx 

= ox* + C 
where C may be either positive, negative, or 6. We cannot 
determine the value of C in an abstract example, but when 
particular problems are submitted to our investigation, they 
usually contain conditions by which the value of C.can be as- 
certained. 

By reversing the principles established for finding the dif- 
ferential co-efficients, or diflferentials of functions, we shall ob- 
tain an equal number of rules for ascending to the integrals 
from the derived fonctions. Recurring therefore to these we 
shall perceive that 

1. The integral of the sum of any number of functions is 
equal to the sum of the integrals of the individual terms^ each 
term retaining the sign of its co-efficient. Thus, if 
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dy 9* Aax* dx + 8te' dx •— 2hx dx +dx 
y =5 4aa^* dx "^ $ Bbx^ dx — ^ 2 bx dx + S dx +C 
IL Since, if 

it is manifest that 

The integral of A fiXnctien raised to any fower is ^htaitied 
by adding unity to the exponent of the functton, and by dimd" 
ing the function by the esponsntso increased^ and by the differ* 
ential of the function. 

Ex. L dy = ax^dt 

ux^ -f* 1 ^ 

Ex. % dy^ -—-dx 

^ x^ 

a= ux"^ dx 



(n— 1) a:"^! ^ 
JBr. 8. dy = {a + x^dx 

scs (a + x)~^dx 
- ■ 1 

^ "^ («— 1) (a + ar)"-^ 
This rule applies to all functions of the form 
dy Bsz (a + bx^ )"ca;'*~* dx^ 
for theae can all be reduced to the form az^ dz. 

Scholittnu 

The coincidence of the results obtained by the notation, 
used in Chap. II, with those determined by the Calculus^ in- 
dicates that the same principles serve as the foundations of 
both ; -which, as was observed at the close of Chapter I, are 
the following, via., that when any series of quantities vary in 
larithmetical progression, the sum of the series as well as their 
powers, or products, with a constant quantity, or with another 
arithmetical series, may be measured by the sum of the pro* 
ducts of the maximum values + the minimum values + four 
times the products of their medium values multiplied by { of 
the magnitude, representing the number of the series. 
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Any scries of numbers i^hich are not subject to these coD' 
ditions, cannot be made the subjects of accurate numerical 
determination or calculation, by the Calculus ; hence, \^e 
may always determine, by construction, whether any geome- 
trical magnitude, or algebric quantity, is susceptible of accu- 
rate development numerically in terms of given quantities. 
One advantage possessed by the investigation of geometrical 
subjects, by the principles contained in Chapter II, of this 
subject, is, that the notation there used, is morei elementary 
than that of the Cakulus, and expresses, the conditions of 
geometrical subjects in a more obvious and inteligent manner, 
and is more direct in its results. 

Hence, instead of pursuing the method of dcfTerenfation, 
we express the conditions of quantities depending on variable 
factors according to their several conditions, or organization, 
and proceed to integrate or sum up the series of functions, 
and determine the magnitude of the production, according 

to the principles therein contained. Hence S x* expresses 

definitely the function of the series of squares of a series of 

variables, and if this series be drawn into a . constant quantity 

X, and integrated, we shall have according to our notation 

\x\ 

If this is made equal to u, or if we have u = \^, its diflfer- 

du 
ential is -i— =a:*, which, being again integrated by the cal- 

cuius, we have again ^rr', showing similar results, from differ- 
ent considerations. The notation by the calculus is arbitrary, 
but by this inductive ; and hence, by its intimate connection 
with the principles of the calculus, may serve to render that 
subject more obvious. 

There are cases, however, for which the calculus is more 
particularly adapted than the notation here referred to ; such 
as drawing tangents to, and rectifying curve-lines. This is 
accomplished by that science in a manner the most elegant 
and complete ; but in relation to surfaces and solids, nothing 
can be more complete or satisfactory, than the discussions 
which we have introduced. 
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CHAPTER IV. 

On the centres of surfaces and solids^ the method of finding 

them^ ^ic. 

Article 1. Tha^ centre of surfaces and solids is susceptijble 
of two considerations, that of magnitude and distance. Hence, 
we have the centre oi aggregation and the virtual centre. 

2. The centre of aggregation or cerUre of magnitude of any 
plane surface, is that point through which, if a line is drawn 
in any direction in the plane, it shall divide the surface 
equally. 

3. The centre of magnitude of any solid is that point» 
through which if a plane is passed in any direction, the plane 
shall divide the solid equally. 

4. The virtual cevUre^ or centre of gravity of any plane 
is that point through which, if a line be drawn in any direc- 
tion in the plane, the sum of all the points, oh one side, drawn 
into their distances from the line, snail be equal to the sum of 
all the points on the other side drawn into their respective dis- 
tances from the line. 

5. The virtual centre of any solid is that point through 
which if a plane be passed in any direction, the sum of the 
points, on one side, drawn into their distances from the plane, 
shall be equal to the sum of all the points on the other side, 
drawn into their distance from the plane. 

6. The virtual centre between any two points is evidently 
in the right line connecting the two points, and equidistant 
from each. 

Hence the virtual centre of a right line, is in the middle of 
that line, oris in the centre of magnitude of the line. 

7. In a system of points, their virtual centre has respect to 
the magnitude of the lines drawn from the several points to 
such centre. 

But the centre of magnitude, has regard only to the number 
of points. 

8. If thei*e be drawn from a system of points, lises perpen- 
dicular to a given base, the sum of those lines divided by 
their number, will give their average length ; which is = to 
the distance of the virtual centre of the system of points from 
the base. 
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METHOD OF FINDING 




Let AB be a given base line, and 
^ let a, bf Cf d, 6, &c., be a system of 
points^ if perpendiculars al, b2f c3, 
&c., be drawn from the points to 
meet the base line AB, and if the 
sum of these lines be divided by their 
number, the quotient will give their 
average length, or the distance AC, 
frofti which, if a line CD be drawn, 
parallel to AB, it shall pass through the virtual centre of the 
system of points. 

For if the line CD is drawn, according to the conditions ex- 
pressed in the proposition, the portions of the lines cut off 
beyond the line CD, are sufficient to extend those which fall 
short of that line, to the line CD. Hence, the line CD passes 
through the virtual centre of the system, for the lines drawn 
from the points on both sides of the line are equal. 

Hence, if two base lines ^ ^ 

AB,GH are drawn, not pa- 
rallel to each other, and if 
the system of points are 
connected to both of the 
bases, and we proceed, as 
in the proposition to draw 
CD parallel to AB, and IL 
parallel] to GH, the inter- 
section F, of the lines CD, 
and IL will be the virtual centre of the system. 

If the base line AB, should pass through the system of 
points, so as to leave one portion of them on one side, and 
another portion on the other, then the lines connecting the 
points to the base must be estimated on one side positive, and 
on the other negative ; and the virtual centre will fall on one 
side or the other, as the positive or negative signs predomi- 
nate. 

9. If, instead of a system of points, the virtual centre of a 
system of parallel lines is required. Let a base line be drawn 
parallel to those lines, and because the lines are to each other, 
as the number of equidistant points, arbitrarily taken in each ; 
hence, if we take the product of the several lines into their re- 
spective distance from the base, the sum of these products 
divided by the sum of the lengths of the lines, will deter- 
mine the distance from' the base, through which, if a line is 
drawn parallel to the base, it shall pass through the virtual 
centre. 
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10. The virtual centre of a gurfftce ntiy be found by >u|^ 
posing parallel ordiaales drawn across its surface, and assuming 
those ordiaates, as representing the surface, and conaputing. 
the distance of the virtual centre of the ordinates from a 
given base ; and if from the properties of the figure, it cannot 
be readily discovered what part| of the line passing through 
the eeittre, is occupied by the centre, then another base may 
be assumed, making an angle with the former, and if ordinal^, 
are supposed to be drawn across the figure, parallel to this 
base, another line may be found parallel to this base, pan'tog 
through the centre ; hence, the intersection of these.two lines 
will be the centre required. 

11. If AQ bea base line drawn through ' " 
^y point, as suppose the vertex of any r™ 
body, or figure Q.BD, and if a denote any 
ordinate EF of the figure, d = AG, its dis- 
tance from the base line AQ, and S =: theA ^ 
sum of all the ordinates, or the whole figure 
QBD i then the distance IC of the virtual centre from AQ. 
denoted by the (sum of all the ad) -i- S. 



\ To;find the centre of a triangle. 

Through the vertice C of the triangle ^ « ^ 

draw a base line CD, parallel to AB, let 
an indefinite number of ordinates ab, or ; 
>, parallel to DC) be conceived to be drawn 
across the triangle , each of which we 
may conceive to DO drawn into their re- 
spective distances be, &,c., from the line 
CD, which may be represented by a se- 
ries of 2; hence, if the series of i, whose 
magnitude is x, be drawn into the scries ofxx, the product may 
be represented by a pyramid, whose base ABEF is = ix 
and whose altitude is AC, or x ; hence, | AB X BD X BD = J 
AB X BD' or zia;, =ia:'2,=the sumofthe products, but (Art. 
3) the sum of the products -7- S, the sum of the series of or- 
dinates, or series of z, whose measure is xx, is equal to the 
distance of the centre, from the line CD. The sum of the 
series of ordinates may be expressed by half the rectangle of 

4AB' i< AD' 
AB X BD, or|w. Hence, by (Art. 11.) J^g ^^p 

= f AC =tJDB or iz'x -i- jsx = |t. that is the virtual cen- 
tre IS some where in a line ab i of the distance from the ver- 
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tide C of the triangle to the base AB, in lite manner, we sbaO 
ftid it also in a line GH, | of the distance from the vertice H 
toward the side CA ; hence, it nrast be in Ae intersection of 
the two lines. 



Problem 2, Lti U te required to Jlnd the virtmal 

ef « trapezimtm^ ABuD. 




First, let DC, parallel to AB, be taken a» i> K 

the base and imagine an indefinite number 
of equidistant ordinates ofr, drawn across the 
figure, parallel to the base, and if these are 
severally drawn into their respective dis- 
tances from the base DC, we shall have con- 
structed a wedge, whose base is- equal to AB, 
drawn into EF, and whose altitude is equal 
to EF. 

Let z =s: AB, and 2' = DC, then will the series of ordinates^ 
be represented by z..z' let £F = x, then will the series of de- 
creasing distances be repres^ited by x. 

Then, we have the solid generated by the production of 
2X(2..z')=» M22 + z')z^ia^{2z + z% let this be divided by J 

(z + 2') Xf and we have ^. . 77-^ = the distance of the vir- 

^ '' 3(2+2') 

tual centre I from the line DC. 

Now, in order to find in what part of the line Ah is the cen- 
tre, we may proceed as before to construct a quantity on CB, 
DG, or any line parallel to CB, consisting of ordinates EF, 
&0L, across the figure, drawn into their respective distances^ 
from the bases, and dividing the quantity thus constructed by 
the sum of all the ordinates, or the area of the trapeziums. 

Or, we may divide the trapezium into the triangle ADG,and 
the parallelogram GDCB, and proceed to find the virtual 
centres of each of these figures ; and it is then evident, that if 
the distance between the two points, thus found, is divided in 
the alternate ratio of the two figures, the result will determine 
the centre required. 

Thus, the distance he of the triangle, from the side DG is i 
aH, (Prob. 1,) and the distance ne of the centre of the pa- 
rallelogram from the line DG is evidently = J nb. 

Let t = the area of the triangle, sndp = that of the paral- 
lelogram, then as ce the distance of the two centres, isio t + p, 
so iBpf to the distance el, of the vertical centre of the trapezium 
from the point e. 
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Any rectilinear figure may, if necessary be divided into 
triangles, and the virtual centres determined for each, and 
then finding the common centre of every two of these, till 
they are aft reduced to one only, which w^i be the virtual 
centre of the whole. 

Probkm 3. To find the virtual centre of a segment of a 
circle ABD. 

Let parallel ordinates ah, dec, be drawn 
across the segment parallel to its base AB, 
and let each of these ordinates be con- 
ceived to be drawn into their respective ^ 

distances from AB ; then by their proper- a 
ties we shall have generated an ungula ABCF ; divide the soli- 
dity of this ungula by the area of the segment, and the quotient 
is the distance £F of the virtual centre from the chord AB. 

Or we may let GH be the origin, « n h 

passing through the vertice D of the 

segment, parallel to AB, and if the ^ 

ordinates ah, &c., are drawn into 
their distances from this line GH, or 
the vertice D, the product will be the ^_ 
ungula ABDL, which is the compli- 
ment of the former ungula, and the distance DI of the centre 
will be found by dividing the solidity of the ungula by the 
area ABD. 

If we ma&e the origin at the centre 
of the circle, we shall have the ungula 
ADBRCF, which is a segment of the un- 
gula GDHF, and the solidity of this seg- 
ment, divided by the surface of the seg- g o 
ment ABD, will give the distance 01, of the centre required. 

Problem 4, Let it be required to find the virtual centie of 
a sector of a circle CADB. 

Ijet C be the origin, and if an inde- 
finite number of e^tuidistant ordinates 
db, parallel to the chord AB, are drawn 
into their respective distances Ce, &.e., ^ ^ 

we shall have produced the sectoral un- 
gula, FADBGC, which if we divide by I 
the surface, CADB, we shall have the I 
distance CI of the centre. 

Let r = CD the radius of the circle, and the chord AB =c 
then will re = the convex surface AFDGBof the ungula, and 
ir*c = the solidity of the ungula. Let «' = the arc ADB, 
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then we bave the area CADB =^ i*'r ; hence the distance CI 

^ ^r^c 2rc 

Resolvinff this into a proportion, we have, S*' : 2r : : c : the 
distance CI. Hence, generally, the distance of the virtual 
centre of any sector of a circle is = the fourth proportional to 
three times the arc of the sector, twice the radius, and the 
chord of the arc. 

Let CE = x/(r* — Jc*,) hence we have \r^c — |c* «= the so- 
lidity of the pyramid ABGFC ; subtract this from the sectoral 
uii^ula, and we have ^-^ c* for the solidity of the segment 
AbGFD, divide this by a, the area of the segment ABD and 
we have the distance of the virtual centre of the segment 

JLc* 

from the centre C of the circle = . 

a 

Problem. 6. To find the virtual centre of the parabola. 

Let its distance be estimated from the vertex. 
^The equation to the parabola is y^= \/px^ if this be drawn 
into a series denoted by Xy the surface of the parabola will be- 
come y Xy/dx. 

Let this be drawn into a series^ ^, and we have xxy/pxjt and 
since the quantity j? will not affect the result, it may be omitted, 

and we have by removing the radical sign ^'i = |a:a ; let 

this be divided by xxl ^ %xi and we have 

ix\ 

T'2 = I X = the distance of the virtual centre from .the 
ixl ^ 

ertex. 

Problem 6. To find the distance of the virtual centre of a 
semi- parabola from the axis. 

Its equation considering the origin at the extremity of the 
axis isy=(rf — xy+2x{d — x);d=the maximum value of a:=the 
axis ; or its equation may be expressed ^ + 2^. This 
being put into a series, whose measure is <z, represented 
by the base, we shaill have its area, which may be ex- 
pressed ao^+2ax x = dv, which being integrated, we have 
J ax* + i agf =: %a^. 

Let the expression a^ H- 2a^, be drawn into £, x being 
= the base, and we have azT^ + 2azo^^ let this be inte- 
grated, and we have 4(|?:a;' + Jxa:') ^a = \a{\\;zx*) == [i 
a%x*. 

Hence, -j^ — r = f «= the distance of the virtual centre from 
the axis. 
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Prcb. 7. Let it be required to find the virtual centre of a solid. 

If the soHd be a pyramid, its solidity may be expressed x^x. 

If we estimate tne centre in relation to its distance from the 

vertex, we may draw this quantity into another series of 5, 

and we have x^x^ let this be divided by.g*^:, which represents 

the base of the latter construction, and we have 

x^x \x^ 

-^ — = 7-j=Ja;,that is the vertical centre is | the distance 

jC X mX 

from the vertex of the pyramid to the base. 

■ 

Probkm. 8. To find the virtual centre of a vertical seg- 
ment, of a spherical revoloid, or the virtual centre of a seg- 
ment of a sphere. 

The equation of the reveloid is 4y* = Adx — a;2,let this be 
drawn into a Series of x^ and we have 4txx {d—x), the segment, 
X being the altitude of the segment, and d the diameter of the 
sphere, the value of this is 

i^dx^'-2x^) + i{4dx^—2x») = dx—%x^. 

Let the former series be drawn into another series of ^, and 

its value will be ix(dx'+xx' = |efc» — ^*; 

Idx^—lx^ 4da;— 3a:« 
hence, ' _/ ^ = ^ — = the distance of the virtual 

centre of the segment from the vertex. 

This construction will serve for a segment of a sphere, a 
spheroid, a spherical, or an elliptical revoloid. 

Problem. 9. To find the virtual centre of a vertical parabo- 
lic revoloid pyramoid, or of a parabolic conoid. 

The equation to the revoloid is y'=j9x, let this be put into a 
series, whose measure is the axis, and we have its solidity 
xpx ; let this, as . a base, be also drawn into £, and we 
have pxx^ equivalent to Ipx* ; 
xpx is equivalent to ^ px* ; 

hence 7-^ = fa: = | the distance from the vertex to' the 
ipx* ' '• 

base. 

Probkm. 10. To find the virtual centre of an hyperbolic 
conoid, pyramoid or vertical revoloid. 

Its equation is 4y* 3= 4-7^ (dx + x') : since 4-j^ is a con- 
stant quantity, and a factor of the whole expression, it may be 
omitted, without affecting the result ; then the expression will 
become dx +x^. Let this be drawn into a series of the form 
x(d+x) , which expresses the segment, whose value is, 
i{dx+x^)+i{idx+ix^)-^ix{2dx+2x^)^i{Bdx'+2x*) 
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Let the former series be drawn into another series of ^, and 

there will be produced x(d + x)x* = lx{dx' +x») + jxX 

. hdx' +ix^)4:=^lx{2dx*+lix')—^{2dx*+l\x% hence, we have 

i(2&» + IM ^ 4& + 3x' ^,^ ,^^ ,^^ _^^ ,_ 

the vertex. 



the distance of the centre from 




Problem. 11. To find the virtual centre of the arc of a 
circle. 

. The virtual centre of an arc of a circle, is the same 
in reference to the centre of the circle, as that of the segment 
of a revoloidal curve, whose conjugate diameter is the same 
as that of the circle, and the base of whose segment is equa) 
to the given arc of the circle. 

For, if a revoloidal 
curve AEB circumscribe 
the semi-circle DEH, 
and if any chord FG, be 
produced to fg, so as to ^ 
meet the curve, the ordi- 
nate fg will be equal to the arc FEG. Draw across the seg- 
ment f^gff equidistant ordinates, perpendicular to fg, and 
they will represent the distance of the several points in the 
arc, from the line )^, since they are supposed to be drawn from 
points equidistant from each other on the line fg, or the arc 
FEG ; and, since if there is an infinite number of ordinates, 
they may be regarded as the area of the segment, it there- 
fore, follows that if this area is divided by the arc, the quotient 
is the distance of the centre, from the line FG ; also, if the 
area fEgHD is divided by the arc FEG or line fgy the quo* 
tient is the virtual centre of the arc flS^g from the axis DH. 

Let c = the chord FGa = the arc FEG, and r = CE, then 
will cr = area D/EgHf (Prop. Ill, Cor. 4, B. III.,) hence, we 

f cr 

have — = the distance EI of the centre. 
a 

This is also the virtual centre of the segment /E^ of the 
revoloidal curve, and it may also be shown that if a series of 
equidistant ordinates to the axis CE, are drawn through the 
revoidal surface, or any segment of it parallel to /g, the series 
of ordinates so constructed, drawn into their several distances 
from any given line, parallel to such ordinates, will determine 
the virtual centre of the segment fgef, or of the arc FEG, by 
proceeding as before. 

Art 12. If it be required to find the virtual centre of the arc 
of an ellipse, a parabola, or an hyperbola, it may be done in 
a similar manner, by taking a portion of the surface of the 
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elliptic, parabolic, or hyperbolic revoloid, akd proceeding as 
for the arc of the circle, which also gives the virtual centre 
of the segment of therevoloidal surface pertaining thereto. 

Prabkra 3. To find the virtual centre of the surface of a 
eolid. 

Let the proposed surface be the convex surface of a pyra- 
mid ABCDV ; and because any portion of the convex sur- 
face, included between any two sections, by planes parallel to 
the base, is proportional to the portion of a vertical triangle , 
through the pyramid included between the same planes ; it 
follows that the vertual centre of the convex surface, is the 
same as that of the vertual triangle ; hence the same process 
will determine both. If it is required to find the virtual cen- 
tre of the whole surface of a pyramid, including its base, we 
have only to imagine an infinite number of ordinates to be 
drawn across the several triangular sides parallel to their se- 
veral bases, and also a similar series of parallel ordinates 
across the base, and if each of these ordinates are severally 
drawn into their respective perpendicular distances from the 
vertex of the given pyramid, we shall have produced, as many 
new mrramids AEFCQ, whose bases ** ^ 

ACFE, ABHG. &c, are, severally 
equal to the bases of the sides of the^ 
pyramid multiplied by lA, the dis- 
tance of the base from the vertex, as 
the given pyramid has sides, and also 
a prism ABDCQIKR, formed by 
drawing every line in the base, or the 
whole surface of the base into the 
distance of the base from the vertex. 
And the sum of the imaginary solids so generated, divided by 
the whole surface of the pyramid, will give the distance of 
the virtual centre from the vertex. 

Let AB=x and if the pyramid is generated from £* or Ax*, 
or if the base of the pyramid is a square, the perimeter of the 
base will be 4x ; and since each pyramid ACFEQ, is equal to 
i the prism ABCDQRKI : hence the four pyramids generated 
by the series drawn into the four sides of the base are = ^ the 
prism, and if & = the altitude lA of the pyramid, lu'+*h^= 
}A«'= the sum of the four pyramids + the prism ABDCQIKR ; 
the surface of the given pyramid is = *'+2*\'(A'+J*') 

Hence we have, fAa* _ ihx 

equal the distance of the virtual centre from the vertex. 
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BOOK VII. 
CHAPTER V. 



ON THE RELATIONS OF LINES, SURFACES, AND SOLIDS« 

GENERATED BY MOTION. 

The capacity of any solid generated by the motion of a 
surface perpendicular to itself is measured by the generating 
surface drawn into the distance moved ; which distance is &I« 
ways equal to the distance passed through by the virtual ceiv 
tre of such surface. 

If the motion of the generating surface is such, as that it 
always maintains a parallel position, and moves in a direction 
perpendicular to itself, the proposition is sufficiently manifest. 



Let now the rectangle ACBD revolve about 
the side BC, which remains fixed, and the 
product will be the cylindei DF, whose solidity 
is equal to the surface ACBD drawn into the 
circumference PK, described by the virtual 
centre K, of the plane, which centre is in 
this case also the centre of aggregation. 



If a right-angled triangle ABC revolve about the perpendi-' 
cular BC, so as to describe the cone ABD, i> B N 
this is also measured by the triangle ABC 
drawn into the circumference FL, described- 
by the virtual centre of the triangle. The 
virtual centre of the triangle we have 
shown to be situated at the point F, on the 
line BE, from the vertex bisecting the base 
at a distance from B =| its length. Let a' 
the surface ABC be multiplied by the cir- 
cumference described by the centre F ; and since the radius 
FG=|EC, hence the circumference FG=f the circumference 
EC, and because the triangle ABC=^its circumscribing rectan* 
gle ADBC, which generates a cylinder ADNM, the generating 
surface of the triangle ABC drawn into the circumference, is 
equal to one-third the cylinder generated by the rectangle, or 
one-third the rectangle drawn into the circumference EC, as 
it ought to be. 

And in general, let any plane figure be revolved about any 
line or axis without the figure, but always in the same planci 
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and the aolid generated will be measured bjr (he generating 
surface drawn into the arc described by the virtuBl centre of 
the surface. 

Let AFHD be a solid generated by 
the plane ABD ; through v, the virtual 
centre of which, draw DCAE, perpen- 
dicular to the axis of rotation, and meet- 
ing HGFE in E, let an iodefinite num- 
ber of parallel ordinates, ef, ik, dec, be 
drawn across the generating surface, 
parallel to the axis about which it re- 
volves; and the solid generated is equal 
to all of those ordinates, drawn into the 
distances passed through by each ; viz., 
the ordinate drawn across the point 
Axthe arc AF-fthe ordinate ab drawn 
through cxthe arc CG+, dtc, through 
the whole series. And because EA, 
EC, ED, &c., are as the arcs AF, CG, DH, &c. Hence 
Bkxef, and E/XiA, &c., are as phKef, and rlxik, and be- 
cause EC drawn into all the ef, ik, &c, is equal to all, the 
Ehxef, Elxik, &c., it follows that CGxall the ef, ik, &c., is 
equal to all ihepkxef, rlxik, &e. ; or that the solid ABDHF 
is equal to the generating surface ABDe drawn into the line 
described by the virtual centre of the surface. 

Cor. I. Hence, if any curve or any line be made to revolve 
about any axis exterior to such curve, but in the same plane, 
the surface described by its motion will be equal to the line or 
curve drawn into the distance passed through by the virtqal 
centre of such line or curve. 

For, let the perimeter of the figure generating the solid 
above, be the generating line, and let us suppose its virtual 
centre the same as before ; let every point in this perimeter 
be reduced to the line AD by means of perpendiculars thereto ; 
and the figure generated by its revolution about the axis, is 
equal to all the ph, rl, &c„ described by every point ; but 
we have seen that all the pk, rl, &.c., are as all the EA, ^, 
&c : and since the sum of all the EA, El, &.C., is equal to as 
many times EC, therefore the sum of all the ph, rl. &;c., is 
equal to as many times CG, or equal to ABDexCG, that is, the 
surface described by the perimeter ABDc, is equal to ABDe 
drawn into the line described by its virtual centre C. 

Car. 3. From E draw EIKL, cutting the upright prismatic 
figure erected on the given base ABD, so as that any perpen- 
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dicular AI may be eqiial to the corresponding arc AF. Then 
will the figure AILD be equal to the figure AFHD. 

For, by similar figures, all the AF, CG, DH, &c., are as all 
the AI, CK, DL, &c., each to each ; and as one of each are 
equal, therefore they are all equal, each to each ; viz., all the 
AI, CK, DL, &c., equal to all the AF, CG, DH, &c. ; that is, 
the figure AILD equal to the figure AFHD. 

Cor. 8. Through K draw MKNO ; then the figure ANMD 
will be equal to the figure AIKLD, or equal to the figure 
AFHD. 

For, by the last corallary, AFMD is equal to the figure de- 
scribed by the base AD, revolving about O, ^ill the arc de- 
scribed by C be equal to CK ; which, by the proposition, is 
equal to ADxCK, or ADxCG. 

Cor. 4. Hence, all the upright figures AQKRD, AIKL, 
ANKMD, AKPD, &c., of the same base, and bounded at the 
top by lines or planes cutting the upright sides, and passing 
through the extremity K, of the line CK, erected on the vir- 
tual centre of the base, are equal to one another ; and the va- 
lue of each will be equal to the base drawn into the line CK. 

Hence, also, all figures described by the rotation of the same 
line or plane about different centres or axes, will be equal to 
one another, when the arcs described by the virtual centre 
are «qual. But if those arcs be not equal, the figures gene- 
rated will be as the arcs. And in general, the figures gene- 
rated, will be to one another, as the revolving lines or planes 
drawn into the arcs described by their respective virtual 
centres. 

Cor. 6. Moreover, the opposite parts NIK, MLK, of any 
two of these figures, are equal to each other. 

Cor. 6. The figure ASPD is to the figure APD, as AS to 
CK ; for, by similar triangles, they will be as AD to AC. 

For ASPD is equal to AD X AS, and APD equal to AD 
XCK. 

Cor. 7. If the line or plane be supposed to be at an infinite 
distance from the centre about which it revolves, the figure 
generated will be an upright surface or prism, the altitude be- 
ing the line described by the virtual centre ; so that the base 
drawn into the said line will be equal to the base drawn into 
the altitude, as it ought for all upright figures, whose sections 
parallel to the base are all equal to each other. 
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Scholium. If a right line, or parallelo^am, revolve about a 
line perpendicular to the length, there will be described a ring 
either superficial or solid ; and as the virtual centre of the 
describing line, or parallelogram, is also the centre of magni- 
tudes, it follows, therefore, that such surfaces or solids, are 
equal to the generating magnitude drawn into the distance 
passed through by the centre of magnitude^ 

When the centre of rotation is in the. end of the line, the 
line will describe a circle whose radius is the said describiii|^ 
line, and whose circumference is double the circumference 
described by the virtual centre; consequently, the radius 
drawn into half the circumference, will be the area of the 
circle* 

If a semi-circle revdve about a diameter, and describe the 

surface of a sphere, then will the surface of the sphere be 

equal to therevoloid arc X by the circumference described by the 

ct* 
virtual centre = J«'X— X** = 2r* = the circumference into 

the diameter. 
And for the solidity of the sphere, we shall have the dis- 

tance of the virtual centre equal r^, where d is the diameter, 
and a the area of the segment ; let twice this distance be mul- 
tiplied by *, and abo by a ; and we have =& ^-^ the so- 

lidity of the sphere, as before found in the Elements of Ge- 
ometry. 

For the solidity of the parabolic spindle; putting & = the 
base, and a ■= the altitude, or axis of the generating parabola. 

We have found that }a is the distance of the centre of gra- 
vity from the base, and consequently \^air = the line describ- 
ed by the centre of gravity ; but \ab is = tlie revolving area ; 
therefore \^df X f <S ^ the f f tf'frr will be the content, which 
is /j of the circumscribed cylinder. 

For the paraboloid. Making the notation as in the last ex- 
ample, and making n = the area of a circle, whose diameter 
is 1 ; }6 will be the distance of the centre of gravity of the 
semi-parabola from the axis, consequently fb XSnX foft » 
2ab*n ■= the solidity o^ half the circumscribed cylinder. 

IS 



MENSURATION. 



Havng, in the elementeiy parts of tbe work, introdooed 
such subjects of meDsuration as depend on principles theraa 
discussed, it only remains for us now to present tbe hi^ier 
branches of tbe subject, or such subjects in tnensuratioD, as de- 
pend on tbe higher branches of geometry. 

The subject of mensuration admits of three ^neral ^m- 
sions : lines, superficies, and solids ; but since the m^isuration 
of lines is so intimately connected with that of surfaces, we 
shall make but two general divisions, termed superficies, and 
solids. 

PART I. 

JfENStJUATIOK OF SUP£RnCIE& 
ntOBLEM J. 

To find the area of a segment qf a circle, 

CASE I. 

When the arc, sine, and radius are gtoen. 

Rule. — Multiply the difference between the arc of thtf 
segment and its sine by half the radius. (Prop. XIII, B. Vf) 

Let 'K* = the arc, s = the sine, r = the radius, and A the 
area of the segment ; and A = ^V — \sr. 




Ex. 1. What is the area of a seg- 
ment AE, whose arc AE is 2,094?8, 
and whose sine ES = 1,73205, the ra- 
dius = 2L ? 
2.09438 ) 

— 1.73205 \ i** =-36233Xl=.38233 

the area of tbe segment AE. 

D 

Ex. 2. Wjiat is the area of the segment EADB, whose arc 
EADB = 4.18878 and sine ES = .86602 ? 

In this example because the sine is considered negative, by 
Trigonometry, the arc being greater than that of a semi-cir- 
cle, we shall have by the mle 

4.18878 ) 
4. .86602 I i** ^ 1.66138 == the area required. 



• MENSDflATION, ETC. 187 

Ex. 3. What is the area of the segment whose arc is 
6.9813, ahd whose sine is 6^4^78, the radius being 10? 

Scholium. If the arc and radius, or the sine and radius 
only are given, the other parts may be taken from the table of 
natural sines, and the area of the segment calculated by the 
rule. The arc of any segment less than a semi-circle may be 
found approximately by formula 3, (Prop. IX, B. lY.) ix =: 
V(4t)r+j5') — ^s. Where v is the versed sine or height of 
the segment, r the radius, and s the ^sine of the half arc, or 
the i chord of the segment, x being =^« the arc of the segmentv 

It will appear that this gives the value of the arc to a 
great degree of exactness when the segment is small. 

Let us see how near the truth this comes for a semi-circle. 

In this case, the sine and versed sine are each equal to the 
radius, which suppose ^ 1. 

Whence we have ^x = v^4J — f = 1,56155 

And X =s 3.12310 

the true number being 3^14159 

The difference of which is .01849, the error in a segment 
= the semi-circle. 

Let us assume that the error in any smaller segment, is pro- 

Eortional to the sixth power of v or i*, then if we correct this 
y deducting v*x.01849 therefrom, the result will, in this case 
be correct, and if our hypothesis is correct, it will give the 
proper result for any smaller arc. 

CASE <I. 

When the arc, chords versed sine, and radius are given. 

Rule. — Multiply the difference between the chord and ar<? 
by half the radius, to which add half the product of the chord 
and versed sine. 

Investigation. Let ABD be a segment ; this is 
composed of the segments AD + DB -f triangle 
ADB, but the segment AD = DB = (arc AD — AF) 
Xjr ; segment AD+DB = (arc ADB — chord AB) 
Xjr and triangle ADB = J(ABXDF). 

Ex. What is the area of the segment ABD, whose arc 
ADB, is 10,4719, and whose chord AB=10, the versed sine 
DP or height of the segment =1.3398 ? 

10,4719 } 10X1.3398 , ^ ^ 

—10 \ ^"^ K =.9068 = the area of the 

segment. 
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When the radius cf ike rirek, and tJu degnnof the are anlgr 

arc given 

RuLB. — ^Piiid by TrigOBometipy, »r by tbe table of natoral 
sines, the sine of the given arc wf a circle whose radius is 1, 
observing that the same sine answers for an* arc and eomple^ 
ment, mnkiply this by the given rafdius, which ^ves the sine of 
the given arc. Then say, as 180^ is to the given arc, so is * 
fo <', so is the semi-circumference of a circle whose diameter 
is 2, to Ae length of the given are ; tfien proceed as in Rde 1« 

Ex. 1. What is tie area of the segmrat AE, (see dii^pram 
fo Case 1,) whose arc AE ^ W ; the radius EC being 1 ? 
^/(EC» - SeO«ES=* •(r — ir)= •(i)=.8e602=r 

And 180* : 60*" : : * : if : : 9.14159 : 1.04719 =* tbe arC^ AG 
=V. Hence, (1.047i9 — .86ea2) Xi==»09a58 ^ tbe area of 
the^segnsent AE. 

Exv 2. What is the area of the segment EBF, whose arc 
EFB is 120^, the other quantities remainbg the saaofie as be- 
fore T 

The sine of the arc AE is also &e sine of the arc EF& 
The arc EPB=:2 arc AE == 2.09438 ; hence (2.09438 — 
86602)Xi=».61418 =i the area of the segment EBF. 

Ex. 3. What is the area of the segment E ADB, whose are 
EADB is 240*, tbe other quantities remaining the same 7 

As 180^ : 240 : : 3.14159 : 4.18878=the arc EADB. 

Since the segmient EADB is greater than a semi-circle, itsF 
sine, ES, is considered negative by Trigonometry, we have 
(4. 18878 +,86602) X^=s 2.52745 = the area of the segment 
EADB. 

Ex. 4. What is the area of the segment ADBFE, whose 
arc is 300^? 

Scholium^ Tbe difference of the segments EBF, and the 
segment AE is equal to the sector ACE j the segment ADC — ' 
segment EBF » sector ACE + triangle ECB^ 




OF SUPERFICIES, 189 

CA«E IV. 

When Vie chord of the segment^ its hey^ ir versed sins ^ni 

r^ditts mre given. 

Rule. — ^As the radius is to half the 
^ordy 80 is twice the diflference of the 
▼ersed sine aiid^ radius, to the sine of 
the arc of the segment ; divide this by t Y \ \/ ^^^^] b 
the radius, reducing it to the sine of an 
arc of a •circle, ^hose radius is 1. 

Then in the table of natufal sines, 
take out the arc answering to that sine 
IB degrees, and .f)rocee4 as in Rule III, 
to find its length ; then jproceed as in Fule Ist, to find the azea 
^f the segment. 

Investi^4Uion. In the right angled triangle FAB, we have 
FA=2C£, and because ^he triangle AS6 is similar to FAB 
x>r€EB--Jience, CB : iS : : FA : AS. 

Or without finding the sine AS, of the arc ADB, proceed to 
take out from a table of 'natural sines the arcs Ao, DB, an- 
4iwerin^ to AE, BE, the sines ofthose arcs respectively ; and af- 
ter findmg their lengths as m Rule HI, proceed by Hule II, to 
find the area. 

Ex. 1. What is the area of a segment ABD, whose chord 
AB=17,8205, and whose height E&=5, the radius being 10? 

In this example we have FB»=20, AB=^ 17,8205 and AF=r 
^10—5)2=10, to find AS. 

Or, we may make the triangle CEB, whose side CBaslO, 
EB=r8.6602, andCEi» 5, and FA^2CE to find AS, by the 
rule. 

Hence, H) t 8.^602 : : (10 — 5)2 : 8.diS02 =a the sine ; and 
6j6a02-r 10=3s.8M02 » the tabular sine: the arc answering 
diereto is that of 60°, but this segment being greater than it 
quadrant, the arc must be the supplement of 60^ssl20^. Then 
180^ : 120^ : : 3.14159 : 2.09430 := the length of the arc of 
120° in a circle whose radius is 1. 

Hence, 2.094d9X 10=^:20.9439 = the arc of the given seg- 
ment. 

'^***** ^.6602 j *' ^ •*'**® =" *''® *"* **^ ^ aegment 
ABD. 

Or, taking die same example, having fi>«nd the length of the 
are ADB=20.9439, we have by Rule IL 

— ni^o! ! ^+l''«S^S+t'==*01'<tl^'" the area the Mine 
Mbdore. 



_f 



190 MENSURATION 

SchoUunu If two of the following parts, viz : tBe chon^ 
Tersed sine, and mdius are given, the other may be found hy 
the formulise (in mensaration EL Gcam. Prop. AlII.) 



Scholium 2. The triangle ACB is = the trian^e AFCL 

EBxCE=iCBxAS. 
That isy the product of the sine of an arc X its cosine = £ 
sine of twice the arc X radius. 

CASE y; 

When the chord and radius onljf are given. 

Rule. — ^Divide half the chord by the radius, and the quo- 
tient will be the sine of half the arc of the segment ; find the 
arc corresponding thereto in the table of natural sines, in de- 
grees, and multiply it by 2 ; then find its length as in Rule 3, 
and multiply it by^the radius. 

Take the versed sine = ED=CD — ^{Gk — AE.) Then 
proceed as in Rule 2 to find the area of the segment. 

Ex. Taking the same example as in the kst^ rule, havifli^ 
found the arc =s 20.9439, we haite 

ED = 10 — v'ClOO — 69,899905404) = 5. 
Hence^20.9439K^j^g2Q5^2 5^ gj ^jg. 

Examples for Practice. 

Ex. 1. What is the area of a segment whose arc is 3.14159 
and whose sine is .87785, the radius being 10 7 

Ex. 2. Required the area of the segment whose chord 19 
=« 12, the radius == 10. Ans. 16.35. 

Ex. 3. What is the area of the segment whose height is 2, 
the chord being 20 ? Ans. 26,8804. 

Ex. 4. What is the area of a segment of a circle whose 
arc is 110^ the radius being 17 

Ex. 5. Required the area of the segment whose height is 5, 
the diameter being 8. Ans. 33.0486. 

PROBLEM II. 

To find the area of a circular zone AEDB, or the space. in- 
eluded between two parallel chords AB, ED, and two arcs 
AE, BD. 

RvLE. Multiply the two arcs AE, BD, of the zone by ^.the 
radius, to which add the sum of the products of the sines of the 
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external s^ments^ witb ' the radius, if on different sides of the 
Centre, or add the difference of those prodactsy if on the same 
side, (Prop. XXIU SchoU Formula a, B. IV.) 
A = i(rx' — rs'y — ^{rx — rs,) 





Ex. What is the area of a zone ABDE, 
the sum of whose arcs AE+BDis=6,28318 
the sine of the arc ALB= 2,57178, and the 
sine Qf the arc EFD = 2^386, the radius 
being = 3 ?. 



6^^314 
+262386 \ X J =^ 17,31817 the area required, 
+257178 ^ 

Scholium. The same rule will apply- 
to any portion ABEF of the circle includ- 
ed between two chords; that are not par- 
allel. Hence, if the sum of the- axes AF, 
AE in this figure, is equal to the sum of 
AE^ BD in the last, and if the arcs AIB, 
FLE in this are respectively = ALB, 
EFD in that, then the portion AFEB in 
this will be = the zone AEDB in that. 

^ Ex. 2. What isthe area of a zone AGHB whose two chords are 
on the same side of the centre, the sum of the arcs of the zone 
being 2,09436, the sines of the arcs on each side being 2,59806, 
and — 2,95440, the radius being = 3 ? 

2,09436 ) 
+2,59806' > X I = 2,60703 the area required. 
—2,95440 ) 

Note. Olherrubs have been given for finding the areas 
of circular segments and zones in Mensuration, El. Geom ; 
formulsB are there given for finding such data as are required^ 
for the elements of the area. 

Examples for Practice.. 



Ex. 1. Required the area of the 
zone ABEDHGH, the greater chord 
AB = 136 feet, the )ess chord HD 
= 68 feet, and the distance LP = 
248 feet 

Ans. 55655.1965159 sq. feet 




Ito MENSURATION 

Ex. 2. Suppote the p>ne to have its fMurallel ehofds eqaany* 
dHtaat from tne centre of the circle O, each chord AB ana 
HD = 12.49 feet and their distance LP s= 10 feet ; required 
the area of the zone. Ans. 148.86672 sq. reeL 

JBb. 3. Supposing the circular zone ABEDH6A, having its 
greater parallel chord ^ 40 yards, being equal to the diame- 
ter of the circle, the less chord = 20 yards, and their distance 
LP ^ 17.310508 yards ; required the area of the zc»ie. 

Ans. 592.08244 sq. yavds. 

Ex. 4. Required the area of the zone ABEDHGA, the pa* 
rallel chords AB, and HD, being 16 feet and 12 feet, and their 
distance HP= 14 feet. Ans. 253.0792 sq. feet 

Ex, 5. The zone, whose parallel chords AB = 40, HD = 
30, flud the breadth s= 35 ; required the area of the zone. 

Ans. 1581.745. 

Ex. 6. Suppose the two parallel chords AB and HD = 80 
feet and 60 feet, and the perpendicular distance from each 
other s= 70 feet ; it is required to find the distance of the 
greater chord AB from the centre at ; and also to find the 
radius of the circle. 

The distance OP =: 30 feet ^ 1st Ans. 

The radius of the circle OF = 50 feet = 2nd Ans. 

4 

Ex. 7. Required the area of the zone ABEDH6A, whose 
arcs AGH, BED are together == lOO"^, the arc AOB being 
110^, and the radius of the circle 10 feet. 

Ex. 8. Required the area of the portion ABEP, included 
between the two oblique chords AB, FE, (see diagram to 
Scholium above,) whose arc AF= 60**, BE=30°, and AIB = 
llO'', the radius being 20. 

. 

FROBLEM in. 

Tojind the <nrcumferenc6 of a circle appreximatefy* 

CASE. I. 

When the radius sine^ arid cosine of any small arc is given. 

Rule 1. Divide I^ times the product of the radius and sine 
by the sum of the radius, and half the cosine, which will give 
the length of the arc, multiply this by the number of such arc 
in the whole circumference, and the product is the circumfer- 
ence of the circle ; the accuracy of which depends in the smalK 
ness of the arc. 

Let ^ = the sine, 
c as the cosine, 



• 
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atid «^ =s the arc corresponding Co these functions, 

< = being the semi circumference, and r the radius of 
the circle ^ h 

*' = —;« being the number of parts each = *' that the 

4Mi»i-<rircIe is supposed.to be divided into. Then (Prop. IX, B. « * 
IV. Formula L) 
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20000 

Then«= ,000157079632033 

c= ,999999987462994 

and \ri = ,000235619448050 

r'>f\fi = 1,499999993831497 

Hence r&= ,00015707^632676 

and, 000157079632676 X 20000 « 3,1415926535,2 = the 

circumference of the circle, whose radius is 1, which is true to 
the last figure, which should be 8 instead of 2. 

Scholium. Other formula may be found for determining the 
'Circumference of a circle at Prop. IX B. XIV, viz., formulse 2 
and 3, to which the student is referred ; at which place, will 
also be found some important trigonometrical formulae for 
finding the value of the sines and eosines, and other fcmctions 
of the circle. 

Rule 2. Divide 6 times the product of the radius and 
versed sine of a small arc, bv the sum of the sine + 4 times 
the sine of half the arc, which will give the length of the arc, 
which, multiplied by n, the number of times this arc is con- 
tained in the circle, gives the circumference. 

6A' 
<'= ^ ■ J (Prop. XVII,) which may be expressed 

6r . versin . *' _ 6rt) 
sin. It' + 4 sifi. ^^ "~ s+41' 

Ex. Having the abe ai^ coune of ^narc^to rir p&rt of a 
>quadrant= /)15707dl73118 » s 

and ,9998766324816 = c ; it is required from these data^to 
find the arc«^' the radium being 1. 

The versed sine =:= 1 ~ ^998766324816 
s ^01233675183 ^ v 

Hence, 6rti =:= 0007402051098 
And by Trigonometry we shall find s' = ,0078539008887. 

Henoe, ^ + 4«' =:= ,0471^9208666. 
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And ,0007402051008-7- j0471229208666 = 
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8+48" 

=s ,015707963267,5 = *' which is true to the last figure, 

which should be 9 instead of 5, 

6A' 
^ Scholium. The expression > may also be put under thm 

' 6nr 6r8 

*^™ Cos. c'+4 Cos. i»' ^^0+40^ 

jE?a;. 2. Let it'be required to find the value of c' to twenty 
decimal places ; for this purpose let <' be an arc of ttItt P^f^ o^ 
a quadrant, or 1 minute,, according to the French centesimal 
divisions of the circle. The sine of this are to 21 decimal 
places, according to Legendre's Trigonometry, is 

=.000157079632033525563=» 
and its .cosine=.999999987662994524005=c 

And by the trigonometrical formula cos. d= ^/ — i^— — ^—^ 

we have cos. fir' =.999999996915748676195. 

Hence we have 6rs=,000157079632033525563, 

and 6+4c' =.5999999975325989228785. 

Qrs 
Therefore,-— r-,=^*' = 0001570796326794896,5, which is 
c-t-4c' 

tru6^to the hst figure, which should be 6 instead of 5. 

Scholium^ Since there is no limit to the smallness of the arc^ 
which may be taken, and since its sine and cosine may be cal- 
culated to any number of decimal places whatever, it there- 
fore follows, that there is no limit to the accuracy with which 
the circle's circumference may be calculated by this method. 

The circumference of the circle, as found by M. DeLagney, 
to 128 decimal places, by a method furnished by the calculus, 
is as follows 

The circumference of a circle whose diameter is 1, is 
3. 1 4 1 592653589793238462643383279502884 1 97 1 693993751 

058200749445923078164062862089986280348253421 1 706 

798214808651 32723066470938446 + or 7—. 

The series has more recently been extended to 154 decimal 
places. We might proceed by this method to verify the re^ 
suUs^ obtained by the calculus, and extend the number of 
decimals much farther, were it worth the labor ; but since* 
we have the result* already, extended beyond what is prac- 
tically useful, the labor may be reserved for those who have 
leasure and inclination to pursue it. It may be shown that, 
however far, the circumference should be developed in 
terms of the diameter, the expression would never terminate, 
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or in other words, the circumference and diameter t>f a. 
circle arc incommensurable in terms of each other. See noteiK 



PROB.XBM IV. 




1. To describe an Ellipse. 



Let TR be the major axis, CO the 
minor axis, and c the centre. With 
the radius Tc and centre C, de- 
scribe an arc cutting TR in the 
points F,/; which are called the 
two foci of the ellipse. 



Assume any point P in the major axis ; then with the radii 
PT, PR, and the centres P/, describe two arcs intersecting 
in I; which will be a point in the curve of the ellipse. 

And thus, by assuming a number of points P in the major- 
axis, there will be found as many points in the curve as you 
please. Then with a steady hand, draw^the curve through 
all these points. 

Otherwise with a Thread. 

Take a thread of the length af 
the axis-major AB, and fasten its 
ends with two points in the foci, 
SH. Then stretch the thread, and 
it will reach to P in the curve : and 
by moving a pencil round within 
the thread, keeping it always 
stretched, it will trace out the el- 
lipse. 

There are various instruments used for the constructioi^ of 
this and the other conic sections. But we have not rooiiH' 
consistantly with our pkn, to describe them here. " 

PROBLEM V. 

In an ellipse having either three of the following parts given^ 
viz., the major or minor-axis^ the ordinate^ or cAscissce, to find 
thefourik. 

CASE I. 

To find the ordinate. 

When the major axis^ the minor axis and aibsctssces, aregiven^ 

Rule. As the major-axis is to the minor-axis, so is the square 
root of the product of the two abscissae to the ordinate. 
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MENSURATION 



Ek. I. In the^ ellipse of ABHD 
the major-axis AH = 70, the minor- 
axis BL) = 5O9 and the two abscis- 
sa AS = 14, HS = 569 it is requir- 
ed to find the length of the ordinate 
LS. 




R 



AH : BD : : v^(AS X HS) : LS, 
viz., 70 : 50 : : ^{14 X 56) : 20, the length or the ordinate 
required. 

Ex. 2. If the major, and minor-axes, of an ellipse are 80 and 
60, the abscissse AS =s 16, what is the length ot the ordinate ? 

Ans.24, 



CA8B II. 

To find the two abscissa. 
WJten the major ^ and minor axes^ and ordinate are given. 

Rule. As the axis-minor is to the axis-major, so is the square 
root of the difference of the squares of the seiiii-mirior axis 
and ordinate, to the distance between the ordinate and centre ; 
which distance, added to and subtracted from, the semi-axis 
major will give the two abscissae. 

Ex. 1. The major-axis AH ^ 70, its conjugate BD = 50, 
and the ordinate LS = 20; required the two abscissse AS, 
HS. 

BD : AH : : v/( (iBD)*— LS*) : CS, viz., 

50 : 70 : : v^ (25' — ^20*) : 21, the distance from the centre 
to the ordinate. 

Hence, |AK db SC = (70 -r 2) db 21 = 86 ± 21 = 56 
and 14 = AS, HS, the two abscissae. 

2. What are the two abscissae AS, HS, the ordinaie LS ^ 
t4, and axes AH BD = 80 and 60 ? 

Answer 16 and 64, 

d. The major-axis AH = 36, its conjugate BD = 24, and 
ordinate LS = 8 ; required two abscissae HS, AS. 

Answer 18 =fc 3v^2 = 18 =fc 4,2426408 = 22,2426408 and 
13,7573592. 
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CASK ni. 

To find the major axis. 

When the minor axis^ ordtnatCf and abscisses^ are given. < 

Rule. From the square of half the minor axis, subtract the 
square of the ordinate ; then extract the square root of the 
remainder. Next add this root to the semi minor axis, if the 
less abscissa be given, but subtract it if the greater abscissa 
is given, reserving the sum or difierence. Then say as 
the square of the ordinate, is to the rectangle of the 
abscissa and minor axis, so is the reserved sum or difference 
to the major axis. 

Ex. 1. In the ellipse ABHD, there are given the minor axis 
BD =2 50, the ordinate LS as 20, and the less abscissa AD »= 
14 ; required the major axis AH. 

First. ^[ (iBD)' - LS*] == ^/{16*— 20*) = /225 == ^/ 
(5* X 3') ss 5 X 3 =i 15, the square root of the difference of 
the semi^conjugate axis, and the ordinate. 

Then iBD + 12 = 25 + 15 = 40, the sum. 

Secondly. LS' : BD X HS : : 40 : AH, viz., 20* : 50 X 14 : ■: 
40 : 70 =3 AH, the major axis required. 

Ex. 2. If the minor axis BD = 40, the ordinate CS = 16, 
and the less abscissa AS ^ 36 ; what is the length of the ma- 
jor axis AH. Ans. ISO. 

CASE IV. 

To find the minor axis. 

When the major axiSf ordinate^ and ahshissa, are given. 

Rule. As the square root of the product of the two abscis* 
ffi is to the ordinate, so is the major axis to the minor axis. 

Ex. 1. The major axis AH » 180, the ordinate HS ~ 16, 
and the greater abscissa HS ss 144 ; required the length of 
the conjugate axis AD. 

Here AH - AS = 180 — 144 = 3(5 == HS, the less ab- 
scissa. 

Then v'(ASxBS) : LS : : AH : BD, viz., y/{\UX 36) : 16 
: : 180 : 40, the conjugate axis AH. 

Ex. 2. The major axis AB ^ 70, the ordinate LS — 20, 
and the abscissa IlS sa 14 ; required the conjugate axis BD. 

Ans. 50. 
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PROBLEM VI. 

To find the area of an elUpse. 

CABS !• 

When the nugor and minor axes are given. 

RiTLB. Multiply the product of the semi axes by«'= 3,14159 
or the circumference of a circle whose diameter is 1, and this 
product will be the area. 

Ex. 1. Required the area of an 
ellipse ABLD, whose axes are AL 
= 70, and BD = 50. 
t'AL X iBD X * = 70 X 60 X 
3,14160 = 2748 . 9, the area of the^^ 
ellipse required. 



Ex. 2. What is the area of the ellipse whose major axis is 
23, and the minor axis = 18 ? Ans. 339.2928. 

Ex. 3. The major and minor axes being 61,6, and 44 re- 
spectively, required the area of the ellipse. 

Ans. 2128.7481,6. 

Ex. 4. What is the area of an ellipse, whose axes are 26 
and 19 ? Ans. 373,06381. 

Ex. 6. What is the area of an ellipse whose axes are 23, 
and 17 respectively ? Ans. 307,09042. 

Scholium. If there be two or more concentric ellipses 
FGHK,^A*, the area of the inner one subtracted from that 
of the outer one, will be the area of the elliptical ring included 
between them. 

Hence, also as for a circular ring (Mensuration El. Oeom.) 
so with the elliptical ring, its area is equal to the difference of 
the rectangles of the semi axes of the inner one and outer one, 
multiplied bv fl' = 3,14159. 

Let the ellipse be taken, whose axes are 25 and 19 ; 23 and 

17, in the last two examples ; 

25 19 23 17 
and we have (-y- X -^ ^ x -^ )X * == (12,5 X 9,5- 

11,5 X 8,5) * = (118,75 — 97,75) ir := 21 * = 65,97339 = 
he area of the ring Ff, G^, HA, Kk. 
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Let the results be taken from 
the -two examples refeired to, 
and the area of the ring ivill be 
found to agree with this, viz., the 
area of the outer ellipse is there ^ 
found - * « 373,06381 
The area of the inner 

- =307,09042 



one - 




The difference is :» 65,97339 
the same as found above 



CASE 11. 



When any two conjugate diameters are given, 

RuLB. Multiply continually together any two semi conjugate 
diameters, ihe sine of their included angle, and it. (Prop. lY, 
Cor. 5, B. I.) 



Hx, Ths two conjugate diacneters 
AB, FG. of the ellipse ADFBGEA 
being 32 and 28, and their included 
angle -77° 34^' ; required its area. 

The sine of 77^ 34' J is ,9765626 ; 
therefore, 9765625 X 16 X 14 X 
344159 = 687.225 = the area. 




PROBLEM VU, 



To find the area of the segment of an ellipse^ cut off by an 

ordinate to any diameter. 



CASE I. 



When the ordinate is perpendieular-to either of the principal 

axes. 

Rule. Find the corresponding segment of a circle of the 
same height, described on the same axis, to which' the cutting 
line or base of the segment is an ordinate. 

Then, as this axis is to its conjugate, so is the circular seg« 
ment to the elliptical segment. 

Or find the area of a circular segment, whose versed sine or 
height is equal to the quotient of the height of thii elliptic seg* 



VEirsUSATION ' • 

menl diTided by its axis. Then moltiplj continiiany togetherr 
this segment and the two axes of the dlipse, for the area of 
the segment reffAred. 



Esc. What is the area of an 
elliptic segment ILA» cut off 
by the line IL, parallel to, 
and at the distance of 7| 
from the minor axis EF, the 
axes being 85 and 25 ? A 

17^ _ 7| == 10 the height Ae 
of the s^ment 




Then 2 %/( As x Be) » GH the corresponding ordinate or 
chord to a segment of the circumscribing circle3B=2v^(10X25) 
= 15,8113883 X 2 =31,6227766. 

Let the semi chord 6e be divided by the semi diameter, 
and we shall have the corresponding sine of the arc 6A of a 
circle, whose radius is 1 = 15,8113883 -i- 17,5 =^ .903508, 
corresponding to which, is the arc of 64° 87|' ; hence the 
arc GAH = 64° 37J' X 2 == 129° 15'. 

Then AB X «^ = 35 X 3,14159 » the circumference of the 
circle ACBD = 109, 95565. 

And 360° : 129° 15' : : 109,95565 : 89,4771 ^ the arc GAH 
of the segment ; and by Problem I, Case II, 

(39,4771 — 31,6227) ^r + 31,6227 X 10 -r 2 « 

7,8544 X 8,75 + 31,6227 X 5 « 68,726 + 158,1135=* 
226,8395 = the area of the circular segment GH A. 

Then 35 : 25, or7 : 5 : : 226,8395 : 162, 171 ^ the area of 
the elliptic segment ILA. 



Scholium 1. If the area' of the segment ILFBE bad been 
required, the circular arc GCBDH should have been taken 
instead of the arc GAH. 

2. If the segment loE, whose base is parallel to the major 
axis, is required, it may in like manner be found from its re* 
lation to the segment FOE of tj^ inscribed circle. 




OP gupERPlcifiS, m. 

CASE H. 

When Ihe base of the ellifiic segment is oblique to the axes.' 

Rule. Divide the abscissa Tv by its diameter Pp, tnd find a 
circular segment whose versed sine or hcigbf is the quotient 
Then fnultiply continually together the area thus fouo^ ind 
the two axes, for the elliptic segment. Or multiply continually 

. together the circular segment, the diameter Vp^ to which the 
base of the segment is a double ordinate, its conjugate diame- 
ter Ddf and the sine of their included angle, for the area of the 

"elliptic segment. 

Ex. The principal axes of an ellipse 
being 35 and 25, it is required to find 
the area of a segment Q^P, whose 
4>a8e Qq is an orddnate to the diameter 
Pj9, whose length is 33, it being divid- 
ed by the ordinate into the two ab- 
scissae Pv = 7, andpv = 26. 

PA -T- AB = 7 4- 33 = .2121/3^= the versed sine or height 
of the segment. 

The area of a segment corresponding to this height in a cir- 
cle, whose diameter is 1, is .12162866. 

Hence, .12162869 X 25 X 35 = 106.4251 = the segment 

PROBLEM Vin. 

To find the circumference of an ellipse. 

First, find the area of an elliptic ring included between ^n 
interior and exterior concentric ellipse, whose axes are sever- 
ally the axes of the given ellipse + n, and the same axes 
— n ; then divide this area by the average distance between 
the exterior and interior curves, and the quotient will be the 
circumference of the given ellipse. (Prop. VIII, B. IV.) 

Ex. Let it be required to find the circumference ABBDA of 
an ellipse, whose axes AB, ED are 24 and 18; (See diagram 
to Scholium, Prob. VI.) 

Let us assume two other exterior and interior concentric 
ellipses, whose axes FH, GK are = AB + n, and ED + n ; 
and /A, gk^ are = AB — n and ED — n ; and if n = 2, we 
thall have the area of the ring, as found in examples under 
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Scholium Prob. TI==65,07330. Let this be dirided by flie 

average distance as found inProposition VII, B. IV= 

and we have 66,3115 for the elliptical circumfereBce AEBDA. 

^SchoKtan 1. ^f great accuracy is not required, the foUowin? 
approximating rules from Button's Mensuration may be usedL 

RuirB 1. Multiply the sum of the semi axes by «',or 3,1418, 
and the product will be the circumference nearly, 

Ex. Required the circumference of ^an ellipse^ whose axes 
are 24 and 18. 

(12 + 9) + 314150 = 21 X 3,14159 - 65,9735 equal the cir- 
cumference Ttearhf, 

Ok Ruia 2. Multiply the square root of half the sum^ of 
the squares of the two axes by f^ and the product will be 
nearly = the circumference. 

Ex. Taking the same example as before, we hare 

/24' + 17* 
^ 2 — X 3,14159 2= 66,6433 a= the circumference 

nearly. 

It will be observed by comparing the last two results, 
that the former one is nearly as much in defect, as the latter 
is in excess ; hence, if we take half the sum of the two we 
shall have the circumference of the ellipse more accurately. 

Thus + 5J J4J5 j -^ 2 = 66,3084, which is .very near 
the truth. 

PROBLEM IX. 

To construct a parabola ; having given any ordinate TCI to 

the axis, and abscissa Y P. 

First, find the focus F thus ; 
bisect PQ in A ; draw AV, and 
AB perpendicular to it ; take VF 
= PB, and F will be the focus. 

Arithmetically. Divide the ^ 
square of the ordinate by four •> 
times the abscissa, and the quo- 
tient will be focal distance VF* 
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Then, in the axis, produced without the vertex V, take VC 
t= VF ; draw several double ordinates SRS ; then with the 
radii CR, and the centre F^» describe arcs cutting the corres- 
ponding ordinates in the points S. 

Draw the curve through all the points of intersection, and 
it will be the parabola required. 

noMtxm X. 

Of any abscissa "Kf its ordinate y, and latus rectum^ or para- 
meter p ; hoeing two giuen^ to find the third. 

CASB I. 

Tefind the latns rectum. 

Divide the square of the ordinate by its abscissa, and the 
quotient will be the latus rectum. 

Or, take a third proportional to the abscissa and ordinate, 
for the latus rectum. 

That is, p =^ y* ^ X. 

EXAMPLE. 

If the abscissa be 9, and its ordinate 6 
Then 6X6*r9^d6-^0:='4>=the latus rectum. 

CASB It. 

Ihfi$idtheab9ciesa^^ 

Oiride the sauare of the ordinate by the latcm. rectutfi, and 
the quoti^it will be the absdssa. 

That is, a: — y" -r /?• 

EXAMPLE. 

• 

If the ordinate be 6, and the latus rectum 4. 
Then 6X6•^4 = S6-^4=3:9sathe abscissa. 

CASE III. 

To find the ordinate.. 

Multiply the latus rectum by the absci^a, and the square 
root of the product will be the ordinate* 

That is y B y/px^ 
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The absciss being 9, and the latus rectum 4« 
Then v^(9 X 4) = ^36 = 6 = the ordinate. 



FmOBLEK XI. 



Of any fuw abscisa A, B» taken upon the same diameter^ and 
their two ordinaUs a, b ; hating any three given^ to find the 
fourth. 

The abscissae are to one another as the squares of their or- 
dinates. That is, as any one abscissa is to the square of its 
ordinate, so is any other abscissa to the square of its ordinate ; 
and conversely. Or, as the root of one abscissa is to its ordi- 
nate, so is the root of any other abscissa, to its ordinate. 

TT r A « B avAB - 

Hence | -/A : y'B : : a : a^ j = — ^r — = o 
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C B- B "• 

And I o* : 6* : : A -.—^ = B 

I y ; o* : : B : B«* * 
I, V ^ 

Ex. 1. If an abscissa = 9 correspond to an ordinate = 6, 
reauired the ordinate whose abscissa is 16. 
Here ^9 : ^16 : : 6 : 6 X 4 -r 3 »^ the ordinate. 

Ex» 2. Required the abscissa corresponding to the orduiate 
0, the ordinate belonging to the abscissa 16 being S» 
Here 8' : 6' : : 16 : 9 =: the abscissa* 

PROBLISM XII. 

To find approzimately the length of any arc of aparabolat cut 

oj^ by an ordinate to the axis. 

[ When the abscissa and ordinate are given. 

Rule. To the square of the ordinate add four thirds of the 
square of the abscissa, and twice the square root of this sum 
will be the length of the curve, nearly.* 



• See Hutton'ft Mennmlifn. 



• < 



OJP SUPERFICIES. 

• Ex. The abscissa VH = 2, and* the ordHiate AB 
quired the length of the curve EYE. 



HereSv'CAB' + fVB^ = 2x/[6*+ 
(2' + J)] = 2x/=|* = i x/31 X 3 = 
4 ^93 = 9.6436508 X S = 12.8582, 
the length of the curve AVC, nearly. 
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Examples for Practice. 

Ex. 1. What is the length of the parabolic curve AVC^ 
whose abscissa YB = 2, and the ordinate AB :=« 8 ? 

Ans. 17.4356. 

Ex. 2. Required the length of the parabolic curve DA YGF» 
v^en the abscissa YE s= id, and the ordinate DE =12. 

Ans: 42.142615. 

Ex. 8. Required the length of the parabolic curve DAYCF, 
when the abscissa YE = 8, and the ordinate DE = 16. 



Ans. 36.951. 



FROBLEM Xin. 



To find the area of a parabola^ when the base and heighk 

are given. 

Rule. Multiplv the base by the height, and two-thirds o^ 
the product will Be the area. 

r 

Ex. Required the area of the parabola AYCA, the abscissa 
YB = 2, and the base, or ordinate, AC ==12. 

Here | (AC X YB) = i(12 X 2) = 16, the area of the 
parabola AYCA required. 

Exampks for Practice. 

Ex. I. What is the area of a parabola DAYCFD, whos^ 
abscissa YE = 10, and the double ordinate DP =16. 

Ans. 106}. 
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Ex* 3. Reqaifad the aim of a parabola DAYCFD, whoss 
base or ordinate DF = 15, and the abscissa YE » 22 T 

Ans. 220. 

Ex. 3, What is the area of a parabola AVCA, the base or 
ordinate AC =: 90, and the height or absoissa YB 3= 6. 

Ans. 80. 

raOBLEM ziv. 

To find the area of parabolic frustum^ or zone of aforabola^ or 
of the space included between two parallel ordinaies. 

' The two ordinateSf and their distance being given. 

""RuLtf. To the sum of the squares of the two ordinates, add 
their product, divide the result by the sum of the two ordinates, 
the quotient multiplied by two*thirds of tfie altitude of the 
frustum, will give the area. 

Ex. Required the area of the parabolic frustum ACFDA, 
the two parallel ordinates DF, and AC «= 10, and 6, and the 
distance JBE = 4. 

/ (DP + AQ + (DF X AC) \ 

\ df + ac )^^^^ 

_ /10' + 6') + (10X6) \ y . ^ 2_ 136 + 60 8 

~l 10 + 6 /^^^ 3"~ 16 ^3 

196 8 98 

X r = -^ « 32*, the area of the frustum ACFDA. 



^^8X2 3 3 

Examples for Practice. 

Ex. 1. What is the area of the parabolic frustum ACFDA, 
whose two ordinates DF and AC =10 and 6, and the dis- 
tance BE :^ 9 ? Ans. 2^. 

Ex, 2. The greater end of the frustum DF = 30, the less 
end AC = 20, and their distance BE » 15 ; required the 
area. Ans. 380. 

Ex. 3. The greater end of the frustum DF = 20, the less 
end AC szTi 10, and their distance BE = 12. Ans. ISSf. 
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' or THB SrPBlBOLA. 

FKOBLEH XV. 

To -censtruct or detcrlbe « kyperbel*. 

Let • be the eeatre of the hy- 
^rbola, iH' the middle of the * 

transverse AB ; and BC per- 

Eendicutar to AB, and equal to 
alfthe conjugate. 
. With the centre o, and radius 
<3o, describe the circle, meeting 
AB produced in F uid/, which 
are the 4wo foci of the hyper- 
iiola. 

Then assuming several points vo, &c., in the transvene 
produced, with the radii Au, Bo, and centres/, F, describe area 
latersecting in the several points g, g, &c.t through which 
points draw the hyperbolic curve. 

If straight lines oM, oN, be drawn from the point a, the mid- 
ille of the transverse diameter, through C, and D, the extrem- 
ities of the conjugate, they will be the asymptotes of the hy- 
perbola, the property of which is to approach continually to 
the curve, but aot to (»eet it, until tbey be inliiiitely produced. 

FROBLEH. XVI. 

£» CM htfferbcU to_find the'transoerse axit or conjugate azia, or 
ordinate or abscuaa. 



To find the ordinate. 
Whtn the transverse axit, conjugate axis, and (ie abscissa 



. RuLB. As the transverse axis is to the conjugate axis, so is 
^e square root of the product of the two abscisste to the 
ordinate. 

Note. In the hyperbola, the less abscissa added to the axis' 
gives the greater abscissa. 

Ex. If the transverse axis AB 3i34, the conjuvate axis CO 
= SI, and the loss abscissa BH =a B, what is the longth of the 
corresponding PH. 
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Here AB : CD : : ,/[(AB + BH) X BH] : : PH, riz. 24 z 
21 : : v/[(24 + 8) X 8J : 14, the length of the corrApondin^r 
ordiaate PH, required. 

Examples for Practice. 

Ex. 1. The transverse axis AB = 60, the conjugate axis 
CB = 36, and the len abscbssa BU = 20, required the cor* 
responding ordinate PH. Ans. 24. 

Ex. 2. The transverse diameter AB = 50, the conjugate 
diameter CD = 40, and the greater abscissa AH = 64 ; re- 
quired the ordinate PH. Aos. '/ '/14. 

Ex. 3. Required the length of the ordinate MK, whose 
^trsmsverse axis AB =s 609, the conjugate axis CD =^ 588, and 
the less abscissa BK =116. Ans. 280- 

CASE II. 

To find the two abiciwz. 

When the transverse axis, the conjugate axis, and the ordinatCr 

aregiven. 

' Rule. As the conjugate axis is to the transverse axis, so ir 
the square root of the sum of the squares of the ordinate and 
semi-conjugate to the distance between the ordinate and cenv 
tre, or half the sum of the abscissae. Then will the sum of this 
distance and the semi-transverse be the greater abscissa, and 
their difference the less. 

Ex. The transverse axis AB = 24, the conjugate axis CD 
= 21, and the ordinate PH = 14; required the two absciss® 
AH, and BH. 

Here CD : AB : : x/[PH» + (i CD)«] : HO, viz. 
21 : 24 : : ^^(14' + 10.5') : 20. 

Then the two abscissas AH and BH =H0 ±: iAB= 20 ± 
12 = 32 and 8. 

Examples for Practice. 

Ex, 1. The transverse axis AB = 60, the . conjugate axii 
CD = 36, required the two abscissae AH, and BH, corres- 
ponding to the ordinate PH = 24. 

Ans. AH = 80, and BH == 20. 

Ex. 2. The transverse axis AB = 120, the conjugate axis CD 
iss 72, and the ordinate MK =x 48, required the two abscissae 
AK and BIL Ans* AK ;=: 160, and BK » 40. 
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PEOBXBM XVm • 

To find the length of any arcmf an hyperbola approximately 

beginning at the ver^tex. 

When the transverse and conjugate axis, the ordinate^ and 

abscissa^ are given. 

■ l^vhji. First Add 21 times the the square of the conjugate ta 
19 times the square of the transverse, and multiply this sum by 
the abscissa; to this product add 15 times the transverse, 
multiplied by the square of the conjugate, and call this quan* 
tity the dividend. 

Secondly. Add 21 times the square of the conjugate to 9 
times the square of the transverse, and multiply this sum by 
the abscissa ; to this product add 15 times the trans veniOy 
multiplied by the square of the conjugate, and call this quaifer 
tity the divisor. 

Thirdly. Then divide the dividend by the divisor, and vauU 
tiply the quotient by the ordinate for half the length of the 
curve, or multiply the quotient by twice the ordinate for the 
length of the whole curve, nearly.* 

Ex. I. Required the length of the hyperbolic curve PLBRG 
to the abscissa BH=2.1637, and the ordinate PH=10 ; the 
two axes AB and CD=80 and 60. 



"ii4<^ a.^^ r* 


\ B 


« 1 


x>0 


^Xb 


3>X B 





(2lCiy+19AB')xBH+(15ABxCD«) 

^^® (21CD«+ 9AB')xBH+(15ABxCD»)^ 
^ [(21X60*) + (19X80^)]X2.1637+(15X80X60* ) 

[{2lX60')+( 9X80'))X2.1G37+(15X80X60*)^ ^ 
_ (75600+ 121600) X 2.1687+4320000 

(76600+ 67600) X 2. 1637 +4320000 
_ 426681.64+432000 4746681.64 

7" 288204.84 +4320000 ^ ^^ ""4608204.84^ ^^"^ ^ .03005 X20 
&=20.601, the length of the whole curve PLBRG required. 



* Button's Mensuration. 
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' Ex. 2 Required the length of the h3rperbolic arc PLBRG, 
4be abscissa BH =: 20, the ordinate PU = 24, and the two 
axes AB and CD =60 and 86. * Ans. 62.652. 

PIOBLBM XYIII. 

To find the area of an hyperbola. 

When the transverse axis^ conjugate axis, and the ahseissa^ are 

given, 

' Rule. To the product of the transverse axis and ab- 
scissa, add 4 of the square of the abscissa, and multiply the 
square root of the sum by 21 ; to this product add 4 times the 
square root of the product of the transverse axis and abscissa ; 
theft multiply this sum by 4 times the product of the conjugate 
mxa and abscissa, and divide this last product by 75 times the 
transverse axis, the quotient will give the area of the hyper* 
bola, nearly. * 

Ex. 1. Required the area of the hyperbola FBGP, whose ab* 
scissa BH =10, the transverse and conjugate axis AB and 
CD = 30 and 18. 

• f21v/[(ABxBH)+4BH»]+4v/(ABxRH)}X4CDxBH 
Here- ;^^-j^ . 

|21v/[(30XlO)+(4XlO«)]+4x/(30X 10)} X4X 18X10 

"~ 75X30 

_ (21v/371f+4v^300)X8 _ (21x/^^+40v^3)X8 _ 

25 25 

Q vol 10 / \ 8 

25(yXy V (86X7)+40v/SJ = -X (30^182+40^^8)= 

fi V 10 Ifi 

-^r-X(3v^l82+4x/3)= — X (40.4722128+0.9282032)= 
151.681328, the area of the hyperbola PBGP required. 

Ex. 2. What is the area 6f the hyperbola MBNM, the ab- 
scissa BK = 25, the transverse and conjugate axis AB and 
CD = 50 and 30? Ans. 805.090844. 

PROBLEM XIX. 

To find the area of any mixtilineal figure by means of equidis- 
tant ordinates^ terminated by a curve on one side^ and a right 
line as a base on the other. 

Rule. To the sum of the first and last ordinates add 4 times 
the sum of all the even ordinates, and twice the sum of all the 

* Hatton's Mensuration. 
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odd ordinates, rejecting the first and last; and ^ of this result, 
multiplied by the common distance of the ordinates, will gi¥% 
the area, very nearly. Prop. XV, B. IV, 

Scholium, This rule is absolutely true for a parabola, if the 
ordinates are parallel to its axis. And if the distances be^ 
tween the ordinates is small, it is approximately true for any 
other curve. 

Ex. 1. Required the area of an irregular figure, bounded on 
one side by a curve line ar five equidistant ordinates, the 
breadths being AD=8.2, mp = 7.4 719=9.2, or = 10.8, BC «=» 
8.6 ; the length of the base AB = 39, and the common dis- 
tance of the ordinates Am, mo^ no, oB, each =: 9.75. 

Here i [(AD+BC)+4 (mp © 
+ or) + 2nq] X 9.75 = 
iK8.2 +,8.6) +4(7.4 + 10.2) 
+ (9.2X2)1 X9.76= ^(16.8 
+ 70.4+ 18.4)X9.76=(106.6 "jr 
-rd)X9.75=34d.2, the area of the space ADCBA required. 

Ex. 2. Required the area of an irregular space ADqUA 
bounded on one side by a curve line, and divided by three 
equidistant ordinates perpendicular to the base An, the or« 
dinates being AD=8, mp=6, and nf=l6, the length of the 
base An==14, and the common distance Am, mtif each equal 7. 

Ans. 98. 

Ex. 3. The abscissa of a parabola being 2, and the base 
or ordinate 12, required the area of the parabola. 

Here, by taking three ordinates, of which the first and last 
are each nothing, the middle one being the ab8cissa=:2, and 
the common distance^6; hence the area of the paraboIa=16 
srAns. 
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Top^ the toHdUy of a tpkert, sphtroid, a ^keri<^ or a» 
elliptical revokid. 

Rule. — Multiply a central conjugate section by the vertical 
axis, and take two-thirds of the product for tbe sotidity. 

Ex. I . What is the solidity of a sphere, whose 
diameter is 10 feef f 

81.41 SOX i=78.5397 = to a central sec- * 
tion ; hence, 7H.5397xl0x; = 523.931 cubic 
feet the solidity. 

Ex. 2. What is the solidity of a prolate 
spheroid, ACBD. whose vertical or fixed e / 
axis. AB, is 10, and its revolving axis, CD, 
ia&T 

3.14159X5X11= 19,63494 = a cen- 
tral conjugate section. 

Hence, 19.63494X10x; = 130.9329, the solidity required. 

Ex 3. Required the solidity 
of a spherical hexagonal re- r n 

voloid, BCGEDF, whose ver- 
tical axis is ten feet. 

By referring to the table of 
Polygons. {Mensuration EL „ 

Geom.) we find the area of a 
hexagon, circumscribed about 1 
a circle whose diameter is 10. 
is 17,320508; hence, 17,32050S 
X10XJ = 115,47005, tbe stJi- 
dity required. _ 

Ex. 4. Required the solidity of an elliptical rectangular re- 
voloid, whose vertical axis is 48 inches, and conjugate axis is 
SO inches. 

3flX36X48x;=41472 cubic inches. 

Ex. 5. What is the solidity of an elliptical rectangular re- 
Toloid, whose vertical axis is 36 inches, and whose conjugate 
is 48 inches t Ans. 55206 cubic inches. 

Ex. 6. What is the solidity of an oblate spheroid, whose 
revolving axis = 48, and whose conjugate or fixed axis = 39 
inches ! Ads. 43429.4784 cubic inches. 



MIfflSDRATION, ETC. Sll 

Ex. 7. Required to find the solid content of the earth, sap- 
posing its circumference to be 25000 miles. 

Ans. S638&9375000 cubic mites. 
Ex. 8. What ii the solid content of a sphere, whose di- 
imeter AB =^25 feetf 

^ Ans. 8181.25 cubic feet. 
Ex. S>. Required the solidity of a sphere, whose circumfer- 
race is 16.6 feet. Ans. 108.665413272 cubic feet. 

PBOBLBH. II. 

To find the turf ace of a sphere or of a spherical revoloid. 

Rule.— Multiply the perimeter of its central conjugate sec- 
tion by the vertical axis, and the product is the whole surface. 

Ex. 1. What is the surface of a sphere whose diameter is 
lot Aos. 31.4150x10=314.159, the surface required. 



B 



Ex. 3. Required the surface 
of a rectangular spherical revo- 
loid, BCED, whose vertical axis 
is 10 feet. 

10X4x10=400 square feet. 
the surface required. 



Ex. 3. Required the surface of a ball, whose diameter AB 
= 1 inch. Ans. 3.1416 square inches. 

Ex. 4. How many square inches will cover a globe of 12 
inches in diameter ? Ans. 452.3004 square inches. ■ 

Ex. 5. Required the superficies of the terraqueous globe, 
supposing the diameter AB == 7958 miles. And if only one- 
fourth part of its surface be dry land, and two acres sunicicDt 
to produce food for one person ; how many persons can live 
on the earlh at one time. 

( 19S9S67S6.S824 sq. miles, the surface of the globe 
Ans. ] 49730106.6456 sq. miles, dry land. 

( 15916542027 persons can live on the earth. 
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PSOBLBIf m* 

To find ike soKdity of any segment or tone cf a sphere. 

RuLB.— To half the «um of the areas of the two bases nml* 
tiplied by the altitude, add the solidity of a sphere whose dia^ 
ibeter is equal to the altitude of the segment or zoue. 

Ex. 1. What is the solidity of a sphe- 
rical segment ABD, whose base is 10 and 
whose height oD is 2 T 

10X2=20. 
and i4rD«=|X3.14159X2x2X2=a4.18876. 
hence 20+4.18876=24,18876 «= the 
solidity of the segment 

Ex. 2. What is the solid content of a 
zone EFDCE, whose height or = 30 in- 
ches, the greater diameter EF = 60 in- 
ches, and the less diameter AB = 40 in- 
ches T Ans. 75398.4 cubic inches. 

Ex. 4. Required the solidity of the mid- 
dle zone of a sphere ABDCA, the diam- 
eter of the whole sphere EF = 80 inches, 
the height 9tr=64 inches. 

Ans. 233070.6408 cabic inches. 





PROBLEM IV. 



To find the convex surface of any segment or zone of a 

sphere^ or spherical revoloid 

RtjtB.— Multiply the perimeter of a middle section of the 
whole sphere or revoloid, perpendicular to the vertical axis^ 
by the height of the segment or zone. 

Scholium. This is the same as the rule giren in the Ele 
ments of Geometry for a spherical segment or zone, viz : its 
convex surface is there said to be equal to the height of the 
segment or zone, multiplied by the circumference of the 
sphere. The same rules as there given for segments and sec- 
tors of a sphere, will answer also for segments and sectors of 
right revoloids. 

Ex. 1. What is the convex surface of a segment of a right 
revoloid, whose height is 2 feet, the perimeter of a central 
conjugate section of the whole revoloid being 40 feet T 
40x2=80, the surface required. 
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Ex. 2. Required the convex surface of a zone of a rectan- 
gular right revoloid whose height is 6 feet, the whole altitude 
of the revoloid being 10| feet Ans. 252 feet 

Ex. 3. Required the convex surface of a segment of a hex- \ 
agonal right revoloid, whose height is 5| feet, the axis of the 
revoloid being 10 feet Ans. 190.5255825 square feet 

PROBLBM V. 

To find the solidity of a sector of a spherical or right renoloid. 

RuLB. — ^Multiply its convex surface by one-third the semi*- 
axis of the revoloid. 

Ex. What is the solidity of a revoloidal sector, whose con^ 
Tex surface is 10 square feet, the axis of the revoloid being 
10 feet ? 

10x^X5=^161, the solidity. 

To find the solidity of a segment or tone of a spherical revo» 

hid. 

Rule. — ^Find the solidity of the revoloidal sector having the 
same convex surface ; find also, the solidity of the pyramid 
having the same base as the segment, and whose irertice is in 
the centre of the revoloid : subtract the solidity of the pyra- 
mid from that of the sector, which will give the solidity of the 
segment, if the segment is less than a semi-revoloid ; and add 
the solidity of the pyramid to that of the sector, if the seg- 
ment be greater than a semi-revotoid. 

Ex. 1. What is the solidity of a segment of a rectan^lar 
revoloid whose convex surfai^e is 40 square feet, the axis of 
the revoloid being 10 feet f 

Here, the sector will be found ^ 40Xi='66| solid feet, 
and the height of the segment will be found » i foot ; hence, 
(5' — 4')=36 = the base of .the segment ; and 36X4Xi == 48 
= the solidity of the pyramid. 

Therefore, 66| — 48=18| cubic feet the solidity required. 

Ex. 2. Required the solidity of the segment of an octaaon- 
al revoloid, whose convex surface is 100 feet, the axis of the 
revoloid being 10 feet 



• PEOBLSM Vlt. 

To find the solidity of a segment of a spheroid, made by a plane 

paralkl to either axis. 

Scholium. Since the segment of a spheroid is the segment 
of a sphere, expanded or contracted in the ratio of the major 
and minor axes ; hence, we have the following. 

Rule. Find the solidity of a corresponding segment of the 
same altitude, from a sphere described on the same axis as 
that of the segment ; then, as this axis is to its conjugate, so is 
the spherical segment to the spheroidal segment* if the seg- 
ments base is parallel to the fixed axis. Or as the square of 
this axis is to the square of its conjugate, so is the spherical 
segment to the spheroidal segment, if the base is circular or 
parallel to the revolving axis. 

NoTB. The same will also apply to the segment of an ellip- 
tical revoloid compared with a corresponding segment of a 
spherical or right revoluid. 

Ex. 1. In the prolate spheroid 
ACBD the fixed axis AB:=50.the re- 
volving axis CD=30, required the so- , 
iidity of the segment EFCE, its ^ 
height EGr=6, the base being parallel 

to the fixed axis AB.j 

■~^^« 

D 

The solidity of a spherical segment, whose height is CG, 
the diameter being CD= 1470.2688. 

Hence, by the rule, 

CD : AB : : 1470.2688 : EFCE ; 
or 30 : 60 : : 1470.2688 : 2450.448 the solidity of the seffment 
EFCE. ® 

• 

Ex. 2. In an oblate spheroid, whose revolving axis AB=50, 
the fixed axis CD~30 ; required the solid content of the seg- 
ment EFCE, whose height — 5, its base being perpendicular 
to the revolving axis. Ans. 1099.56. 

Ex. 9. Required the solidity of the segment EFCE of the 
prolate spheroid ACBDA, the fixed axis DB=3:48, the revolving 
axis CD=38. and the height of the segment CG=s 16, the base 
being perpendicular to the revolving axis. 

Ans. 13883.8878. 
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'Ex. 4. Required Ihe solidity of 
the segment EAFE of a prolate 
spheroid, the height AG =5 inches, . 
its base being parallel to the revolv- 
ing axis, which is 30 inches, its fixed 
. axis being 50 inches. 

The solidity of a spherical segment, whose altitude is AG 
of a sphere, whose axis is AB, is 1832*6 cubic inches. 

AB« : CD* : : 1832.6 : EAFE ; 
or 2500 : 900 : : 1832.6 : 669.736 the solidity of the segment 
EAFE. 

Ex. 5. Required the solid content of the segment of i\i^ prohU 
spheroid EAFE, its base being parallel to the revolving axis ; 
the height AG=1, the fixed axis AB — 10, and the revolving 
axis CD =6. Ans. 5.2778'. 

Ex. 6. The fixed axis CD of an ohhU spheroid being 30, 
the revolving axis AB=50, and the height of the segment=6| 
its base being parallel to the revolving axis ; required the so- 
lidity of the spheroidal segment. Ans. 4084.08. 

PROBLBM VIII. 

To find the solid content aftke middle frustum of a spheroid. 

CASE I. 

When the ends are circular 9 or parallel to the revoking axis. 

Rule. To twice the square of the middle diameter, add thio 
square of the diameter of one end ; multiply this sum by the 
length of the frustum, and the product again by .2618 (which 
is one-third of .7854,) for the solidity of the middle frustum. 

Scholium. This, and the following rule is derived from the 
pruiciples contained in scholium page 156, this volume» 

Ex. 1. Required the solidity of c 

the middle frustum FCGHDFE of a 
prolate spheroid, the middle diame- 
ter CD=30, the diameter of each 
circular end EF or GH=sl8, and 
the length cr= 40. 

Here (2CD»+GH«) X crX .2618= [(30'X2)+ 18«] X 40X 
.2618= (1800+324) X 40X .2618 = 22242.528 the solidity of 
the middle frustum ECGHDFE required. 

15 




us MENSURATION 

Ex. 2. MTbat is the solidity of the middle frustum 
EC6HDFE of an oblate spheroid, having the less diameter* 
of the circular ends EF andGH, each equal 40 ; the middle 
or greater diameter CD^dO, and the length cr== 18 ? 

Ans. 31101.84. 

CASE lU 

When the ends are elliptical, cr perpendicular to the revolving 

axis* 

Rule. To twice the product of the major and minor axes 
of the middle section, add the product of the major and minor 
axis of one end ; then multiply this sum by the length of the 
frustum, and the product again by .2618, for the solid content 
of the middle frustum* 

Ex. 1. In the middle frustum 
EFHGE of an (Alate spheroid, the 
major and minor axes ot the middle 
or greater elliptic section AB are 50 
and 30, and the major and minor 

axis at one end EF are 40 and 24, 

the height IK=0 ; required the solid content of the middle 
frustum. 

Here (60X30X2) + (40X24) X 9 X .3618= (300+960) X 
2.3562 = 9330.552, the solidity of the frustum EFHGE re- 
quired. 

Ex. 2. In the middle frustum EFH6E of aa oblate spheroid, 
the two axes of the middle ellipse are 50 and 30, and those of 
each end are 30 and 18, the height of the frustum IK'=^ 40 i 
r^uired the solid content of the frustum EFHGE« 

Ans. 37070.88. 

PKOBLEM IX. 

To find the solidity of a paraboloid or a vertical parabolic 

revoloid. 

Rule. Multiply the area of the base by half the height 

Ex. 1. If the diameter of the base of 
a paraboloid be 12 feet, and height 22 
feet, what is the solidity ? % 

Am. 1243. 





or SOLIDS. 

Ex. 2. If riw sides AB, CB of t*ie rectangu- 
lar base of a parabolic semi-revolnjd or pyra- 
moid ABGD are ench = 10 inches, and theal- 
titude FI)=I6 inches, required its sohdity.^ 
Ans. 1600 cubic inches. 



PlOBI^M z. 

To find the soHdily of the frustum of a parabolic conoid, or 
erparabohid, or ufa vertical parabolic revoiaid. 

Rune. Multiply the sum of the areas of the two ends by 
fialf their distance. 

Ex. 1. What is the solid content of 
the frustum of a paraboloid, the greater 
diameter DC = 30, the least diameter 
AB«34, and the altitude EF=9 T 

Ads. 5216.6208. 



Ex. 3. What is the content in wine gaSons of a cask in the 
form of two equal frustums of a paraboloid ithe length=2EF 
=40 inches, the bung dinmeler I)C=32 inches, and the head 
diameter AB=34 inches ; the gallon containing 231 cubic 
inches 1 Aus. 108.768 galsL 

PROBLEM XI. , 

To find the tolidity of a hyperbolic conoid, or otherwise called 
a kyperboloid. 

RtrcE. To the square of the radius of the base, add the square 
of the diameter in the middle, between the base and top ; miilti- 

!)ly this sum by the altitude, and the product again by .6336. 
or the solidity of the hyperboloid. (Art. 23, Chap. II, B. V.) 

Ex. 1. What is the solidity of an hyperboloid MBNM, 
-whose altitude KB=10, the radius of its base MKaclS, and 
the middle diameter PG=6v'7 ? 
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Here (MK* + PG^ X KB X .6286^ 
- [12* + (6^/7)'] X 10 X 6.23a 
= [144 + (6* X 7)] X .5236 = 
(144 + 252) X 5.236 = 2073.456« the 
solidity of the byperboloid MBNM 
quired. 




Estr. 2. Required the solidity of the hyperboloid MBNM, 
whose altitude RB=50, the radius of hit base MK=d2, and 
the middle diameler F6»68. Ans. 191847.04. 

PROBLEMt Xn. 

To find iht iolidUy of ike frustum of a hyperbioKc conoul, or 

hyperboloid. 

Ri/LE. To four times the square of the middle diametei!, add 
the sum of the squares of the greatest and least diameters ; 
then multiply this sum by the altitude of the frustum, and that 
product again by .ISdO, {U being the sixth part ofAsM^) for 
the solidity. 

Ex. 1. Required the solidity of the 
frustum of the hyperbolic conoid 
PGDCP, the height EH=t=7, the great- 
est diameter €n[>=48, the middle diam- 
eter MN=38, and the least diameter 
PG=27. 

Here (4MN*+CD« + PG') X EHx 
.1309=[(38'X4)+48'+27^ X .1309=^ 
(5776+2304+729) X7X .1309= 8809 
X 7 X. 1309 =8071. 6867, the solid con- 
tent of the frustum PGDCP required* 

Ex. 2. Required the solidity of the frustum 'of a hyperbo- 
lic conoid PGDCP, whose greatest diameter CD = 10, the 
least diameter PG=6, the diameter MN=8J-, and the altitude 
EH =12. Ans. 667.59. 

Ex. 3. A cask, in the form of two equal frustums of a hy- 
perbolic conoid, having its bung diameter CD=32 inches, its 
head diameter JPG = 24 inches, and the diameter in the mid- 
dle, between the bung and head MNsa:|^310, the length of 
the cask 2 EH = 40 inches ; required the content in totus 
gallons. 

Ans. 24998.7584 cubic inches«> 108.2 19, itc. gallons. 
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PaOBLEM XIII. 

i 

To find, by a generalruk^ the solidity of a^^iinfmsivm^ or 
segment^ produced by the revoltUion of any conic section, or 
< of^ny revohid circumscribing such siHids. 

General Rule. To the sum of the ends/ add four times 
a section equidistant therefrom, and mukiply this sum by one- 
jnxth of the length. 

Scholium. This rule is true for any solid or-s^g-meat, ^hick 
is generated by any multiple or power of a series of numbers 
in arithmetical progressioa. (See Book ¥» Chap. 1 &d.) 

ExA. What is the «oIidityof a sphere, whose diameter is 2? 

The area of its central section, or of its great circle is 
3,14159. 

Hence 3,14159X4Xf ='4,18878 the solidity. 

Ex. 2. What is the solidity of a zone of a spheroid, whose 
two bases arelO and ^square inches,'and whose central .«ectioa 

Crallel to the bases is 9 square inches, the height of the zone 
ing 18 inches 7 Ans. 153 cubic inches. 

iPftOBLBM xiv« 

To find ths solidity of a circular spindle^ produced by the revo*^ 
lution of a circuUir segment (AotU its base or chord as an 
axis. 

Rule. From |^ of the cube of half the axi^« subtract the pro- 
ixxcX of the central distance into half the revolving circular 
segment, and multiply the remainder by four times 3.14159. 
If a=the area of the revolving circular segment,i 
/= half the length or axis of the spindle, 
[c=the distance of the axis from the centre oC' the circle 
to which the revolving segment belongs ; 
The«olidity=(ii*— Jac)X4X3.14159. , o 

Ex. Let a circular spindle ACBD be pro- 
duced by the revolution of the segmeat 
ABC, about AB. If the axis AB be 140, 
and CP half the middle diameter of the 
spindle be 38.4 ; what is the solidity ? 



The area of the revolving segment is 3791 
The central distance OB 44.6 

The solidity of the spindle 374402 




Um MENSURATION 

FEOBLSM XT. 

Tojind/he surface of a circular syindk. 

Rule. Subtract the product of the revolving arc» rouItipKeX 
by the central distance, from the product of the length of the 
spindle into th<? radius, an4 multiply the remainder by twice- 
8«1416^ and thi& product will be the surface. 

Elx. Required the surface of a circular spindle ACBDAr 
whose length AB = 40, and middle diameter CI> = 30, the- 
length of the are ACB being 53}. 

The height of the revolving segment =15, the radius of the 
circ)es=20f , the central distance 0Es=5|. 

(ABxOC—ACBxOE)X 3,1416X2 
=(40X20|—53}X 51)6.2832=3281.225, the surface of the 
spindle ACBDA required. 

PKOBLGM XVI. 

Tojmd the solidity of ihermiddle fru$tutn of a circular sftTidk^ 

Rule. From the square of half the axis of the whole 8)»ii* 
die subtract f of the square of half the length of the frustum f 
multiply the remainder by this half length ; from the product 
subtract the product of the revolving area into the central dis-^ 
tance ; and multiply the remainder by twice 3.14159.^ 
If Lnhalf thetengtbor axis of the whole spindle, 
/=half the length of the middle frustum, 
c=the distance of the axis from the centre of the circlev 
a=the area of the figure which, by reveling, produces^ 

the frustum ; 
The solidity=((L«— if)X?— ac)X2X3.14150. 

Ex. If the diameter of each 
end of 8 frustum of a circular 
spindle be 21.6, the micfdle diam- 
eter 60, and the length 70 ; what 
is the solidity ? 



The length of the whole spindle is 
The central distance 
The reveling area 
The soUdity 

Scholium. The middle frutFtum of a circular spindle maybe 
resolved into a cylinder, whose two bases are AD, CB, and a 
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Ting described by the revolutiem of the se^ent CDE about the 
axis KL ; this ring may also be resolved into a cylindric seg* . 
ment, whose base is -the segment DCE, and whose altitude is 
=:the inner diameter of the ring, and a circular spindle formed 
by revolving the segment DCE about its chord DC. (Prop. 
aI, Cor. 3, b. III.) Hence its content may be calculated ac- 
cordingly. 

PROBLEM XVIL 

To find the solidity of an ettiptie spindle. 

Rule. First find the solidity of a circular spindle, generated 
from a segment, whose height CG, is the same as that of the 
elliptical segment^ generating the elliptic spindle, the radius of 
the circle being CO. 

Then, as the length of the circular spindle is to that of the 
elliptic spindle, so is the solidity of the circular spindle to that 
of the elliptic spindle. 

Ex. If half the middle diameter 
CD of an elliptic cfpindle is 38.4, and 
its 4xis AB^200, its central distance 
OG being 44.6, what is its solidity ? 

The solidity of a circular spindle 
having the same middle diameter, 
and the same central distance, we 
have found (Prob. XIV,) =374402, but its length is 140, there- 
fore by the rule. 

140 : 200 : 374402 : 534860 the solidity required. 

PROBLEM XVUL 

To find the solidity of a parabolic spindle, produced iy the re* 
volution of a parabola about a double ordinate or base. 

Rule. Multiply the square of the middle diameter by y*j of 
^e axis, and the product by .7854. 

Ex. If the axis of a parabolic 
spindle be 30, and the middle 
diameter 17, what is the solidity ? 

Ans. 3631.7 

PROBLEM XfX. 

To find the solidity of the middle frustum of a parabolic spindle* 

Rule. Add together the square of the end diameter, and 
twice the square of the middle diameter ; from the sum sub- 





AAA 



MKKSURATION 



tract f of the square of the di&rence of the diameters, and 
multiply the remainder by \ of the length, and the product 

' by .7854- 

If D and d=the two diameters, and Z=;the length ; 
The solidity=(2D*+d»— I (D-.d)')X i/X.7854, 

Ex. If the end diameters of a 
frustum of a parabolic spindle be 
each 12 incbes, the middle diam- 
eter 16, and the length 30 ; what 
18 the solidity ? 

Ans. 5102 inches. 








PR0BI*EM XX* 

To find the convex surface of a cylindric ungula. 

Rule. From the product of the diameter and sine, subtract 

the product of the arc and cosine, and multiply the difference 

by the altitude divided by the versed sine. 

Let A=the altitude AD, 

t>=the versed sine AE, 

ifs=the diameter AB 

a=the arc EAG, 

5= the right sine FG, 

c=the cosine of the half arc 

Then X A=the convex surface. 

V 



Scholium 1. When F is the centre of the base ; then t?=i= 
d,c==o ; and then the rule becomes tfA, viz., the surface is= 
flie product of the diameter into the height. 
2. When AF excedes |AB,then ac must be added, and the 

expression becomes^;: .xA=the surface. 

Ex. 1. What is the curve surface of an ungula EGDA^ 
whose base is half the base of the cylinder and height, AD= 
10, the radius FG= 10? Ans. 100. 

Ex. 2. Given the diameter AB =; 100 the height AD^HO, 
and the versed sine AF=10, required the curve surface. 

Ans. 5962,7d8. 

Scholium. The same considerations will apply to cylindric 
ongulas, as for circular spindles, taking GE as the axis of 
the spindle, and AD the circumference of a middle sectioiu 
<iProp. IV, Cor. 1, B. III.) 



PKOBLEW XXI. . 

. Tofindtkesoliiitt/pfacylindricungula.' , 

■CASE I. 

When the base of the taigula it = kaifthe base of the cyHnda^ 

Rule. Multiply the square of the radius of the base by the 
-altitude of the ungula, and take J the product for the"8olidity. 

Sckolium. This rule is absolute, without 
reference to the circle's quadrature, (Prop. a 

VI, Cor. 5, B. HI,) (s=%r'h. Formula 6, Page 
92.) 

Ex. What is the solidity nf the cylindric 
ungula AEFC, whose'base EFC is half that 
of the cylinder, the diameter EP being 6. and 
the altitude CA of the ungula being 16, 
ffx 16X|=96 the solidity required. 



When the base of the ungxJa is greater or less than half 
'that of the cylinder. 

Subtract ^e produpt of the area of the base by the differ- 
ence between the radius and the versed sine or height, from 
one-twelfth of the cube of the chord of the base, if tne^er^ed 
Bine be lossless than the radius, otherwise add this product, 
multiplying this result by the altitude ot the ungula, and 
divide this product by the versed ains. 

If a=the area FEC of the segment forming the base of the 
ungula, r=the radius, FI«=the versed sine CI,c = the chord 
EF,andA=the altitude AC. 

Then will the solidity of any cylindric ungula= 

(^i:(rv)»)a)- 

Ex. Given the diameter HC 50 inches, fbe altit'wie AC of 
the ungula= 120 inches^the versed sine 1F=10 inches, requir- 
ed the solidity of the ungula. 

The chord EF will be found=40 inches. The area of the 
■base 379.56. 

Whence, by the rule, AF being less than ^HC, we have 

(^,c'— ^F— u)a) — =15670JH cubic inches, the solidity of tlie 



ungula EFCA. 
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.- Scholium. When the section passes ob* 
liquely through the opposite sid^s of the 
cylinder, ^the content ot the ungula may be 
found byjnultiplying the sum of the greatest 
and least heights of the ungula by the area 
of the base, and its surface may be found by 
multiplying | the sum ofthe greatest and least 
heights by the perimeter of the base. 



Hence, the ungula AfiD is equal to half d 
the cylinder ABCD, both in its surface and 
solidity. 



2. The complement LMHKD, DKHCB 
of any ungula LMPD^, BGAED, may be 
found by subtracting the solidity of the un- 
gula from a portion of the cylinder of equal 
base and altitude. 




PROBLEM XXU. 

To find the solidity of a conical ungula. cut from the cone^ or 
frustum f by a plane parallel to the side ofthe cone. 

Rule. Multiply the area of the base by the diameter of the 
base of the frustum, and divide the product by the difTerence 
ofthe diameters of the two bases ; iiom this quotient subtract^ 
four-thirds of the product of the less diameter by the square 
root of the product ofthe less diameter, and difierence of the 
diameters. Multiply the remainder by one-third of the height^ 
and the product will be the content. 
Let a=the area ofthe base cmB, 

D^AB the diameter of the base of the 

frustum, 
(f=ED the diameter at the top, 
A=the height. 
Then will the solidity of the ungulaa= A 

Ex. If the diameter AB=3:30 inches, the diameter ED=19.!^ 
inches, and the height oJ = 18 inches, what is the content of 
the ungula 7 Ans. 1606.41. 




Scholium. Other formulfe may be found -in the general - 
scholia, at pages I(fl, &c., for cylindric ani conic UQgulas fit 
is unnecessary to extend tfae problems here. 

FKOBLEH ZZIII. 

To find the toHdity of a cylindrical ring. 

Rule. Multiply half the sum of the inner and outer circum- 
ferences by the area of a section of the ring. • 

Scholium. This rule answers for all riags, the rirtual centres 
of whose sections are in the centre oi magnitudesof *uc^ 
sections. 

For all other rings see Prop. XI. and Corollaries B. III. 

What is the solidity of the cylindric 
ring AD, whose inner diameter BC ' 
is 10 inches, and whose outer diam- a 
eter AD is SO inches t 

Ans. 925.436 inches. 



Scholium. This ring is equivalent to a segment ABGFA 
of a cylinder, whose section DE is equal to that of the ring, 
and whose length FG = the inner circumference, and AB = 
the outer circumference. 




Ex. 2. What is the solidity of the cyl- 
indric ring EF, wliose inner diameter is 
0, and its outer diamer EF 10 inches? 
Ans. 308,478 inches. 



SchoUum, This rine is equivalent to the segment ABC of a 
cylinder, whose lengUi AB is=:the outer circumference of the 
ring. 






GAUGING OF CASKS. 



Xet. 1. Ganging of casks is a practical arti and since 
casks are not commonly constructed in exact conformity i^ith 
any regular mathematical figure, the subject does not admit 
of being treated in a very scientific manner ; by most iw^riters 
on the subject* boweyer, they are considered as nearly coin- 
ciding with one of the following fi>nns •: 

J- I The middle frustum j;f;;P^J3i,pj„^^ 

J- The equal fru.tum» °J» paraboloid, 
4. J ^ ( of a coae» 

The second of these varieties agrees more nearly than any 
of the others, with the forms of casks, as they are commonly 
made. The first is too much citrved, the third too little, and 
the fourth not at all, from the head to the bung. 

2. Rules have already been given, for finding the capacity 
of each of the four varieties of casks. As the dimensions are 
taken in inches, these rules will give the contents in cubic 
inches. To abridge the computation, and adapt it to the par- 
ticular measures used in gauging, the factor .7854 is divided 
by 282 or 321; and the quotient is used instead of .7853, for 
finding the capacity in ale gallons or wine gallons. 

Now-— jr-= 002785, or ,0028 nearly ; 

And "oaf^-^^"* 

irthen .0028 and 0034 be substituted ier .7854, in the rale^ 
referred to above ; the contents of the cask will be given in 
ale gallons and wine gallons. ThesQ numbers are to each 
other nearly as 9 to 1 L 

PROBLEM I. 

To calculate the contents of a cask^ in the form of the middle 
frustum of a spheroid, being a cask of the first variety, 

RuL%. Add together the square of the head diameter, and 
twice the square of the bung diameter ; multiply the sum by 
^ of the length, and the product by .0028 for ale gallons, or 
by ^0034 for wine gallons. 



• * 
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If D and d^ the two diameter, 
and />athe length ; 

The capacity in inchess^ 
(2D*+rf')XJ/X.7854. 

And by substituting .0028 or 
«0034 for 7854, we have the capacity 
in ale gallons or wine gallons. 

Ex, What is the capacity of a cask of the first form, whose 
Idngtb AB is 80 inches, its head diameter EP 16, and its 
bung diameter CD 24 ? 

Ans. 41.3 ale gallons, 
or 50.2 wine gallons, 

PROBLEM II. 

To calculate the contents of a casky in the form of the middle 
frustwn of a parabolic spindle, being a cask of the second 
tariety. 

Rule. Add together the square of the head diameter, and 
twice the square of the bung diameter, and from the sum sub- 
tract I of the square of the difference of the diameters ; mul- 
tiply the remainder by | of the length, and product by .0028 
for ale gallons, or .0034 for wine gallons. 

The capacity in inches^^ 
(2D»+<f — f (D— d)») X i/X .7854. 

Ex. What is the capacity of a 
cask of the second . form, whose 
length AB is 30 nches, its head diam- 
eter BF =2 18, and its bung diameter 
CD=24 ? 

Answer 40.9 ale gallons, 
or 49.7 wine gallons. 

PBOBIEM III. 

To calculate the contents of a cask, in the form of two equal frus* 
turns ofaparaboloidy being a cask ojfthe third variety. 

Rule. Add together the square of the head diameter, and 
the square of the bung diameter ; multiply the sum by half the 
length, and the product by .0028 for ale gallons, or .0034 for 
wine gallons. 
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The capacity in incbess: 
(D'+<i')Xi/X.7854. 

■ 

JSx, What is the capacity of a cask 
of the third form, whose dimensions 
are, as before, ^0, 18, and 24 f 

Ans. 37.8 ale gattona, 
or 45.9 wine gallons. 

PROBLEM IV. 

To calculate the contents of a cask^ in the form of two equal 

frustums of a cone^ 

rRuLB. Add together the square of the head diameter, the 
square of the bung diameter ; and the product of the two diam- 
eters ; multiply the sum by ^ of the length, and the product by 
•0028 for ale gallons, or .0034 for wine gallons. 

The capacity in inches= c 

(D'+d*+Drf)Xj/X.7854. 

Ex, What is the capacity of a cask 
of the fourth form, whose length AB is ^ 
30, and its diameters EF and CD = 18 
and 24? 

Ans. 37.3 ale gallons, 
or 45,3 wine gallons. 

Scholium. In the preceding rules, it is supposed that the cask 
corresponds to the different varieties, whereas, it is seldom that 
a cask perfectly coincides with either ; but for the greater 
certainty of the truth, when accuracy is required, the follow- 
ing rules, the demonstration of which will foe found in Hut- 
ton's Mensuration, are to be preferred. 

PAOBLEM V. 

To calculate the contents of any common cask from three 

dimensions* 

Rule. Add together 

25 times the square of the head diameter, 
39 times the square of the bung diameter, and 

26 times the product of the two diameters. 
Multiply the sum by the length, divide the product by 90, 

and multiply the quotient by .0028 for ale gallons, or .0084 for 
wine gallons. 




GAUGING- 

T^he oapacity in mcheass » 

i 
<59D +25<jP + 26Dd)X^X.7854. 

Ex. What is the capacity of a 
"cask whose length is 811 inches, the 
head diameter 16, and the bung 
^diameter 34 7 
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Ans. 39 ale gallons, 
or 47| wine gallons. 



PfiOSLEM VI. 




To calculate the contents of a cask from four dimensions, the 
length, the head and bung diameters, and a diameter taken 
in the middle between the head and the bung. 

RuLB. Add together the squares of the head diameter, of 
the bung diameter, and of double the middle diameter ; multi- 
|)ly the sum by } of the length, and the product by .0028 for 
ale gallonsi or .0034 for wine gallons. 

If D = the bung diameter, rf = the head diameter* m « the 
middle diameter, and l^ihe length ; 

The capacity in inches^ 

<D'+i*+2m^)Xi/X.7854. 

Ex. What is the capacity of a 
x;ask, whose length cr is 30 in- 
-ches, the head diameter EFi= 18, 
the bung diameter CD ^ 24, and the middle diameter IK 22^ t 

Ans. 41 ale gallons, 
or 49| wine gallons. 

Scholium. In making the calculations in gauging, accord- 
log to the preceding rules, multiplications and divisions are 
frequently performed by means' of a Sliding Rule, on which 
«re placed a number of logarithmic lines, similar to those on 
Gunter's Scale. 

Another instrument commonly used in gauging is the Diag^ 
imal Rod. By this, the capacity of a cask is very expeditiously 
found, from a single dimension, the distance from the bung 
to the intersection of the opposite stave with the head. The 
measure is taken by extending the rod through the cask, .from 
the bung to the most distant part of the head. The number 
of gallons corresponding to the length of the line thus found, 
18 marked on the rod. The logarithmic lines on the gauging 
rod are to be usad in the same manner, as on the sliding 
rule* 
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GAUGING. 

ULLAGE #F CASKS. 



> Art. 2. ^ben a cask is partly filled, the whole capacity is 
divided, by the surface of the liquor, into twc^portions ; the 
least of which, Whether full or empty, is called the ullage. 

' In finding the ullage, the cask is supposed to be in one of tiTva 

Eositions ; either standingj with its axis perpendicular to the 
orizon ; or lyings with its axis parallel to the horizon. The 
rules for ullage which are exacts particularly those for lying 
casks, are too complicated for common use. The following 
are sufiiciently near approximations. See Button's Mensura- 
tion. 

PROBLEM VIL 

To calculate the ullage of a standing cask. 

Rule. Add together the squares of the diameter at the sur- 
face of the liquor, of the diameter of the nearest end, and of 
double the diameter in the middle between the other twp ; 
multiply the sum by } of the distance between the surface and 
the nearest end, and the product by .0028 for ale gallons, or 
.0034 for wine gallons. 
If D=the diameter of the surface of the liquor, 
d=ihe diameter of the nearest end, 
77t=3the middle diameter, and 
Z=the distance between the surface and the nearest end f 

The ullage in inches^ (D'+d»+2m») X i/X .78H. 

Ex, If the diameter at the surface of the liquor, in a stand- 
ing cask, be 32 inches, the diameter of the nearest end 24, the 
middle diameter 29, and the distance between the surface of 
the liquor and the nearest end 12 ; what is the ullage ? 

Ans. 27} ale gallons, or 33f wine gallons. 

PROBLEM VIIL 

To calcuhie the ullage of a lying cask. 

Rule. Divide the distance from the bung to the surface of 
the liquor, by the whole bun^ diameter, find the area of a cir- 
cular segment, whose versedT sine is the quotient in a circle, 
whose diameter is 1, and multiply it by the whole capacity of 
the cask, and the product by 1} for the part which is empty. 

If the cask be not half full, divide the depth of the liquor by 
the whole bung diameter, and find the area of the segment, 
multiply, &c., for the contents of the part which is full. 

Ex. If the whole capacity of a lying cask be 41 ale gallons, 
or 49| wine gallons, the bung diameter 24 inches, and the dis- 
tance from the bung to the surface of the liquor 6 inches, what 
is the ullage ? Ans. 7} ale gallons, or 9^ wine gallons. 
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OP TSS 

SPECIFIC ORiVITY OF SOLIDS AND FLUIDS. 

Tkt ilpecifi(i gi^vities of bodies ^re their i*elative weights, 
contained under the same given magnitude as a cubio foot, of 
a cubic inch, &;c. 

A table of the Specific Gravities of Bodie»y <md the toeight of 
a cubic foot of eachf in ounces, avoirdupois. 



Platinum, 




Common stone, • • 


232if 


Rolled, » 


22666 


Loom, » • 


2160 


Hammered, » 


30335 


Clay, . 


2160 


Fure gold 




Brick, . 


2000 


Hamftiefed, 


19S60 


Ivory, 


1825 


Cast, 


19256 


Sand, • • • 


1520 


Gold 32 car. fine east 


•9 


Coal, • • • 


1250 


- 


17484 


Sulphuric acid, 


1840 


Mercury, 


13596 


Nitrous acid. 


1550 


Lead, • * 


11351 


Nitric acid, . 


1217 


Silver, cast, 


10474 


Human blood, 


1054 


Copper, 


^8788 


Cow's milk. 


1031 


Soft steel. 




Box-wood, . 


1030 


Hammered, 


7839 


Sea-water, . 


1028 


Cast, 


7832 


Vinegar, . 


1026 


Hard steel. 




Tar, . • 


1015 


Hammered, 


7817 


Common water, . 


1000 


Cast, • 


7815 


Red wine, * p 


990 


Bar iron, • » 


7787 


Linseed oil. 


932 


Tin, 


7290 


Proof spirits at 510, 


923 


Cast iron, 


7208 


Olive oil, 


913 


2inc, 


6860 


Alcohol, pure, . 


792 


Granite, . 8500 to 


4000 


^ther, • • 


726 


Flint glass, » 


3329 


Air, 


H 



Note. The several sorts of wood are supposed to be dry; 
Also as a colnc foot of water weighs just 1000 ounces, avoir- 
dupois, the numbers in this table express not only the specific 
gravities of the several bodies, but also the weight of a cubic 
foot of each, in avoirdupois ounces ; and hence, by proportion, 
the weight of aiiy other quantity, or the quantity of any other 
weigbt, may be known as in the following problems. 
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964 MA6NITVDBB AND 

PROBLEM U 

To find the magnitude of any body from its weighL 

Rule. — As the tabular specific gravity of the body is to its 
weight in avoirdupois ounces, so is one cubic foot, or 1728 
cubic inches, to ks content in feet, or inches respectively. 

Ex. 1. Required the solid content of an irregular block of 
common stone, which weighs 1 cwt. or 1792 ounces. ^ 

Here, as 2520 oz : 1792 ox : : 1728 cubic laches : to its so- 
lid content 

Or, 

As 5 oz. : 256 oz : : 24 cubic inclies : 1228f cubic inche9, 
tbe solid content required. 

Ex. 2. How many cubic feet are there in a ton weight of 
dry oak? Ans. 38f || x^ubic feet 

Ex. 3. What is the solid content, and diameter of a cast 
iron ball, that weighs 42 pounds, its specific gravity being 
7208 ? 



» ( Solidity = 161.095 cubic inches. 
' I Diameter = 6.75 inches. 



f BOBLEM II. 

To find the weight of -a body from its magnitude. " 

Rule. — As one cubic foot, or 1728 cubic inches, is to th * 
solid content of the body, so is its tabular specific gravity to 
the weight of the body. 

Ex. 1. Required the weight of a block of marble, whose 
specific gravity being 2700, the length = 68 feet, the breadth 
and thickness each = 12 feet ; this block being the dimensions 
of one of the stones in the walls of Balbeck. 

Here, as 1 cubic foot : 63 X 12 X 12 (= 9072 cubic feet> 
: : 2700 oz. : 6887^ tons weight, almost equal to the burthen 
of an East India ship. 

Ex. 2. What is the weight of a block of dry oak, which 
measures 10 feet long, 3 feet broad, and 2^ feet deep ? 

Ans. 4335j-f pounds. 

Ex. 3. What is the weight of a leaden ball, 4i inches ia 
diameter, its specific gravity being 11351 ? 

Ans. 16 lbs. 7 oz. 

Ex. 4. Required the weight of a cast iron shell, 3 inches 
thick, its external diameter being 16 inches, and its specific 
gravity 7208. 

. ( Solidity = 1621.0656 cubic inches. 
^^^- { Weight = 2 cwt 3 qr. 9 lb. .6 oz. | 






SBfiCIFIC GRAHITT. SM 

PROBXiStt III. 

. To find the specific gravity of a body heavier them water. 

Rule. — Weigh the body both in water and out of water, by 
z hydrostatic balance^ aad take the difference of these results, 
which will be the weight lost in water. 

Then say, as the weight lost in water ^^ is to the weight of 
the body in air, so is the specific gravity of water,, to the spe- 
cific gravity of the body, 

Ex. 1. A piece of stone weighed ten pounds in air; but, 
in water, only 6J pounds ; required the specific gravity. 

Here, as 10 — 6| (= 3^) : 10 : : 1000 : to the fipecific gra- 
vity of, the body. 

Or, 
As 13 lbs. : 40 lbs. : : 1000 oz. : 3077 oz. = Ans. 
Ex. 2. A piece of copper weighs 36 oz. in air, and only 
31.904 oz. in water ; required the specific gravity of copper. 

Ans. 8788 ounces. 
Eq. 2. Required the specific gravity of a piece of granite 
itone which weighs 7 lbs. in atr, and 5 lbs. in water. 

Ans. 3500 ounces. 

PROBLEM IV. 

To find the specific gravity of a body lighter than water* 

Rule. —Fasten to the lighter body, by a sleader thread, ano- 
ther body heavier than water, so that the imass compounded 
of the two may sink together. Weigh the heavier body, and 
the compound mass, separately, both in water and out of it, 
then find how much each loses in tenzter, by subtracting its 
weight in water from its weight in air. 

Then say, as the difi[erence of these remainders is to the 
weight of the lighter body in air, so is the specific gravity of 
water to the specific gravity of the lighter body. 

Ex. 1. Suppose a piece of elm weighs 12 lbs. in air, and 
that a piece of metal, which weighs 18 lbs. in air, and 16 lbs. 
in water, is afiixed to it, and that the compound weight is 6 lbs. 
tA water ; required the specific gravity of the elm. 

Here 18 — 16=2 pounds, the metal lost in water ; 
and (18+16) — 6=33 — 6=27 pounds, the compound lost 
in water. 

Then 27 — 2=25 pounds, the elm lost in water. 

As 27 — 2 (=25 lbs.) : 15 lbs. : : 1000 oz. : to the specific 
gravity of the elm. 



• ft 
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SM UAOHXTTfJDES, &e. 

* 

Or, 

As 1 lb. : 3 lbs. : : 200 oz. : 600 oz. ^ Ans; 

Ex. 1. A piece of ash weighs 20 lbs. in air^ to whictt i# 
affixed a piece of metal, which weighs 15 lbs. in air^ and in 
wateTf 13^ lbs. ; and the compound, in wateVf weighs only 8|. 
lbs ; required Ae specific gravity of the ash. 

Ans. 800 ounces. 

Ex. 2. Suppose a piece of fir weighs 11 lbs. in air, and a 
piece of steel being affixed which weighed 16 lbs. in air^ and 
in water 14 lbs. ; and the compound in water weighs only S^ 
lbs. ; what iv^the specific gravity of the fir? 

Ans. 550 ounces. 

Ex. 4. A piece of cork weighing 20 lbs. in air, had a piece 
of granite fixed to it, that weighed 120 lbs. in airy and 80 lbs.r 
in water ;Xhe compound mass weighed 16| lbs. in water f 
what was the specific gravity of the eork ? 

An9r 240 ott&ees* 



QUESTIONS P©R EXERCISE. 



1. Having a rectangular marble slab, 58 inches by 27, 1 
would have a square foot cut ofi* parallel to the shorter edge ; 
I would then have the like quantity divided from the remain- 
der, parallel to the longer sride ; and this alternately repeated, 
till there shall not be the quantity of a fo^t left ; what will be 
the dimensioBH of the remaining piece 7 

Ans. 20.7 inches by 6.086. 

2. Given tW0 sides of an obtuse angled triangle^ which are 
20 and 40 poles ; required the third side, that the triangle may 
contain just an acre of land ? Ans. 58.876 or 23.099. 

3. The ellipse in Grosvenor-square measures 840 links 
across the longest way, and 612 the shortest, within the rails; 
now the walls being 14 inches thick, what ground do they in- 
close, and what do they stand upon ? 

A t inclose 4a. Or. 6p. 
^^'' I stand on 1760 J sq. feet, 

4. What is the length of a chord, which cuts off one-third 
of the areai, from a circle whose diameter is 289 ? 

Ans. 278,6716, 
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laUESTIONS FOR EXEiCISB. WT 





5. IVhat is the area of the heart 
CABDFEC, the axis CD =» 10 inobesL 
^See article on spirals, page 140.) 

Aas. 104.719S incffaes. 



6. There are two pul- 
leys AHD, BFE, the di- 
ameters ADy and BE 
are each = 20 inches, 
and the distance Cc is 
4 feet ; the pulley BFE 
is put in motion around 
itsaxisbyabeltABFE-l 
DH, passing round AHD. Now if the ^lley ILK on the 
'isame axis with AHD, is 40 inches in diam^er, what must be 
the diameter hi of a corresponding pulley hfU around which 
the belt ItfeKL may pass, so as to be of the same length and 
tension as that of the belt ABFEDH,and what will be the ra- 
tio of the angular velocity of the two pulleys. 

' Draw CufCb perpendicular to a/, and from c draw en per- 
pendicular to C6E ; d and en will be parallel to «i/, and hence 
will be =,al: with the radius On describe a circle nrqstf and 
4he tangent «c will be = the tangent ai=:^(Cc*—(IC — Ac)*). 
The arc rw is = arc la — arc A/. 
It is required from these data to find the diameter iJu 
Seholium. In the solution of this problem, it will be nece»- 
-sary to express the arc rn in terms of its functions ; the mode 
of conducting <he solution will be 4eft for the student 

7. Required an expression for the super- 
ficies, and silso for the solidity of a tetrsedron 
ABCD, in terms of its linear edge, AB=A. 

Ans. A'%/d = the surface. 
J,AV2 = the solidity. 




8. Required exjNressions for the surface 
and solidity of a regular hexsedron or cube 
in terms of its edge. Ans. 6A',= its surface. 

A*,= its solidity. 




QUESTIONS FOR EXEECISfi. 



9. Hbwnfill you express the surfkce 
and solidity of an Octsedrmi in terms of 
its edge? Ans. 2 A' ^3 =• the surface. 

iAV2 = the solidity. 



10. Let the surface and soltdtfy of a do- 
decsedron be expi^ssed^ in terms of its 
edge. 

Ans. 16A*v(i+f%/5)= the surface. 

5A' — = the solidity 





11. Express in terms of its edge, the* sur- 
fece and solidily of^an^Icossdron.^ 

Ans/ 5A*^3 = the surface; 
f AV3^+3>/5 = the solidity. 



12; The- diameter of the Winchester busdiel was 18^ ia- 
ehes, and Utf depths 8^ inches : whdt must the diameter of a 
bushel be when its depth is 7^ inches 7 Ans. 19.1067. 

13. Of what diametermnst the bore of a cannon be, which 
is cast for a bklFof 24 lbs. weight, so that the diameter of the 
bore may be 1-10 of an inch more than that of the ball, and 
supposing a 9 lb. ball* to measure 4 inches in diameter ? ' 

Ans. 5.646 inches. 

14. Suppose the ball on the top of St. Paul's church is 6 
feet in diameter, what* did the gildfng of it cost, at 3^. per 
square inch ? Ans. £237, IO5. IdL 

15. What will the griding of a right rectangular revoloidy^ 
whose axi»i8'4 feet, come to at 5 cents per square inch ? 

Ans. •720. 
19> A silver cup, in form of the frustum of a cone, whose- 
top diameter is 3 iaches, its bottom diameter 4, and its altitude- 
6 inches, being filled with beer, a person drank out of it till he 
could see the middle of the bottom ; it is required to find how 
much he drank ? 

Ans. 42.899844 cubic inches = .152127 ale gallons^or I 
^U and i nearly, the quantity required. 



QUESTIONS' FOR EXERCISE. . 239 

*17. Two persons would divide between them, by a plane 
perpendicular" to the base, a hay rick, in the form of a para-' 
boloid, whose altitude is' 40, and the diameter, of its base SQ 
feet ; it is required to findlhe difference between the solidities 
of the parts, supposing the altitude of the section to be^ 
feet. Ans. 11265.75803, the difference required'. 

18. In the construction of a railroad, having contracted 
for the sum of $1000 to excavate a certain section, the area of 
whose conjugate sections in II different places, taken at equal 
distances of 3 rods each, including the ends, are as follows, 
viz : the first, 150 square feet, the second, 160, the third, 165, 
the fourth, 172, the fifth, 190, the sixth, 210, the seventh, 224, 
the eighth, 240, the ninth, 202, the tenth, 108, and the eleventh 
0. Afterhaving disposed of the materials to be excavated at 
10 cents per cubic yard, to be delivered on' an adjoining sec- 
tion, I afterward received an offer to have the whole labor of 
excavation and delivery performed for 30 cents per yard; 
shall I gain or lose by my contract if F accept of the offer, 
and how much? Ans. I shall gain $355,64. 

19. To determine the weight of a hollow spherical iron 
shell, 5 inches in diameter, the thickness of the metal being 
one inch? Ans. 11.79lb. 

20. It is proposed to determiner the proportional quantities 
of matter in the earth and moon ; the density of the former 
being to that of the latter, as 10 to 7, and their diameters as 
7930 to 2160. Ans. as 71 to 1 nearly. 

21'. What diffferenee is there, in point of weight, between a 
block of marble containing 1 cubic foot and a half, and ano- 
ther of brass of the same dimensions, whose specific gravity 
is 8000 ? Ans. 4961b. 14oz. 

22. What position in the line between the earth and moonr 
is their common centre of gravity ; supposing the earth's di- 
ameter to be 7920' miles, and the moon's 2160 ; also the density 
of the former to that of the latter, as 99 to 68, or as 10 to T 
nearly, and thieir mean distance 30 of the earth's diameters T 

Ans. 633.65 miles below the surface of the earth. 

23. How deep will a cube of oak sink in common water ; 
each side of the cube being 1 foot? Ans. llyV inches. 

24. How deep will a globe of oak sink in water ; the dia- 
meter being 1 foot? Ans. 9.9867 inches. 

25. If a cube of wood,, floating in common water, have 
three inches of it dry above the water, and 47^^ inches dry 
when in sea- water ; it is proposed to determine the magnitude 
of the cube, and what sort of wood it is made of? 

Ans. the wood is oak, and each side 40 inches. 



340 QUESTIONS FOR BXERCISB. 

26. Hiero, king of Sicily, ordered his jei¥eller to make Um 
a crown, containing 63 ounces of gold. The workmen 
thought that substituting part silver was only a proper perqui^ 
site; but Hiefo, suspecting that fraud bad been practised, 
Archimides was appointed to examine it ; who on putting it 
info a vessel of water, found it raised the fluid 8.2245 cubic 
inches ; and having discovered that the inch of gold more cri- 
tically weighed 10.36 ounces, he found by calculation what 
part of the king's gold had been changed. And you are de- 
sired to repeat the process. Ans. 28.6 ounces. 

27. Supposing the cubic mch of common glass weigh 
1.4921 ounces troy, the same of sea« water .59542, and of 
brandy .5368 ; then a seaman having a gallon of this liquor 
in a glass bottle, which weighs 3.84lb out of water, and, to 
conceal it from the officers of the customs, throws it over* 
board. It is proposed to determine! if it will sink, how much 
force will just buoy it up ? Ans. 14.1496 ounces|| 

28. Suppose, by measurement, it be found that a roan of 
war, with its ordinance, rigging, and appointments, sinks so 
deep as to displace 50000 cubic feet of fresh water ; what is 
the whole weight of the vessel ? Ans. 1395^7 ^^^« 

29. It is required to determine what would be the height of 
the atmosphere, if it were every where of the same density 
as at the surface of the earth, when the quicksilver in the ba- 
rometer stands at 39 inches ; and also, what would be the 
height of a water barometer at the same time ? 

Ans. height of the air 29166| feet, or 5.5240 milest 
height of water 35 feet. 

30. If the inner axis of a hollow globe of copper, exhausted 
of air, be 100 feet ; what thickness must it be of, that it may 
just float in the air 7 Ans. .02624 of an inch thick. 

31. If a spherical baloon of copper, of j^^ of an inch thick, 
have its cavity of 100 feet diameter, and be filled with inflam- 
mable air, of y^j of the gravity of common air, what weight 
will just balance it, and prevent it from rising up into the at? 
mosphere? Ans. 217851b. 

82. Construct a quantity -=- and show its value. (See 

Book IV., Chap. II.) 

E c 

33. Express in a series of variables, the sym« 
etrical cylindrical ungulas, DBAECAB. 
where, AB=2lD=a;, and IC=z. 
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tS. Required the solidity of t))e 
vacuity of a gothic roof, and also 
the solidity of the materials of the 
the roof ; the span AB = 30 feet, 
the chorda of each arc An and Bn 
=40 feet, the versed sine mo = 6 
feet, the thickness of the pear EA 

or BH = 17 feet, atthe spring of ; 

the arc, the thickness ofthe crown i 

of the arch Dn=4 feet of the roof 
m feet. " 

rssssO-SaaiO cuhic feet, the solidity 
. J of the vacuity. 

^^^■\ 104854.11776 cubic feet, the soli- 
[_ dily of the materials. 

34. Required the superficies of a dome in the form of a right 
hexagonal revoloid, each side of the base being 10 feet, and 
height 10 leet. 

Ans. 519.61524 square feet 

35. The circumference of the base of a circular dome ia 
150 feet, and its height 28.673 feet ; required the superficies. 

Ans. 3581.1 square feeL 



36. If the height 6C of a saloon be 
3.3 feet, the BoD, of its front 4.5 feet, 
the distance or, of its middle part, 
from the arc 9 inches, and the mean 
circumference at m=50 feet ; required 
the solidity of the saloon. 

Ads. 138.36489 cubic feet 



37. What is the whole surface of a saloon round a rectan- 
gular room, the mean compass at r=67.3137 feet, the girt DrB 
3.1416 feet, and the ceiling measures 16 feet long, ana 12 feet 
broad? 

Ans. 403.4727 square feet 

36. Required the concave surface of a circular arch, raised 
on a rectangular base, whose sides are 27 feet 8 inches by 20 
feet 4 inches. 

Ans. 682.5415^ square feet 




S4S DESCRIPTION OP A 

Dacriptian of an instntmeTit comtmcted hy rfc author, for 
wuasuring disSinces and heights, by a single observation, and 
without changing the position, or measuring any base line. 

The priDci[4e oo which this instrument is constructed, and ' 
by which the result is produced, consists in arranging mirrors, 
or reflectors, in such manner as to convey two distinct images 
of any dist^t object to the eye of the observer, as seen from 
two positions which are indicated by two mirrors, placed at 
any given distance from each other on thte iastmment, and* 
causing the object to appear in two positions at the same time, 
and then measuring the apparent angle wider which the two 
images appear. 

For this purpose the following diagram* represests one fon& 
of the constraction of the instrument 
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AB, represents the slock or base ; at the extremities of 
which let two mirrors, I, u, be placed in the manner of the 
index glass to a common quadrant, and set perpendicular to 
the plane of the instrument, and at an angle of 45° with its 
axis or one of its edges ; these we will call the object glasses, 
one of which, viz ; I, is placed on the centre of motion of an 
index, Mm, which is moveable about a centre at e, and wlthib 
the mirror, which for distinction is called also the index glass. 
There are two other reflectors, n, i. placed near the middle of 
the stock of the instrument, one aboTe the other, their edges 
being in contact, the planes of whieh cross each other at right 
angles ; one of these reflectors is parallel to one c^ the object 
glasses n, the other to the index glass, I. 

In using this instrument it must be placed or held so that 
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its axis shall be perpendicular to a line from the object BF, to 
tiie fixed object glass m, and images of the object will be 
formed in the two object glasses 1, K, and reflected into the 
two glasses n and' z, and hence^ to the eye of the observer, 
forming two distinct images, ef, ph^ one of which appears 
higher thaa the other ; and the angle under which the two ob- 
jects appear, varies according to the distance of the object. 
In order to measure the an^e contained by the apparent po- 
sitions as indicated by the two images, the index is moved, and 
with it thp index glass i, till the object s'hall appear in the 
same position in both glasses, so that there would appear to 
be but one image formed in both, or till the images formed in 
both would appear identical. Now if a vernier scale, r, is at- 
tached to the index and graduated, it will indicate the apparent 
angle under which the two images appear, or the angle under 
which the distance between the two object glasses would ap- 
pear if placed at the distance of the object. But by the law 
of reflection, the index would be moved only through half the 
angular distance of the two images in order to produce an ap- 
parent coincidence ; and hence the scale should be graduated 
with double the ordinary divisions, for the angle would be in- 
dicated by twice the angular motion of the index. In order 
that the index may be adjusted with accuracy, a tangent 
screw 5, is provided^ by which it can be adjusted with any 
precision required. When the observation and adjustment is 
completed, we have a right angled triang'C whose base is the 
distance of the two mirrors, ana whose* altitude is the distance 
of the fixed object glass to tlie object^ and since we have one 
of the acute angles, the other side of distance of the object 
becomes known. 

When the object EF, is at any considerable distance, the 
angle uFI, or t^EI, becomes smaller, and the object will ap- 
pear to come to the mirror I, from the position Gfl ; so that 
HI and Tu produced, shall make an angle with each other 
equal to the apparent distance of the two images. But when 
the object is at an infinite distance, then the lines Fu, HI, be- 
come parallel, and the two images coincide, so! that but one 
image appears to the observer; and hence, in this case, the 
distance cannot be measured. 

In order to save the .trouble of calculation in each case, a 
table may be constructed to accompany the instrument, which 
shall contain the distance corresponding to any given angle 
pointed out on the scale, or, the scale itself may be graduated 
to specific distances, which may be read ofif instead of the 
angles; 
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Another construction of the instrument^ using but t^^ro 
glasses is as follows : 

Let two mirrors, a and 6, be placed parallel to each other 
at the opposite extremities of the instrument, making an angle 
of 45^ with Its axis as before, and let the mirror ft, be move- 
able about a centre by means of an index as described above. 




L.... "--A ft 

/- 



-4 

When any distance is to be measured Iby this instrument, it 
is placed sp that a line from the object P, to the mirror a, shall 
be perpendicular to the axis nn, of the instrument, the eye of 
the observer being at any point 'e, in the axis produced ; and 
the image of the object seen in the mirror a, will, by the law 
of reflection, appear in the direction of this axis ; and the im- 
age P, in the other mirror, if seen at all, will appear at o, not 
coinciding with m. But by turning the mirror h about its axis, 
the image will advance toward v,m the line of the axis of the 
instrument, and will ultimately coincide with it ; when the two 
images will be seen at «, in the same line, ev. 

It may be easily shown that the angular motion of the mir- 
ror &, necessary to bring it into the position V nf so that the 
two images shall appear to coincide, will be half the angle at 
Fy hence the distance is determined as belbi:^. 
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In this form of construction, 1 place the mirrot in a wooden 
case or tube, leaving openings in its side in front of each tnir* 
ror, and a small hole at the end for the eye of the observelr j 
the index and scale is on the out-side of the case : the mirroi: 
a, must occupy but half a section of the tube, so that the mir- 
ror b may be seen over the edge of the mirror a ; and the ob- 
iect is attained by bringing the images in both mirrors to co- 
mcide, or so as to appear as one image. 

In order to determine the powers of this instrument, it is 
only necessary to observe that the distance mP, is the cotan- 
gent of the angle P to the radius mr, and that when mr is 
given, the value of mP may be calculated for any assumed 
value of the angle P, which is half the angle measured by the 
index and scale. Assuming the distance between the mirrors 
to be five feet, the angular motion of the mirror b from its po- 
sition parallel to a, the zero of the scale, will be for 1000 feet 
nearly 8'86", and for 1100 feet 7'50", a difference of 45" or 
three-fourths of a minute for a difference of 100 feet, or ten 
per cent of the first distance. 

If we assume that by the divisions on the scale attached to 
the index, the motion of the mirror may be correctly found to 
half minutes, then the distance between the mirrors being 
taken at five feet, a change of half a minute would correspond 
at 10 feet to .007 of a foot, at 100 feet to .62^ of a foot, at 
1000 feet to 63 feet, and at 10000 feet or 1.9 mile the whole 
angle is but 51'', and considerable variations would entirely 
escape detection ; but by the application of a telescope to the 
instrument in making the observations, its powers and accu- 
racy may be considerably extended. 

After having measured the distance to any object, as a 
house, or a tree, its altitude may be easily found by moving 
the index so that the top of the object in one mirror shall co- 
incide with the bottom in the other, when the Mgle indicated 
on the scale, less the angle first found, corresponding to^the 
to the distance, is the angle under which the object appears ; 
whence having the angle and distance of the object, its alti- 
tude becomes known. 

The following investigation of the powers of the instrth 
ment, showing its limits of practical accuracy, is taken from 
a report furnished by a committee of the Franklin Institute of 
Pennsylvania, to whom the two instruments designated above 
were submitted by the author in 1883. (Published in YoL 
XL, No. 3, Journal of the Franklin Institute.) 
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Call the TariatiDD in the angle P, y, the distance m P a, and 
«r, ft. Sappo^ the angle P, to become P — y. and that then 
a+x, X denoting the increase of leqgth of a, corresponding to 
a decrease, y, of the angle P. 

By trigonometry, 

tan. P = - and 
a 

tan.(P— y) = -f:^;bat 

_ tan. P — tan. y ,_ . _^.,_. r 

^<P~y= 1+tan.PxtaD y- ^'"^'"^*"*^^ 
tan. P and tan. (P — y) their values found above* 

--— tan-K 



-or 



a+x b 

ft ft — a -r tan. y . 

—■ — a= — — - — ^, whence 

a+x a+ft-r tan.y 

« = -7 rr-: f or 

b — a X tan. y 

a: = -i 



tan. y 
I( as assumed above, ft = 5, and y = 1, the gi^eral equa- 
tion becomes 

25 +a* 

^"^ 17241.4 — a 

125 
When a = 10,a: = iTgaH = -WT.] 

Pora = 100, X = -^, ., . = .62 

17141.4 

For a = 1000, x = 61.6, and for a = 10,000, x = 13,809 ; 
which is greater than the distance a. 

By assuming a limit to the accuracy required, calculation 
will show how the instrument may be adapted to this limit 
when possible. For example, let the greatest inaccuracy al- 
lowed be one foot in 100, then ft and y most be so adjusted 
that at the greatest distance for which the instrument is to be 

used x = rjrjT. Calling this value of a, a', we shall have, 



TRIGONOMETRICiL INSIHUMENT. 347 

.01 a' = -T , or 



tan. y 



-a' 



V — }■ X h = — 1.01 df^iZBEL equation which 

taaa. y » i -v 

inust exist in order that the required accuracy may be 'attain- 
able. To examine by it the instrument already supposed, let 
us ascertain whether at 1000 feet, as the greatest distance at 
whitih it is to be used, the accuracy "will come within the li- 
mit of one foot variation, in 100. In this case (3^ = 1000, h^ 
as before, = 5, «nd tan. y = tan. 1'. Whence h* = 25» 

I = 17241^4, Ola' = 10, and 1.01 a'* =1.010000. Sub- 
tan, y 

stituting these values in the equation above, it requires 

25 — 172,414 = — 1,010,000, the equation is 
BOt fulfilled, and the instrument does not come up to the re- 
quirement. It would be easy to determine values of y and b 
required for all possible degrees of accuracy, and thus by the 
possibility of making the half divisions accurate,^ and by the 
length which convenience might limit, to ascertain whether 
the instrument could be constructed to give the required de- 
gree of ^accuracy. 

-a 

The investigation' may be made more genera], thus ; let -r 

express the required limit of acciaracj' at the greatest distance 
for which the instrument is to be used, then at that distance 

JC-=— , or calling, as before, the value of a, a', 

a a'«+6* ^ 

— = £ whence 

n b 



— a 



tan. y 

a' -a" 1 

n tan. y « ' ^ n' 



^' + / €tf* 1 

2»tan. y ^ 4n»tan.'y ^ «' 



=«'(i±>/ 



1 — 4«*tan.''y(l + — )V' 



2n tan. y 
Tfais ^uation is possible when 4n tan. 'y (n+1) < 1. 
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BOOK I. 



Haxog m the preceding volame treated of tkr properties of the Parabotof 
EUipsey and HyperMa, we show in this, that these carves are the sectiao^ 
of the cone, and are «ach formed by a plane passing through a cone, accord*-^ 
ing to certain conditions. Of these sections the quadrature of the paralwl^ 
is easily attained, by the principles embraced 10 Prop. IV., ifi relation to tiie 
sectional divisions of a pnsm. Props. VI. and Til., show the application cC^ 
tbeprinciples* to the quadrature of the parabola. 

"llie quadrature of tire ElUpge, though not so accuratdy detemfined as that 
of the parabola, is tievertheiess easily expressed in terms of the circde'is 
quadrature. 

The Hyperbola is of more difl^ultdetetmination, in relation ta its quadra- 
ture, than the other conic sections, but, is nevertheless sascept^e of be6a|^ 
approximately detemuned to any extent required*. 

BOOKH. 

V 

OR SeiLiD SECTIONS Oft S^effEirtSr 

Since the term section, though originally applied only to surfaces, made bjr 
cutting a solid, is extensively used in the arts, as expressing a definite poiv 
tion of a solid, I have talienthe liberty of making solid secticHis, as synoni' 
mous with se^ents of solids. This book, coneists mostly of the compasi- 
tOQ of cylindnc, and coitteal uAgitlas* 

BOOKm, 



OF BEVOLOIDS. 

Revoloids are a class of bodies not usually treated of in works on Creonr<^ 
etry ; but, from the important considerations connected with their organiza- 
tion, and from the relations which they bear, both to rectilineal and curvili* 
neal solids, it is of the highest importance to Geometry, that their properties 
should be discussed, ana that they should receive a conspicuous place 
among geometrical solids ; more especiallr, as they are almost the only cur- 
vilinear solids, that are absolutely cubabie. For, we have shown, in the 
progress 0^ the work, that, not only the right or spherical revoloid, and the 
elliptical revoloid, Props. VI. and VII. are cubaMe, is absolute terms, but 
also Parabolic and Hyperbolic Revoloids ; moreover, we have shown (Prop* 
m.,) the quadrature of the surface of a Hoht revoloid, without regard to Uie 
curcle's quadrature, although it is bounded by cylindric surfaces. 

Some important principles are derived from the subject of mathematical 
transformation, as in Prop. IV., V., XI., and Corollaries. 

* Ih Prop. VI, the parallel lines klU &.C., should be parallel to the axis £F of the parabola, 
instead of the position as there expressed, otherwise, the argiiment is not correct ; but rince ths 
principle to be established, is not aSbeted by the error in that diagram and argnnent, It is 
deemed best not to alter the demonstration in this edition. The SchoHnm to Prop. YII, nay 
be corrected by making AB or CD the axis of the parabola, instead of AC or BD. In all re- 
ferences to these propositions in the racceeding parts of the work, it will be perceived that the 
conditions of their application is expressed. 
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The quadrature of the revoloidal surface treated of in Book HI., fumishei^ 
us with data for the quadrature of the circle, through the medium of the re- 
voloidal cvrvf ; this subject is amply disffbssed in this book ; through the 
properties of this curw, we are also enabled to deduce some important trig- 
nometrical functions. In Prop. UL, it is shown that the revoloidal curve 
may be by transformation derived from an elliptical curve. 

Expressions are obtained in Props. IX. and 5qI., for the length of the cir- 
cle's circumterence ; it is there shown]that these approximations may be ex- 
tended indefinitely, so that the circumference may be obtained to any degSe 
of exactness required. 

By apj)lying the principles of the parabola to those of the revoloidal curve 
in Prop. XVIL, a remarkable approximation is obtained, so that if the aine 
imd cosine of a small arc, and sme of half the given arc is obtained, the arc 
itself may be expressed in terms of those functions ; and it is shown that these 
functions may be so taken, that the arc shall be truly expressed to the same 
number of decimal places, that those functions are truly expressed ; in pur-. 
6uance of this, will be found, an example in Mensuration, page 194, where 
the arc is correctly calculated to 20 decimal places, by a simple process, 
having the sines and cosine given, as data, to 21 decimal places. Other 
modes of approximation, for the arc of the circumference may be pointed 
out, depending on the same principles, derived both from the quadrature of 
l^e revoloidal surface, ^and cubature of the revoloid ; but, by pursuing the 
course pointed out, page 125, the arc of the circumference may be found, 
with certainty, by this process, to any number of decimal places we have 
patience to pursue it. 

It may be here remarked that, by some^computist, the circumference of 
a circle whose diameter is 1, has been recently developed to 154 decimal 
places, which is as follows : — 

3.1415926535897932384626433832795028841971693993751058209749445 
9230781640628620899862803482534211706798214808651327230664709 
38446460955051 8223 1725359408 1 284802. . 

It is therefore folly to attempt its farther developement, considering tha 
no practical or speculative advantage would accrue therefrom. 

Props. XVin and XIX, prepare us for the construction of a curve, described 
in Prop, XX., termed the curve of the circle's quadrature, the properties of 
which are, that a line drawn from any point in this curve, perpendicular to 
its conjugate diameter, will be equal to the arc of the inscribed circle cut off 
by a secant drawn from the centre of the circle to this point, and if another 
line be drawn from the same point in the curve, to tne extremity of the 
conjugate diameter, the area of the space, intercepted by tl^e two lines with- 
out the circle, will be equal to the area of the segment of the circle cut off 
by the latter line. From these properties, we are enabled to deduce an im- 
portant theorem, in relation to sesments of the circle, viz., that the area of 
any segment of a circle is equal to the difference between the arc of th« 
segment, and its sine, multiplied by half the radius. 

BOOK V. 

In this book, all geometrical magnitudes are. discussed from their princi- 
ples of organization, from elementary magnitudes, without referring them to 
any specific forms or relations. And after introducing, and explaining the 
principles of the production of geometrical magnitudes, from variable ele- 
ments, in Chap. I., in order to render this science subject to analytical, and 
algebraic consideration, a peculiar notation has been introduced as the sub- 
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ect of tHe second Chapter ; and the mode of ai^licati<Mi, of ti^ notatmiy 
o such snbfects is there explained. 

• By this mode of condacting geometrical investigations, and by this nota- 
jtion, we are enabled in a manner, somewhat more obvious than that of the 
tcalcolas, to arrive at the same refpilts as are obtained by that science. - 

And althongfa this forms bat an introdaction to the sNibject, yet it 
Inmishes evidence of its adaptation to the investigation of the prc^rtietf of 
all geometrical magnitades ; and may, perhaps, be rendered of equal nniver- 
sality with the calcalas, with which it is most intimately allied. 

Here instead of the infinitelv small momentary increments of variable mag- 
nitudes, or instead of the di^rentials of variables, this notation recognizes 
omy the conditions of the variables themselves, in their associated capacity^ 
which, from the principles of the science, may be integrated, as certainly,- 
and with more obvious rationality, than those performed by the calculus from 
theit differentials. 

By this notation, we are enabled to get a positive expression for the cir ' 
cle's quarature, in known functions of Qie diameter ; which, since all Gecm 
etricians are satisfied of the incommensurability of the' circumference in 
direct terrot of the diameter, should be received as the quadrature itself. 
For, from this expression, means may be devised of developing, decimally^ 
the quadrature to any desirable extent. And if it had not been previously 
shown, as it has been done by Legendre and others, that the circumference, 
and consequently the quadrature of the circle, could not be expressed nu- 
merically in terms of the diameter, its impossibility might very obviously b^ 
proved here ; and for the Eame reason that a surd quantity cannot be thus 
numerically expressed, since the quadrature of the circle consists of the 
production of a series of surd quantities, drawn into a function of the di- 
ameter. 

Chapter HI. is an introduction to the differential and integral calculus^ de- 
signed to show the first principles of that science, and to show its connec- 
tion with that of Chapter II., both of which are evidently in their essential 
particulars, based on the principles contained in Chapter I. 

Chapter IV. is devoted to the application of the principles previously dis- 
cussed, to determine the position of the virtual centre, or centre of gravity of 
geometrical magnitudes. This has universally been denominated by all 
authors, hitherto as the centre of gravity. I doubt uot, I shall have the ap- 
probation of most Mathematicians in discarding that term, and supplying m 
Its place that of the virtual centre. The term centre of graviiyy thou^ per- 
fectly proper in works on Mechanics and Natural Philosophy, is highly 
incongruous in a work on pure mathematics, where the physical properties 
of bodies is not a subject of investigation, and perhaps not int^gibly un- 
derstood. 

MENSURATION. 

Such subjects in the mensuration of surfaces and solids, as could not con- 
sistently be introduced into the elementary part of the work, is introduced 
here ; most of the subjects embraced in this, have been discussed in the geom- 
etrical part of the work, and the principles demonstrated ; where this is not 
the case, a reference has been made to the author, where such demonstra- 
tion may be found ; on this subject free use has been made of Hatton's Men- 
suration ; limited quotations have also been made from other authors. 

The article on Guagin^ is mostly taken from Day's Mathematics, though 
originally derived from Hutton. 
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TABLE OF NATURAL SINES. 



In t&e following table of Natural Sines, the sines are exhibited to every de- 
gree and minute of the quadrant, and so arranged, that the degrees corres- 
ponding to the sines will be found on the top of the page in the same column 
With the sine ; die minutes in the left hand column opposite their sines: and 
the degrees answering to the cosine will be found in the same manner, at 
the bottpm, with their minutes in the right hand column. 

The sine or cosine of an arc greater than 90^, is the same as the sine or 
cosine of its supplement ; or the same as those of the difference of 180® 
and the ^ven arc. 

The smes and cosines of any arcs greater than 180®, are the same as 
t^ipse for arcs less than.180®, but with contrary sififns, being by trigonometry 
considered negative ; they may be found in the table as above, by deducting 
180® from the given arcs. 
. If the sine or cosine is required to de^es, minutes, and seconds. 

Take out the sines or cosines answering to the next less, and the next 

greater afc expressed in the table ; multiply their difference by the given 

number of seconds and divide the product by 60 ; then the quotient added to 

the sine of the next less arc wilF be the sine or cosine required. 

Example. Required the sine of 32® 21' 45", or its supplement 147® 38' 15". 

The sine of 32® 21' is, .536090 

The sine of 32® 22' is, .535335 



.000245. 



The difference is, 

Hence, 245x45-^60 
r= .000245X| == .000184, the quantity to be added to .535090. 

Therefore, .535090 

+.000184 



The sine reijuired. = .535274. 

If the arc of a given sme or cosine is required in degrees, minutes, and 
seconds : 

Take out the arcs answering to the next less and the next greater sine 
and cosine, and multiply their difference by 60, and that product by the dif- 
ference of the next less, and the given sine or cosine divided by the differ- 
ence between the next less and next greater sine, and add or subtract as be. 
fore for the arc of the sine or cosine. 

Example, Required the degrees, minutes, and seconds corresponding to 
the sine .495994. 

The sine next less than that given is, .495964 

The next greater sine is, .496217 

The difference, .000253. 

The ^erence of the next less and the given sine is, .000030. 

The mc corresponding to the next less sine is 29® 44'. 
Hence, 000030 x 604-000253 = 7" s the number of seconds to add to 
29® 44'. 

iTherefore, e required arc is 29® 44' 7". 
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M 

"6 
1 

2 
3 

4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 



41 
42 
43 
44 
45 
46 
47 



49 
50 

51 
52 
53 
54 
55 
56 
57 
58 
59 
60 

M 



0* 



000000 
000291 
000582 
000873 
001164 
001454 
001745 
002036 
002327 
002618 
002909 



003200 
003491 
003782 
004072 
004363 
004654 
004945 
005236 
005527 
005818 



U06109 
006399 
006690 
006931 
007272 
007563 
007854 
008145 
008436 



301008727 

31 
32 
33 
34 
35 
36 
37 
38 
39 
40 



009017 
009308 
009599 
009890 
010181 
010472 
010763 
011054 
011344 
011635 



011926 
012217 
012508 
012799 
013090 
013380 
013671 



48013962 



014253 
014544 



014835 
015126 
015416 
015707 
015998 
016289 
016580 
016871 
017162 
017452 



89' 



017452 
017743 
018034 
018325 
018616 
018907 
019197 
019488 
019779 
020070 
020361 



020652 
020942 
021233 
021524 
021815 
022106 
022397 
022687 
022978 
023269 



023560 
023851 
024141 
024432 
024723 
025014 
025305 
025595 
025886 
026177 



026468 
026759 
027049 
027340 
027631 
027922 
028212 
028503 
028794 
029085 



029375 
029666 
029957 
030248 
030539 
030829 
031120 
031411 
031702 
)31992 



034899 i52336 
035190 052626 



0354§i 
035772 
036062 
036353 
036644 
036934 
037225 
037516 
037806 



03«097 
038388 
038678 
038969 
039260 
039550 
039841 
040132 
040422 
040713 



052917 
053207 
053498 
053788 
054079 
054369 
054660 
054950 
055241 



041004 
041294 
041585 
041876 
042166 
042457 
042748 
043038 
048329 
043619 



055531 
055822 
056112 
056402 
056693 
056983 
057274 
057564 
057854 
058145 



069756087156 
070047087446 
070337:087735 
070627,088025 
070917,088315 
0712071088605 
071497,088894 
071788089184 
072078!089474 
072368:089763 
072658090053 



058435 
058726 
059016 
059306 
059597 
059887 
060177 
060468 
060758 
061049 



043910 
044201 
044491 

044782 
045072 
045363 
045654 
045944 
046235 
046525 



046816 
047106 
047397 
047688 
047978 
048269 
048559 
048850 
049140 
049431 



0322831049721 



032574 
032864 
033155 
033446 
033737 
034027 



)34609 
034899 



88' 



050012 
050302 
050593 
050883 
051174 
051464 



034318051755 



052045 



87* 



061339 
061629 
061920 
062210 
062500 
062791 
063081 
063371 
063661 
063952 



064242 
064532 
064823 
065113 
065403 
065693 
065984 



066564 
066854 



067145 
067435 
067725 
068015 



068596 
068886 



069466 



052336 069756 



86' 



072948 
073238 
073528 
073818 
074108 
0743^9 
074689 
074979 
075269 
075559 



075849 
076139 
076429 
076719 
077009 
077299 
0775ie 
077879 



078459 



U78749 
079039 
079329 
079619 
079909 
080199 
080489 
080779 
081069 
081359 



090343 
090633 
090922 
091212 
091502 
091791 
092081 
092371 
092660 
092950 



6' 



093239 
093529 
093819 
U9410? 
09439!- 
094687 
094977 
095267 



078169r095556 



095646 



081649 
081939 
082228 
082518 
082808 
083098 
083388 



0662740)83678 



083968 
084258 



084547 
084837 
085127 
085417 



068306085707 



085997 
086286 



069176086576 



086866 
087156 



85' 



096135 
096425 
096714 
097004 
097293 
097583 
097872 
098162 
098451 
098741 



099030 
099320 
099609 
099899 
100188 
100477 
100767 
101056 
101346 
101635 



101924 
102214 
102503 
102793 
103082 
103371 
103661 
103950 
104239 
104528 



104528 
104818 
105107 
105396 
105686 
105975 
106264 
106553 
106843 
107132 
107421 



84* 



107710 
107999 
108289 
108578 
108867 
109156 
109445 
109734 
110023 
110313 



121869139^73 



122158 
122447 
122735 
129D24 
123313 
123601 
123890 
124179 
124467 
124756 



8' 



110602 
110891 
111180 
111469 
111758 
112047 
112336 
112625 
112914 
113203 



113492 
113781 
114070 
114359 
1 14648 
114937 
115226 
115515 
11580i 
116093 



116382 
116671 
116960 
117249 
117537 
117826 
118115 
118404 
118693 
118982 



119270 
119559 
119848 
120137 
120426 
120714 
121003 
121292 
121581 
1218691 



83' 



125045 
125333 
125622 
125910 
126199 
12648b 
126776 
127065 
127353 
127642 



127930 
128219 
128507 
128796 
129084 
190373 
129661 
129949 
130238 
130526 



130815 
131103 
131391 
131680 
131968 
132256 
132545 
132833 
133121 
133410 



133698 
133986 
134274 
134563 
134851 
135139 
135427 
135716 
136004 
136292 



136580 
136868 
137156 
137445 
137733 
138021 
138309 
138597 
1388851 
139173 



139461 
139749 
140(^7 
140325 
140613 
140901 
1411^9 
141477 
141765 
142053 



142341 
142629 
142917 
143205 
143403 
143780 
144068 
144356 
144644 
144932 



145220 
145507 
145795 
146083 
146371 
146659 
146946 
147234 
147522 
147809 



14fe097 
148385 
148672 
148960 
149248 
149535 
149823 
150111 
150398 
150686 



150973 
151261 
151548 
151836 
152123 
152411 
152698 
152986 
153273 
153561 



153848 

154136 

154423 

154710 

154998 

155285 

155572 

55860 

56147 

56434 



82** 81' 



9' 



156434 

156722 

157009 

157396 

157584 

157871 

158158 

158445153 

158732 52 

159l)20{5] 

159307 50 



6u 
59 
58 
57 
56 
55 
54 



159594 
159881 
160168 
160455 
160743 
610M0 
161317 
161604 
161891 
162178 



162465 
162752 
1^3039 
163326 
163613 
163900 
164187 
164474 
164761 
165048 



49 
48 
47 
46 
45 
44 
43 
42 
41 
40 

39 
38 
37 
36 
35 
34 



165334 
165621 
16590827 



33 
32 

31 

30 

29 

28 



166195 

1664^2 

166769 

167056 

167342!22 

167629 21 



26 
25 
24 
23 



167916 



168203 
168489 
168776 
169063 
169B50 
169636 
169923 
170209 
170496 
170783 



171069 
171356 
171643 
171929 
172316 
172502 
172189 
173075 
1 73362 
178646 



20 

19 
18 
17 
16 
15 
14 
13 
12 
11 
]0 

9 
8 
7 
6 
5 
4 
3 
2 
1 




Natural Co-sines. 



tJATURAL SINES. 

* 



^ 



M 10° 11 





1 

2 
3 

4 
5 

6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
16 
27 
28 
29 
30 

31 
32 
33 
34 
35 
36 
37 
36 
39 
40 

41 
42 
43 
44 

45 
46 
47 
48 
49 
50 

51 
52 
53 
54 
55 
56 
57 
58 
59 
60 

M 



173648 
173965 
174221 
171508 
174794 
175080 
175367 
175653 
175939 
176226 
176512 



12* 



1908U9 207912 



176798 
177085 
177371 
177657 
177944 
178230 
178516 
178802 
179088 
179375 



179661 
179947 
180233 
180519 
180805 
181091 
181377 
181663 
181950 
182236 



182522 
182808 
183094 
183379 
183665 
183951 
184237 



184809 
185095 



18538U 
185667 
185952 
186238 
186524 
186810 
187096 
187381 
187667 
187953 



188238 
188524 
188^10 
189095 
189381 
189667 
189952 
190238 
190523 
190809 



191095 
191380 
191666 
191951 
192237 
19252Q 
192807 
193093 
193378 
193664 



193949 
194234 
194520 
194805 
195090 
195376 
195661 
195946 
196231 
196517 



lSi^02 
197087 
197372 
197657 
197942 
198228 
198513 
198798 
199083 
199368 



199653 
199938 
200223 
200508 
200793 
201078 
201363 



184523201648 



201933 
•202218 



202502 
202787 
203072 
203357 
203642 
203927 
204211 
204496 
204781 
205065 



205635 

205920 
206204 
206489 
206773 
207058 
207343 
207627 
207912 



208196 

208480 
208765 
209050 
209334 
209619 
209903 
210187 
210472 
210756 



13** 14 



211040 
211325 
211609 
211893 
212178 
212462 
212746 
213030 
213315 
213599 



213 83 
214167 
214451 
214735 
215019 
215303 
215588 
215872 
216156 
216440 



216724 
217008 
217292 
217575 
217859 
218143 
218427 
218711 
218995 
219279 



219562 
219846 
220130 
220414 
220697 
220981 
221265 
221548 
221832 
222116 



205350222399 



224951 
225234 
225518 
225801 
226085 
226368 
226651 
226935 
227218 
227501 
227784 



228068 
228351 
228634 



241922 
242204 
242486 
242769 
243051 
243333 
243615 
243897 
244179 
244461 
244743 



15° 16° 1 



245025 
245307 
245589 



22S9 17 245871 



229200 
229484 
229767 
230050 
230333 
230616 



230899 
231182 
231465 
231748 
232031 
232314 
232597 
232880 
233163 
233445 



23372b 
234011 
234294 
234577 
234859 
235142 
235425 
235708 
235990 
236273 



236556 
236838 
237121 
237403 
237686 
237968 
238251 
238533 
238816 
239098 



246153 
246435 
246717 
246999 
247281 
247563 



261908 
262189 
262470 
262751 
263031 
263302 
263592 
263873 
264154 
264434 



247845 
248126 
248408 
248H90 
248972 
249253 
249535 
240817 
250098 
2503S0 



250662 
250943 
251225 
251506 



252069 
252351 
252632 
252914 
253195 



253477 
253758 
254039 
254321 
254602 
254883 
255165 
255446 
255727 
256008 



258819 
259100 
259381 
259662 
259943 
260224 
260505 
260785 
261066 
261347 
261628 



264715 
264095 
2r5276 
265556 
265837 
266117 
266397 
266678 
266958 
267238 



267519 
267799 
268079 
268359 



251788268640 



268920 
269200 
269480 
269760 
270040 



79° 78 



222683 
222967 
223250 
223534 
223817 
224101 
224384 
224668 
224951 



77* 



270320 
270600 
270880 
271160 
271440 
271720 
272000 
272280 
272560 
272840 



239381 

239663 

239946 

240228 

240510 

240793 

241075 

241357 

241640|258538 

241922258819 



256289 
256571 
256852 
257133 
257414 
257695 
257976 
258257 



76* 



76* 



273120 
273400 
273679 
273959 
274239 
274519 
274798 
275078 
275358 
275637 



275637 
275917 
276197 
276476 
276756 
277035 
277315 
277594 
277874 
278153 
278432 



278712 
278991 
279270 
279550 
279829 
2S0108 
28038? 
280667 
2S0946 
281225 



281504 
281783 
282062 
282341 
282620 
282900 
283179 
283457 
283736 
2840 1 5 



284294 
284573 
284852 
285131 
285410 
285688 
285967 
286246 
286525 
286803 



287082 
287361 
287639 
287918 
288196 
288475 
288753 
289032 
289310 
289589 



289867 
290145 
290424 
290702 
290981 
291259 
291537' 
291815] 
•292094 
292372 



292372 
292650 
292928 
293206 
293484 
293762 
294040 
294318 
294596 
294874 
295152 



295430 
295708 
295986 
296264 
296542 
•296819 
297097 
297375 
297653 
297930 



298208 
298486 
298763 
299041 
299318 
299596 
299873 
300151 
300428 
300706 



18* 



309017 
309294 
309570 
309847 
310123 
310400 
310676 
310953 
311229 
311506 
311782 



312059 
312335 
312611 
312888 
313064 
313440 
313716 
313992 
314269 
314545 



314^21 
315097 
315373 
315649 
315925 
316201 
316477 
316753 
317029 
317305 



300983 
301261 
301538 
301815 
302093 
302370 
302647 
302924 
303202 
303479 



303756 
304033 
304310 
304587 
304864 
305141 
30541.^ 
305695 
305972 
306249 



74* 



306526 
306803 
307080 
307357 
307633 
307910 
308187 
308464 
308740 
309017 



73** 72 



317580 
317856 
318132 
318408 
318684 
318959 
319225 
319511 
319786 
320062 



320337 



320889 
321164 
321439 
321715 
321990 
322266 
322541 
322816 



323367 
323642 
323917 
324193 
324468 



325018 
325293 



7r 



19** M 



325568 
325843 
326118 
326393 
326668 
326943 
327218 
327493 
327768 
328042 
328317 



60 
59 
58 
57 
56 
55 
54 
53 
52 
51 
50 

49 
48 
47 
46 
45 
44 
43 
42 
41 
40 

39 
38 
37 
36 
35 
34 
33 
32 
31 
30 

29 
28 
27 
334903 26 



328592 

328867 
32W41 
329416 
329691 
3-29965 
330240 
330514 
330789 
331063 



331338 
331612 
331887 
332161 
332435 
332710 
332984 
333258 
333533 
333807 



334081^ 
334355 
334629 



335178 
335452 
335726 
336000 
336274 
336547 



336821 



320613337095 



337369 
337643 
337917 
338190 
338464 
338738 
339012 
339285 



323092339559 



339832 
340106 
340380 
340653 
340927 



324743341200 



341473 

341747 



325568342020 



70* 



25 
24 
23 
22 
21 
20 

19 
18 
17 

xe 

15 
14 
13 
12 
11 
10 



9 
8 
7 
6 
5 
4 
3 
2 
1 




M 



Natural Co-sines. 



. NATURAL SINES. 



M 20^ 21 



1 
ft 
3 

4 



7 

8 

9 

10 



(H342'J20 358368 
342293356640 
342567|358911 
342840359183 
343113359454 
343387359725 

61343660359997 
343933360368 
344206i360540 
344479-36081 1 
344752361082 



11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

2l 
22 
23 
24 
25 
26 
27 
28 
29 
30 

31 
32 
33 
34 
35 
36 
37 
38 
39 
40 

41 
42 
43 

44 
45 
46 
47 
48 
49 
50 

51 
52 
53 

54 
55 
56 
57 

58 
59 
60 

M 



345025 
345298 
345571 
345844 
346117 
346390 
346663 
346936 
3472J8 
347481 



347754 
348027 
348299 
348572 
348845 
349117 
349390 
349662 
349935 
350297 



3504ci0 
350752 
351025 
351297 
351569 
351842 
352114 
352386 
352658 
352931 



353203 
353475 
353747 
354019 
354291 
354563 
354835 
355107 
355379 
355651 



355923 
356194 
356466 
356738 
357010 
357281 
357553 
357825 
358096 
358368 



361353 
361625 
361896 
362167 
36243S 
362709 
362980 
363251 
363522 
363793 



22* 



374607 
374876 
375146 
375416 
375685 
375955 
376224 
376494 
376763 
377033 
377302 



23* 



364064 
364335 
364606 
364877 
365148 
365418 
365689 
365960 
366231 
366501 



366772 
367042 
367313 
367584 
367854 
368125 
368395 
368665 



369206 



369476 
369747 
370017 
370287 
370557 
370828 
371098 
371368 
371638 
371908 



372078 
372448 
372718 
372988 
373258 
373528 
373797 
374067 
374337 
374607 



G9° 68 



377571 

377841 
378110 
378379 
378649 
378918 
379187 
379456 
379725 
379994 



380263 
380532 
380801 
381070 
381339 
381608 
381877 
382146 
382415 
382683 



390731 
390990 
391267 
391534 
391802 
392070 
392337 
392605 
392872 
393140 
393407 



24* 



393675 
393942 
394209 
394477 
394744 
395011 
395278 
395546 
395813 
396080 



3S2952 
383221 
383490 
383758 
384027 
384295 
384564 
384832 



368936385101 



389369 



385638 
385906 
386174 
386443 
386711 
386979 
387247 
387516 
387784 
388052 



388320 
388588 
388856 
389124 
389392 
389660 
389928 
390196 
390463 
390731 



67* 



396347 
396614 
396881 
397148 
397415 
397682 
397949 
398215 
398482 
398749 



406737 
407002 
407268 
407534 
407799 
408065 
408330 
408596 
408861 
409127 
409392 



409658 
409923 
410188 
410454 
410719 
410984 
411249 
411514 
411779 
412045 



25*^ 26^ 27 



422618j438371 
422882 438633 



28* 



29* 



423145 
423409 
423673 
423936 
424199 
424463 
424726 
424990 
425253 



399016 
399283 
399549 
399816 
400082 
400349 
400606 
400882 
401149 
401415 



401681 
401948 
402214 
402480 
402747 
403013 
403279 
403545 
403811 
404078 



404344 
404610 
404876 
405142 
405408 
405673 
405939 
406205 
406470 
406737 



66* 



412310 
412575 
412840 
413104 
413369 
413634 
413899 
414164 
414429 
414693 



425516 
425779 
426042 
426306 
426569 
426832 
427095 
427358 
427621 
427884 



438894 
439155 
439417 
439678 
439939 
440200 
440462 
440723 
440984 



4539)0 469472484810 60 
454250 46972»485Q64'59 
454509 469985J485318J58 
^''^'•""'"*'"^^-" 485573:57 
485827;5€ 
486081 !55 
486335 54 
53 



4547681470242 
4550271470499 
4552a6 470755 



455545 



414958 
415223 
415487 
415752 
416016 
416281 
416545 
416810 
417074 
417338 



417603 
417867 
418131 
418396 
418660 
418924 
419188 
419452 
419716 
419980 



420244 
420508 
420772 
421036 
421300 
421563 
421827 
422091 
422355 
422618 



65* 



428147 
428410 
428672 
428935 
429198 
429461 
429723 
429986 
430249 
430511 



441245 
441506 
441767 
442028 
442289 
442550 
442810 
443071 
443332 
443593 



443853 
444114 
444375 
444635 
444896 
445156 
445417 
445677 
445937 
446198 



456063 
456322 
456580 



471012 



455804471268 



456839 
457098 
457357 
457615 
457874 
458133 
458391 
458650 
458908 
459166 



430774 
431036 
431299 
431561 
431823 
432086 
432348 
432610 
432873 
433135 



433397 
433659 
433921 
434183 
434445 
434707 
434969 
435231 
435493 
435755 



436017 
436278 
436540 
436802 
437063 
437325 
437587 
437848 
438110 
438371 



64* 



446458 
446718 
446979 
447239 
447499 
447759 
448019 
448279 
448539 
448799 



449059 
449319 
449579 
449839 
450098 
450358 
450618 
450878 
451137 



459425 
459683 
459942 
460200 
460458 
460716 
460974 
461232 



471525 

471782 



472038487352 



472294 
472551 

472807 
473063 
473320 
473576 
473832 
474068 
474344 
474600 



474856 
4751 IS 
475368 
475624 

475880 
476136 



486590 
48684452 



487098 



48760649 



487860 
488114 
488367 
488621 
488875 
489129 
489382 
489636 
489890 



51 
50 



490143 
490397 
490650 
490904 
491157 
491411 



476392491664 



48 

47 

46 

45 

44 

43 

42 

41 

40 



476647 



461491476903 



461749477159492424 



462007477414 
462265477670 
462523477925 

462780478181 



463038i478436 493689 



463296 
463554 
463812 
464069 
464327 



451656 
451916 
452175 
452435 
452694 
452953 
4532131 
453472 
453731 
453990 



464584 
464842 
465100 
465357 
465615 
465872 
466129 
466387 



478692 
478947 
479203 
479458 



479713494953 



466644 482009 



451397466901 



63* 



467158 
467416 
467673 
467930 
468187 
468444 
468701 
468958 
469215 
469472 



62* 



479968 
480223 
480479 
480734 
480989 



481499 
481754 



482518 
482773 
483028 
483282 
483537 
483792 



484301 



491917 
492170 



492677 
492930 
493183 
493436 



493942 
494195 
494448 
494700 



495206i 
495459 
495711 
495964 
496217 



481244496469 



496722 
496974 
497226 



482263497479 



497731 
497983 
498236 
498488 
498740 
498992 



484046499244 



499496 



484555 499748 



484810 



6r 



500000 



60^ 



39 
38 
37 
36 
35 
34 
33 
32 
31 
30 

29 
28 
27 
26 
25 
24 
23 
22 
21 
20 

19 
18 
17 
16 
15 
14 
13 
12 
II 
10 

9 

8 
7 
6 
5 
4 
3 
2 
1 
_0 

M 



Natural Co-sines. 



NATURAL SINES. 



Ml 30' 





1 

2 
3 

4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

31 
32 
33 
34 
35 
36 
37 
38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

51 
52 
53 
54 
55 
56 
57 
58 
59 
60 

M 



500UO0 
500252 
500504 
500756 
501007 
501259] 
501511 
501762 
502014 
502266 
502517 



3r 



515038 
5152^7 
515537 
515786 
516035 
516284 
516533 
516782 
517031 
517280 
517529 



502769 
503020 
503271 
503523 
503774 
504025 
504276 
504528 
504779 
505030 



505281 
505532 
505783 
506034 
506285 
506535 
506786 
507037 
507288 
507538 



507789 
508040 
508290 
508541 
508791 
509041 
509292 
509542 
509792 
510043 



510293 
510543 
510793 
511043 
511293 
511543 
511793 
512043 
512293 
512543 



512792 
513042 
513292 
513541 
513791 
514040 
514290 
514539 
514789 
515038 



59' 



517778 
518027 
518276 
518525 
518773 
519022 
519271 
519519 
519768 
520016 



32* 



529919 
530166 
530413 
530659 
530906 
531152 
531399 
531645 
531891 
532138 
532334 



520265 
520513 
520761 
521010 
521258 
521506 
521754 
522002 
522251 
522499 



522747 
522995 
523242 
523490 
523738 
523986 
524234 
524481 
524729 
524977 



525224 
525472 
525719 
525967 
526214 
526461 
526709 
526956 
527203 
527450 



527697 
527944 
528191 
528438 
528685 
528932 
529179 
529426 
529673 
529919 



58' 



53263U 
532876 
533122 
533368 
533615 
533867 
534106 
534352 
534598 
534844 



33' 



544639 

544883 
545127 
545371 
545615 
545858 
546102 
546346 
546589 
546833 
547076 



34' 



535U90 
535335 
535581 
535827 
536072 
536318 
536563 
536809 
537054 
537300 



537545 
537790 
53S035 
538281 
538526 
538771 
539016 
539261 
539506 
539751 



539996 
540240 
540485 
540730 
540974 
541219 
541464 
541708 
541953 
542197 



542442 
542686 
542930 
543174 
543419 
543663 
543907 
544151 
544395 
544639 



57* 



547320 
547563 
547807 
548050 
548293 
548536 
548780 
549023 
549266 
549509 



559193 
559434 
559675 
559916 
560157 
560398 
560639 
560880 
561121 
561361 
561602 



36' 



549752 
549995 
550238 
550481 
550724 
550966 
551209 
551452 
551694 
551937 



55218U 
552422 
552664 
552907 
553149 
553392 
553634 
553876 
554118 
554360 



554602 
554844 
555086 
555328 
555570 
555812 
556054 
556296 
556537 
556779 



557021 
557262 
557504 
557745 
557987 
558228 
558469 
558710 
558952 
559193 



561843 
562083 
562324 
562564 
562805 
563045 
563286 
563526 
563766 
564007 



573576 
573815 
574053 
574291 
574529 
574767 
575005 
575243 
575481 
575719 
575957 



36' 



564247 
564487 
564727 
564967 
565207 
565447 
565687 
565927 
566166 
566406 



566646 
566886 
567125 
567365 
567604 
567844 
568083 
568323 
568562 
568801 



569040 
569280 
569519 
559758 
569997 
570236 
570475 
570714 
570952 
571191 



56' 



571430 
571669 
571907 
572146 
572384 
572623 
572861 
573100 
573338 
573576 



576195 
576432 
576670 
576908 
577145 
577383 
577620 
577858 
578095 
578332 



578570 
578807 
579044 
579281 
579518 
579755 
579992 
580229 
580466 
580703 



587785 
588021 
588256 
588491 
588726 
588961 
589196 
589431 
589666 
589901 
590136 



590371 
590606 
590840 
591075 
591310 
591544 
591779 
592013 
592248 
592482 



37' 



601815 
602047 
602280 
602512 
602744 
602976 
603208 
603440 
603672 
603904 
604136 



580940 
581176 
581413 
581650 
5^1886 
582123 
582359 
582596 
582832 
583069 



583305 
583541 

583777 
584014 
584250 
584486 
584722 
584958 
585194 
585429 



55' 



585665 
585901 
586137 
586372 
586608 
586844 
587079 
587314 
587550 
587785 



54' 



592716 
592951 
593185 
593419 
593653 
593887 
594121 
594355 
594589 
594823 



595057 
595290 
595524 
595758 
595991 
596225 
596458 
596692 
596925 
597159 



604367 
604599 
604831 
605062 
605294 
605526 
605757 
605988 
606220 
606451 



606682 
606914 
607145 
607376 
607607 
607838 
608069 
608300 
608531 
608761 



38' 



615661 
615891 
616120 
616349 
616578 
616807 
617036 
617265 
6174ii4 
617722 
617951 



618180 
618408 
618637 
618865 
619094 
619322 
619551 
619779 
620007 
620235 



620464 
620692 
620920 
621148 
621376 
621604 
621831 
622059 
622287 
622515 



39' 



629320 
629546 
629772 
629998 
630224 
630450 
630676 
630902 
631127 
631353 
631578 



631804 
632029 
632255 
632480 
632705 
632931 
633156 
633381 
633606 
633831 



597392 
597625 
597858 
598092 
598325 
598558 
598791 
599024 
599256 
599489 



599722 
599955 
600188 
600420 
600653 
600885 
601118 
601350 
601583 
601815 



608992 
609223 
609454 
609684 
609915 
610145 
610376 
610606 
610836 
611067 



611297 
611527 
611757 
611987 
612217 
612447 
612677 
612907 
613137 
613367 



53' 



613596 
613826 
614056 
614285 
614515 
614744 
614974 
615203 
61543Q 
615661 



52' 



622742 
622970 
623197 
623425 
623652 
623880 
624107 
624334 
624561 
624789 



625016 
625243 
625470 
625697 
625923 
626150 
626377 
626604 
626830 
627057 



627284 
627510 
627737 
627963 
628189 
628416 
628642 
628868 
629094 
629320 



5r 



634056 
634281 
634506 
634731 
634955 
635180 
635405 
635629 
635854 
636078 



636303 
636527 
636751 
636976 
637200 



63742424 



637648 
637872 
638096 
638320 



638544 
638768 
638992 
639215 
639439 
639663 
639886 
640110 
640333 
640557 



640780 
641003 
641226 
641450 
641673 
641896 
642119 
642342 
642565 
642788 



M 

60 
59 
58 
57 
56 
55 
54 
53 
52 
51 
50 

49 
48 
47 
46 
45 
44 
43 
42 
41 
40 

39 
38 
37 
36 
35 
34 
33 
32 
31 
30 

29 
28 
27 
26 
25 



23 
22 
21 

20 

19 
18 
17 
16 
15 
14 
13 
12 
II 
10 



9 

8 
7 
6 
5 
4 
3 
2 
1 




50° M 



Natural Co-sines. 



NATURAL SINES. 





1 

2 
3 

4 
5 
6 
7 

8 

9 

10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

31 
32 
33 
34 
35 
36 
37 
38 
39 
40 

41 
42 
43 



40** 41 



45 

46 
47 

48 
49 
50 

51 
52 
53 
54 
55 
56 
57 
58 
59 
60 

M 



642788,656059 
643010656279 
6432331656498 
643456656717 
643679 656937 
643901J657156 
644124'657375 
644346,657594 
644569657814 
6447911658033 
645013658252 



645236 
645458 
645680 
645902 
646124 
646346 
646568 
646790 
647012 
647233 



658471 
658689 
658908 
659127 
659346 
;659565 
659783 
660002 
660220 
660439 



42* 



669131 
669347 
669563 
669779 
669995 
670211 
67042/ 
670642 
670858 
671074 
671289 



647455 
647677 
647898 
648120 
648341 
648563 
648784 
649006 
649227 
649448 



649669 
649890 
650111 
650332 
650553 
650774 
650995 
651216 
651437 
651657 



651878 
652098 
652319 



44 652539 



652760 
652980 
653200 
653421 
653641 
653861 



654081 
654301 
654521 
654741 
654961 
655180 
655400 
655620 
655839 
656059 



49' 



660657 
660875 
661094 
661312 
661530 
661748 
661966 
662184 
662402 
662620 



662838 
663056 
663273 
663491 
663709 
663926 
664144 
664361 
664579 
664796 



665013 
665230 
665448 
665665 
665882 
666099 
666316 
666532 
666749 
666966 



667183 
667399 
667616 
667833 
668049 
668265 
668482 
668698 
668914 
669131 



48' 



671505 
671721 
671936 
672151 
672367 
672582 
672797 
673013 
673228 
673443 



43' 



681998 
682211 
682424 
682636 
682849 
683061 
683274 
683486 
683698 
683911 
684123 



44' 



673658 
673873 
674088 
674302 
674517 
674732 
674947 
675161 
675376 
675590 



684335 

684547 

684759! 

68497l| 

685183 

685395 

685607 

685818 

686030 

686242 



694658 
694868 
695077 
695286 
695495 
695704 
695913 
696122 
696330 
696539 
696748 



6758U5 
676019 
676233 
676448 
676662 
676876 
677090 
677304 
677518 
677732 



677946 
678160 
678373 
678587 
678801 
679014 
679228 
679441 
679654 
679868 



680081 
680295 
680508 
680721 
680934 
681147 
681360 
681573 
681786 
681998 



47' 



686453 
686665 
686876 
687088 
687299 
687510 
687721 
687932 
688144 
688355 



688566 
688776 
688987 
689198 
689409 
689620 
689830 
690041 
690251 
690462 



690672 
690882 
691093 
691303 
691513 
691723 
691933 
692143 
692353 
692563 



692773 
692983 
693192 
693402 
693611 
693821 
694030 
694240 
694449 
694658 



46' 



696957 
697165 
697374 
697582 
697790 
697999 
698207 
698415 
698623 
698832 



45' 



707107 
707312 
707518 
707723 
707929 
708134 
708340 
708545 
708750 
708956 
709161 



699040 
699248 
699455 
699663 
699871 
700079 
700287 
700494 
700702 
700909 



701117 
701324 
701531 
701739 
701946 
702153 
702360 
702567 
702774 
702981 



703188 
703395 
703601 
703808 
704015 
704221 
704428 
704634 
704841 
705047 



705253 
705459 
705665 
705872 
706078 
706284 
706489 
706695 
706901 
707107 



45' 



709366 
709571 
709776 
709981 
710185 
710390 
710595 
710799 
711004 
711209 



46' 



719340 
719542 
719744 
719946 
720148 
720349 
720551 
720753 
720954 
721156 
721357 



47' 



711413 
711617 
711822 
712026 
712230 
712434 
712639 
712843 
713047 
713250 



721559 
721760 
721962 
722163 
72:^364 
722565 
722766 
722967 
723168 
723369 



731354 
731552 
731750 
731949 
732147 
732345 
732543 
732741 
732939 
733137 
733334 



713454 
713658 
713862 
714066 
714269 
714473 
714676 
714880 
715083 
715286 



715490 
715693 
715896 
716099 
716302 
716505 
716708 
716911 
717113 
717316 



717519 
717721 
717924 
718126 
718329 
718531 
718733 
718936 
719138 
719340 



44' 



723570 
723771 
723971 
724172 
724372 
724573 
724773 
724974 
725174 
725374 



725575 
725775 
725975 
726175 
726375 
726575 
726775 
726975 
727174 
727374 



727573 

727773 
727972 
728172 
728371 
728570 
728769 
728969 
729166 
729367 



729566 
729765 
729963 
730162 
730361 
730560 
730758 



733532 
733730 
733927 
734125 
734323 
734520 
734717 
734915 
735112 
735309 



48' 



743145 
743339 
743534 

743728 
743923 
744117 
744312 
744506 
744700 
744894 
745088 



735506 
735703 
735900 
736097 
736294 
736491 
736687 
736884 
737081 
737277 



745282 
745476 

745670 
745864 
746057 
746251 
746445 
746638 
746832 
747025 



747218 
747412 
747605 
747798 
747991 
748184 
748377 
748570 
748763 
748956 



49° 



754710 
754900 
755091 
755282 
755472 
755663 
755853 
756044 
756234 
756425 
756615 



756805 
75^95 
757185 
757375 
757565 
757755 
757945 
758134 
758324 
758514 



758703 
758893 
759082 
759271 
759461 
759650 
759839 
760028 
760217 
760406 



737474 
737670 
737867 
738063 
738259 
738455 
738651 
738848 
739043 
739239 



739435 
739631 
739827 
740023 
740218 
740414 
740609 
740805 
741000 
741195 



741391 
741586 
741781 
741976 
742171 
742366 
742561 



7309571742755 
731155 742950 
731354743145 



43'^ 42 



749148 
749341 
749534 
749726 
749919 
7501 1 1 



750303761727 



750496 
750688 
750880 



751072 
751264 
751456 
751648 
751840 
752032 
752223 
752415 
752606 
752798 



752989 
753181 



753563 
753755 
753946 
754137 
754328 
754519 
754710 



4r 



760595 
760784 
760972 
761161 
761350 
761538 



761915 
762104 
762292 



762480 
762668 
762856 
763044 
763232 
763420 
763608 
763796 
763984 
764171 



764359 
764547 



753372764734 



764921 
765109 
765296 
765483 
765670 
765857 
766044 



Ml 

60 
59 
58 
57 
56 
55 
54 
53 
52 
51 
50 

49 
48 
47 
46 
45 
44 
43 
42 
41 
40 

39 
38 
37 
36 
35 
34 
33 
32 
31 
30 

29 
28 
27 
26 
25 
24 
23 
22 
21 
20 

19 
18 
17 
16 
15 
14 
13 
12 
11 
10 

9 
8 
7 
6 
5 
4 
3 
2 
1 




40'' |m 



Natural Co-Mnea. 



I 



NATURAL SINES. 



M 

"o 

1 
2 
3 

4 

,5 
6 

7 

8 

9 

10 

11 
12 
13 
14 
15 

r6 

17 

16 
19 
20 

21 
22 
23 
24 

25 
26 
27 
28 
29 
30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 
42 
43 

44 
45 
46 
47 
48 
49 
50 

51 
52 
53 
54 
55 
56 
57 
58 
59 
60 

M 



30^ 



766044 
766231 
766418 
766605 
766792 
766979 
767165 
767352 
767538 
767725 
767911 



5r 



768097 
768284 
76^70 
768656 
768842 
769028 
769214 
769400 
769585 
769771 



769957 
770142 
770328 
770513 
770699 
770884 
771069 
771254 
771440 



777146 
777329 
777512 
777695 

777778 
778060 
778243 
778426 
778608 
778791 
778973 



52' 



779156 
779338 
779520 
779702 
779884 
780067 
780249 
780430 



780794 



780976 
781157 
781339 
781520 
781702 
781883 
782065 
782246 
782427 



788011 
788190 
788369 
788548 
788727 
788905 
789084 
789263 
789441 
789620 
789798 



789977 
790155 
790333 
790511 
790690 
790868 
791046 
791224 



53^ 



798636 
798811 
798985 
799160 
799335 
799510 
799685 
799859 
800034 
800208 
800383 



54' 55 



780612791401 



791579 



77162^782608 



771810 
771995 
772179 
772364 
772549 
772734 
772918 
773103 
773287 
773472 



773656 
773840 
774024 
774209 
774393 
774577 
774761 
774944 
775128 
775312 



775496 
775679 
775863 
776046 
776230 
776413 
776596 
776780 
776963 
777146 



39' 



782789 
782970 
783151 
783332 
783513 
783693 
783874 
784055 
784235 
784416 



784596 
784776 
784957 
785137 
785317 
785497 
785677 
785857 
786037 
786217 



786396 
786576 
786756 
786935 
787114 
787294 
787473 
787652 
787832 
788011 



HS' 



791757 
791935 
792112 
792290 
792467 
792644 



80055/ 
800731 
800906 
801080 
801254 
801428 
801602 
801776 
801949 
802123 



809017 
809188 
809359 
809530 
809700 
809871 
810042 
810212 
810383 
810553 
810723 



y, 



802297 
802470 
802644 
802817 
802991 
803164 



810894 
811064 
811234 
811404 
811574 
811744 



819486 
819652 
819819 
819985 
820152 
820318 
820485 
820651 
820817 



812084 



820983 
821149 
821315 
821481 
821647 
821813 



56* 



19155829038838671 
819319r829200|838829 
838987 
839146 
839304 
839462 
339620 
339778 
S39936 
3400^ 
340251 



829363 
829525 
829688 
829850 
830012 
830174 
83033? 
830499 
830661 



811914 821978 



822144 



312253 §22310 



812423 



79282^903337 
792999803511 
793176 803684 
793353 803857 



793530 
793707 
793884 
794061 
794238 
794415 
794591 
794768 
794944 
795121 



795297 
795473 
795650 
795826 
796002 
796178 
796354 
796530 
796706 
796882 



797057 
797233 
797408 
797584 
797759 
797935 
798110 
798285 
798460 
798636 



37* 



804030 
804203 
804376 
804548 
804721 
804894 
805066 
805239 
805411 
805584 



805756 
805928 
i06100 
S06273 
806445 
806617 
806788 
806960 
807132 
807304 



807475 
807647 
807818 
807990 
808161 
808333 
808504 
808675 
808846 
809017 



36* 



312592 
812762 
812931 
313101 
813270 
813439 
313608 
813778 
313947 
314116 



814284 
814453 
814622 
814791 
814959 
815128 
815296 
815465 
815633 
815801 



815969 
816138 
816306 
816474 
816642 
816809 
816977 
817145 
8173U 
817480 



822475 



822641 
822806 
822971 
823136 
823302 
823467 



83082:i 
830984 
831146 
831308 
831470 
831631 
831793 
831954 
832115 
832277 



57*" 58 



832438 
332599 
832760 
832921 
333082 
333243 



823632 333404 



823797 
823961 
824126 



824291 
824456 
824620 
824785 
824949 
825113 
825278 
825442 
825606 
825770 



817648 
817815 
817982 
818150 
818317 
818484 
818651 
818818 
818985 
819152 



35* 



825934 
826098 
826262 
826426 
826590 
826753 
826917 
827081 
827244 
827407 



827571 

827734 
827897 
828060 
828223 
828386 
828549 
828712 
828875 
829038 



34* 



333565 
333725 

833886 



:J40409 
340567 
840724 
840882 
841039 
841196 



84^ili8 
848202 
848356 
848510 
846664 
846318 
848972 
849125 
849279 
849433 
849586 



59* 



841354 aK)658 



841511 
841668 

841825 



841982 
642139 
842296 
842452 
842609 



842922 



849739 
849893 
850046 
850199 
850352 
850505 



85081 1 
850964 
851117 



851269 
851422 
851575 
851727 
851879 



912766852032 



852184 



334046 
834207 
334367 
834527 

334688 
334848 
335008 
335168 
835328 
335488 



335648 
335807 
335967 
336127 
336286 
33G416 
836605 



337083 



337242 
837401 
837560 
837719 



338195 



338512 

338671 



33* 



843079852336 
843235852488 
843391852640 



843548 
843704 
843860 
844016 

844172 
844328 
844484 
844640 
844795 
844951 



845106 
845262 
845417 
845573 

845728 
845883 
846038 



852792 
852944 
853096 
853248 
853399 
853551 
853702 
853854 
854005 
854156 



357167 
ti57317 
857467 
857616 
857766 
857915 
858065 
8582X4 
858364 
358513 
858662 



358811 
358960 
359109 
859258 
359406 
359555 
859704 
359852 
860001 
860149 



860297 
860446 
860594 
860742 
860890 
861038 
861186 
861334 
861481 
861629 



M 

60 
59 
58 
57 
56 
55 
54 
53 
52 
51 
50 

49 
48 
47 
46 
45 
44 
43 
42 
41 
40 

39 
38 
37 
36 
35 
34 
33 
32 
31 
30 



336764846193 
836924846348 



846503 



846658 
846813 
846967 
847122 



837878847277 
838036847431 



847585 



338354847740 



847894 
848048 



32 



oo 



854308 
854459 
854610 
854761 
854912 
855063 
855214 
855364 
855515 
855665 



855816 
855966 
856117 
856267 
856417 
856567 
856718 
856868 
857017 
857167 



3r 



861777 29 

861924 28 

862072 

862219 

862366 

862514 

862661 

862808 

862955 

863102 



863249 
863396 
863542 
863689 
863836 
863982 
864128 
864275 
864421 
864567 



27 
26 
25 
24 
23 
22 
21 
20 



864713 
864860 
865006 
865151 
865297 
865443 
865589 
865734 
865880 
866025 



30* 



19 
18 
17 
16 
15 
14 
13 
12 
U 
10 



9 
8 
7 
6 
5 
4 
3 
2 
1 
jO 

M 



Natural Co-sines. 



8 



NATURAL SINES. 



69.' 



M> 60** ' 61° ! 62° 1 63° 64° ! 65° ' 66° 67° ' 68° 

"o'«J66(W5 '^7i62U 00-2 J4« 8910U7 89':i794t90tt3j8 913543 9205U5 927 184 J335-1) 60 

1 866171 874761 '^3«84.^1139'898922 906431 9136649206189-2729393368559 

2 86631 6 874902 'i'!^3221 89 1270 899 >4B 906554 9 1 3782 92 )732 927402 933789 58 

3 866461 875042 883357 891402899176906676913900^20846^2751093389357 

4 866607 ^<75 1 83 883493' -9 1 534 899304 906799 914)18 920959 92761 9 933997 56 
58667528753»4 -8362 » 189 1666 899431 906922*91413692107?92772'5 934101 55 
6866897 875465 883766 89 1 798 899558 9 J7044 9 1«54 92 1 185 927836 934204 54 
7 867042875605 883902 891929 899685907166914372,321299 927945 93430x 53 
8 867187 875746884038 892061 89981290728991449092141292805393441252 
9i867331 875886''<gl 174*892192 8899391907411 9146071921525.928161 93451551 

101867476 87602fi 884309^92323 9Q00fi5 907533 914725 { j2163- 923270 J3I619 50 
nl867621 876T67;S84445 992456 •M)0lJ2.9 J7655 9U842J92175052;^78 93472249 
12i867765 876317 1 8^458 1 H92586 900319"907777 9l49tt0|921863 928486 934^H 48 



13l8679l0876447l884717 

♦M ';i68054 876587884852 
15 868199876727.884988 
16 
17 
18 
19 
20 

21 
22 



26 
27 

28 
29 

30 

31 



892717'900445:907899915077'921976 928594 934i8947 
892848;900572;90802I 915194 92*2088. ♦28702 935034,46 
oo^i:»:»o/oi«i^o,aooi89-2979'90069H908l43'915311:92220i;928810;935l35|45 
868343 S76867'885l23l893 1 10'930825!908265 915429 922313'528917l935238!44 
868487 87700l|885258!89324ll90095lt908387|9I5546 9-22426;929025:93534I'43 
868632 8771461885394 89337l'901077;908508 9 I5663!922538l92913 1,935444 42 



869064.877565'885799|893/63 901455 

901581 
901707 



869207'877704"885934.893894 



23 869351 877844 886069 

24 869495'877983!886204 
2518696391878122 886338 

869782878261 
869926 878400 
870069 878539 
870212878678 
870356 878817 



870499;878956 
32(870642 879095 
33 870785879233 
34870928:879372 

35 87107l'879510 

36 871214 879649 

37 87l357!879787l887949 

38 8714998799251888083 

39 87 1642'886063 888217 
40 



894024 
894154 
894284 
886473 8944f 5 
886608(894545 
886742|894675 
886876894805 
887011894934 



908994 
909115 
901833909236 
901958909357 



902084 
902209 



902335909720 

902460 

9)2585 



8871451895064 
887279!895194 
887413!895333 
887548 895453 



887681 
887815 



895582 
895712 
895841 
895970 



9)2710910082917176 
902^36910202917292 
90296 1|9 10323 9 17408 
9030861910443917523 
903210910563917639 



871784880201 



888350 



41 
42 
43 

44 
45 
46 
47 
48 
49 
50 

51 
52 
53 
54 
55 
56 
57 
58 
59 
60 

M 



871927 
872069 
872212 
872354 
872496 
872638 
872780 
872922 
873064 
873-206 



873347|881716 
873489 881853 



8S0339 
880477 
880615 
880753 
1880891 
8S1028 
881166 
881303 
881441 
881578 



888484 
888617 
888751 
888884 
889017 
889150 
889283 
889416 
889549 
889682 



873631 
873772 
873914 
874055 
874196 
874338 
874479 
874620 



29* 



881990 
882157 
882264 
882401 
882538 
882674 
882811 
882948 



28^ 



889815 
889948 
890080 
890213 
890345 
890478 
890610 
890742 
890874 
891007 



ano 



27 



90333S 
903460 
903585 



896099 903709 



896229 



896358 
896486 
896615 
896744 
896873 
897001 
897130 
897258 
897387. 
897515 



897643 
897771 
897900 
898028 
898156 
898283 
898411 
898539 
898666 
898794 



9088729 16013 922874 



909478 
909599 



916130192298^^ 
9I6246!923398 
916363923210 



916479 
916595 
916712 
916828 
909841916944 
919961917060 



923322 
923434 
923545 
923657 
923768 
923880 



929455:935752 39 
929562|935855!38 

929669 
929776 
929884 
929990 
930097 
930204 
930311 
930418 



903834 



9106841917755 
910304j917870 
910924 917986 



911044 
911164 



918101 
918216 



903958911284 
904083911403 



904207 
904331 
904455 
904579 
904703 
904827 
904951 
905075 



911523 
911643 
911762 
911881 

9moi 

912120 
91223) 
912358 



905198 
905322 
905445 
905569 
905692 
905*^15 
905939 
906062 
906185 
906338 



26* 



25* 



24* 



923)91 
924103 
924213 
924324 
924435 
92454r 
924657 
924768 
924878 
924989 



918331 



930524 936774.^29 
93163 1|936876|28 
930737!936977j27 
^30843! 937079 26 
33)950*937 181 {25 
93l056j9372b2|24 
931l62;937383i23 
931268193748522 



925099 



918446 925210 
918561 925320 
918676925430 
918791925541 
918906925651 
919021 925761 
919135925871 
919250925980 
919364926090 



912477 919479926200 
912596919593926310 
912715919707 926419 
912834 919821926529 
912953919936,926638 
913072920050926747 
913190 920164926857 
913309 920277926966 
913427 920391927075 
913545 920505927184 



23° 22 



935957:37 
936060J36 
93616235 
93S264|34 
936366;33 
936468|32 
93657031 
93667230 



931374 

931480 



937586 
937687 



931586 
931691 
931797 
.331902 
932008 
932113 
932219 
932324 
932129 
932534 



937788 
937889 
937990 
938091 
93S191 
938292 
938393 
938493 
93859^ 
938694 



932639 
932744 
932849 
932954 
933058 
933163 
933267 
933372 
933476 
333580 



21' 



933794 
938894 
938994 
939094 
939194 
939294 
939394 
939493 
939593 
933693 



20* 



21 
20 

19 
18 
17 
16 
15 
14 
13 
12 
11 
\0 

9 
8 
7 
6 
5 
4 
3 
2 
1 
jO 

M 



Natural Co-sineB. 



1 



4 i 



t 



"??ATIJRAL ShNES. 



9 



70^ 



id 

1 939792 
a 939891 
3 939991 



71' 



4 

6 
7 

8 

9 

\0 

11 
12 
13 
14 

15 
16 

17 
18 
19 
20 

2? 
22 
23 
24 
25 
26 
27 
28 
29 
30 

31 
32 
33 
34 
35 
36 
37 
38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

51 
52 
53 
54 
55 
56 
57 



940090 
9401S9 
940288 
940387 
940486 
940585 
940684' 



9455l9f951057 
945613 951 14f 
'945708 951236 
'945802 95l32e 
9^5897 951415 
945991 951505 
f46085 951594 
946180 951684 
946274 951773 
946368 951862 
946462 951951 



940782 
940881 
940979 
941078 
941176 
941274 
941372 
941471 
941569 
941666 



941764 
941862 
941960 
942057 
942155 



942350 
942447 
942544 
942641 



946555 
946649 
946743 
946837 
946930 
947024 
947117 
947210 
947304 
947397 



95204U 
952129 
952218 
952307 
952396 
952484 
952573 
952661 
9152750 
952838 



947490 
947583 
947676 
947768 
947861 



942252 947954 



948046 
948139 
948231 
948324 



942739948416 
942836|948508 
942932 948600 



943029 
943126 
943223 



948602 

948784 
948876 



943319.948968 



943416 
943512 



943705 
943801 
943897 
943993 
944089 
944185 
944281 
944376 
944472 
944568 



949050 
949151 



943609 949243 



949334 
949^^ 
949517 
949608 
949699 
949790 

9498^1 
949972 
950063 
950154 



9446631950244 
944758950335 
9448541950425 
944949 950516 



945044 

945139 

.945234 

58|945329 

945424 
945519 



59 
60 

M 



19^ 



950606 
950696 
950786 
950877 
950967 
951057 



12' 



73* 



957571 
957655 
957739 
957822 

957906 
957990 



952926 
953015 
953103 
953191 
953279 
953366 
953454 
953542 
953629 
953717 



953804 
953892 
953979 
954066 
954153 
954240 
954327 
954414 
954501 
954588 



954674 
954761 
954847 
954934 
955020 
955106 
955192 
955278 
955364 
955450 



18* 



955536 
955622 
955707 
955793 
955879 
955964 
956049 
956134 
956220 
956305 



956305 

956390 

956475 

9S6560 

95664-1 

956729 

956814 961741 

956898 



74° 75* 



74° I 

)6l26:<j| 



96l26:<i 
961342 
961422J 
961502 



165926 



76° "^7 



970296, 



74370 

96600Ud70366^744i6 

974501 



956933 
9570(5- 
957151 



961582966826 

861662966301 

9663«6 

966451 

966^6 



961821 
961901 
961980 
962059 



957235962139 
957319 962218 
957404 962297 
957487 962376 



958073 
958156 
958239 
958323 
958406 
958489 
SI58572 
958654 
958737 
958820 



962455 
962534 
962613 
962692 
962770 
962849 



962928 
963006 



916902 
958985 
959067 
959150 
959232 
959314 
959396 
959478 
959560 
959642 



963163 
963241 
963319 
963397 
963475 
963553 
963630 



9660766^0436 
96615U970506 
970577 



966600 97092& 974956 



966675 



966749 
966823 
966898 
966U)72 
967046 
967120 
967194 
967268 
967342 
967415 



967489 
967562 



963084967636 



967709 
967782 
967856 
967929 
968002 
968075 
968148 



959724 
959005 

9S8887 
959968 
960050 
960131 
960212 
960294 
960875 
960456 



960537 
960618 
960698 
960779 
960860 
960940 
961021 
961101 
961181 
961262 



17* 



963708 
963786 
963863 
963941 
964018 
964095 
964173 
964250 
964327 
964404 



964481 
964557 



964711 
964787 



964940 
965016 
965093 
965169 



970647 



974566 
9/4631 
974696 



970716.974761 



970786 
970856 



970995 



971065 
971134 
971204 
971273 
9fl'342 
971411 
97M80 
971(549 
971618 
971687 



971755 
971824 
971893 
971961 
972030 
972098 
972166 
972234 
972302 
972370 



968220 
968293 
968366 
968438 
968511 
968583 
968656 
968728 
968800 
968872 



972438 
972506 
972573 
972641 
972708 
972776 
972843 
972911 
972978 
973045 



968944 
969016 



964634969088 



969159 
969231 



964864969302 



969374 
969445 
969517 
969588 



965245 
965321 
965397 
965473 
965548 



969659 
969730 



965624970014 



16* 



965700 
965775 
965850 
965926 



15* 



Natura 



973112 
973179 
973246 
973313 
973379 
973446 
973512 
973579 
973645 
973712 



974826 
974891 



975020 



975085lt^ 

975149 

975214 

a.75278 

975342 

975406 

975471 

975^5 

975598 

975662 



975726 
975790 
975853 
975917 
975980 
971044 
976107 



78* 



79* 



9/el4a 
978208 
978268 
978329' 
978389 
978449 
^78509 
978567 
978629 
978689 
978748 



978867 
978927 
978986 
97904« 
979105 
979164 
979223 
979282 
979341 



979399 
979458 
979517 
979575 
979634 
979692 
n9750 



976170 J79809 
976233 979867 



976296 



976359 
976422 
976485 
976547 
976610 
976672 
976735 
976797 
976850 
976921 



9769^4 
977046 
977108 
977169 
977231 
977293 
977354 
977416 
977477 
977539 



973778 
973844 



96980^973910 
969873573976 



969943 



970084 
970155 
970225 
970296 



14* 



974042 
974108 
974173 
974239 
974305 
974370 



13* 



977600 
977661 
977722 
977783 
977844 
977905 
977966 
978026 
978087 
978148 



12* 



979925 



979983 
980041 
930098 
980156 
980214 
980271 
980329 
980386 
980443 
980500 



980558 
980615 
980672 
980728 
980785 
980842 
980899 
980955 
981012 
981068 



981124 
981181 
981237 
981293 
981349 
981405 
981460 
981516 
981572 
981627 



ir 



9816^ 60 
981683 59 
981738 58 
981793 5t 
981849 56 

9ai904^55t 
981959 U 
982014 53 
982fi69 52 
98212351 
982178 5Q 

49 
48 
47 
46 
4»| 

43 



981^233 
982287 
982342 
982396 
982450 
982505 
962559, _ 

98ll)lf|42 

982667 

982721 



982774 
982828 
982882 
982935 
982980 
983042 
983096 
983149 
983202 
983255 



983308 
983361 
983414 
983466 
983519 
983571 
983624 
983676 
983729 
983781 



983383 

983885 
983937 
983989 
984041 
984092 
984144 
984196 
984247 
984298 



984350 
984401 
984452 
984503 
984554 
984605 
984656 
984707 
984757 
984808 



10* 



41 

40 



39 
38 
37 
36 
35 
34 
33 
32 
31 
30 

i 

27 
26 
25 
24 
23 
22 
21 
20 

19 
18 
17 
16 
15 
14 
13 
13 
11 
10 

9 
8 
7 
6 
5 
4 
3 
2 
1 

M 



Co-si nea 

-f 



« • 
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1^ 



■^ ' drawn from E to A. 



^ EERATA. 

'J 

BOOK I. In the diagram to Prop, n, a right line should be 
awn from E to A. 

In Prop VI, the parallel lines kK, should be drawn parallel 
to the axis EF. , 

In Scholium to Prop. VH, AB or CD, should be the axis 
of the parabola iristfead of AC or BD. 

- t. / j^° ,?°^® ^^' ®'sh* line from bottom, read (dx—z') instead of 

n • (a— or). 

^ . u^^^F H- ^^® ®0' ^^°^^ line from bottom, IN should be 

« changed to LN. 

1 : GL^H ^^ **'** ^"^^ ^^°^ *^ ^°^' ^^ ***"^** ^ changed to 

i fl ^9^^ "!• ^ On page 101, eleventh line from the bottom, for 

J I Auction, read fluxion. 

; On page 110, eight lines from the bottom, for Ir*, read frs, 

and for fi* read 3r«. ' 

: Page 112, sixteenth line from bottom, for |m read h-a. And 

( thirteenth line from bottom, supply a to h-s, to make it read' 2r. 

Page 113 Formula ?, for i^, ,ead|«r. ; 'and in the SlC 
for Irs read |r*. 

tn%^^Mu ?P^ }**» P** ^oold t)e changed to AG OP 
AP, and fifth Ime from bottom, page 144, chi£ge O tf I • X 

zz^m^oIilSlAL^f Article 6th. fourth line, for zz read 
»«, ana on me nftn line, for a;2 read 22:* a1<v> m fii,-«i^"iy*i: 

the ninth line, for V(4)S, -read vgiw"** "^ '^'^' ^^ ^'^ 

t^age 158, tenth line from top, for Anrt^aA nn . oi«^ :^ -x- 1 

10th, supply the inferior dash to ,' ij^ff ^nJ^J'^^^ 

fourth lines, so that they m&y read z* n^\^A ' . , *"** 

the sixth liile, article loSirfoLvtmJ-a'Jl""^"^ ''^^ ^» 
Page 152, on tenth Kne, for au, ies4 <,». 
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